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Preface

Although equilibrium displacement models (EDMs) have a long and
wide-ranging history in agricultural and resource economics research,
the fundamental development of EDMs has not—to our knowledge—
been formally published. Although EDMs are not the exclusive domain
of any particular research institution, their development seems to be
associated with specific university graduate programs. Many of those
who develop and use EDMs have at least a tangential relationship with
the Department of Agricultural and Resource Economics at North Caro-
lina State University. Even researchers from that background tend to have
been introduced to the modeling strategy through working papers and, in
many cases, class notes rather than in any formal context.

Without question, Michael Wohlgenant and the late Bruce Gardner
have been enormously influential. Those who have worked with either
of these economists have extended their own ideas into the development
of EDMs. While a complete list of those who have been influenced by
that department is long and distinguished, a few of those who have used
EDMs in their own research efforts and have a “direct” NC State influence
include Julian Alston, Gary Brester, George Davis, John Freebairn, John
Mullen, Richard Perrin, Nicholas Piggott, and Daniel Sumner. This net-
work of economists has spread the modeling strategy to dozens, perhaps
hundreds, of others at U.S. and international universities and govern-
ment agencies.

This book originated because of a question that Glynn Tonsor asked
Gary Brester about an EDM model that they had previously used for a
research project. Specifically, Glynn noted a discrepancy in the model. We
explain the issue in Chapter 4. Gary originally visited with Anton Bekker-
man about the issue. When Anton was unable to resolve the problem in
short order, Gary knew that he was in for a long haul. The problem was
that Gary, among others, had used an EDM that was not theoretically
consistent. Specifically, some EDMs are not homogeneous of degree 0 in
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both input and output prices. After much consultation with Joseph Atwood, Gary
and Joe decided to investigate these discrepancies. That was over 8 years ago, and
the basics of this book began while Gary was on sabbatical at Lincoln University in
New Zealand.

Gary would like to thank Lincoln University’s Department of Agribusiness
and Commerce for providing office space and collegiality at the start of this proj-
ect. The Department’s faculty and staff were very kind and friendly. Gary greatly
appreciates their personal and professional interests in this work. In addition, he
thanks the staff at the Lincoln University Wellness Center for their daily interest in
Gary and his wife, Colleen, as they frequented their gymnasium. While in Lincoln,
various Lincoln University staff members did their best to try to teach Gary how
to play squash. They were patient, kind, welcoming, and very good at the game.
Unfortunately, Gary can't say the same about himself. Gary and Colleen’s accom-
modation hosts, Chrissy and Tony Wyllie, and their extended family treated them
like their own. Finally, Gary notes that his academic peers have often voiced their
appreciation and indebtedness to their major advisors for various career accom-
plishments. His experience was no exception. While earning his master’s degree at
Montana State University, John Marsh was an outstanding mentor who had (and
needed) the patience of Job. At North Carolina State University, Michael Wohl-
genant took a Montana farm kid under his wing. Mike taught Gary a lot about
research and EDMs, but Gary should have listened more carefully. Mike wrote the
basic tenets of Gary’s dissertation on a napkin during afternoon coffee at Ole Time
Hot Dogs in 1988. Gary still has the napkin.

Much of the technical material presented in this book was initially developed
and included in a packet of class notes by Joseph Atwood. Joe’ initial efforts with
respect to EDM modeling resulted from a project in which he and Glenn Helmers
were examining the potential regulation of nitrogen fertilizer applications to feed
grain production in Nebraska. Joe was struggling with modeling the market effects
of a policy that that would result in both grain yield and quality changes. A col-
league recommended that he explore the approaches presented in Bruce Gardner’s
book, The Economics of Agricultural Policy, and R.G.D. Allen’s 1938 classic book
on mathematical economics. The results of that exploration are presented in
Appendix 4A.

Joe also contacted Bruce with several questions regarding EDMs. During one
conversation, they discussed an error in Bruce’s book. Ever gracious, Bruce encour-
aged Joe to publish the results of the Nebraska project using a theoretically con-
sistent EDM and to note the booK’s error in the paper. During the article’s review
process, Joe was shown that equivalent results could be derived using a cost func-
tion and Shephard’s Lemma. Several researchers have developed EDMs using
that approach. After their initial discussions, Joe and Bruce continued a series of
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rewarding and exciting (at least for Joe) conversations on other research problems
until Bruce’s untimely passing. Joe will always treasure his conversations with Bruce,
Glenn Helmers, and numerous others who brightened the world in which they
walked. Joe especially wants to thank Glenn Helmers for his inspiring classes, men-
toring, and discussions that excited Joe about the economic way of thinking.

Michael Boland became involved in this project because a graduate student,
Andrew Keller, wanted to pursue his doctorate following the receipt of his agri-
cultural law degree. Andrew wanted to learn how to conduct agricultural policy
research. Mike and Metin Cakir decided that Andrew needed to learn how to
build an EDM. One of his dissertation essays used an EDM to consider the impact
of minimum wage legislation in agriculture. The project led to the development
of a freshman seminar regarding agricultural economics policies contained in the
Farm Bill that Mike teaches. Mike wants to thank Joe and Gary for their hospitality
while they worked at Montana State University on this book.

Two accompanying Microsoft Excel workbooks are available from the Univer-
sity of Minnesota’s print-on-demand website. One (EDM examples Chapters 4-8.
xlsx) contains a tab for every example presented in this book through Chapter 8.
The second (EDM examples Chapter 9.xlsm) contains the simulations used to pro-
duce the sensitivity analyses presented in Chapter 9.

Finally, Gary thanks Montana State University for supporting his sabbatical at
Lincoln University. We also acknowledge the expertise of Kyle Brester, kylebrester-
graphics, in designing the book cover and developing the booK’s figures. The com-
bine pictured on the book’s cover belongs to Kelly Brester (Gary’s brother). In the
picture, Gary is operating the combine in a field of malting barley —although a
satellite is steering the machine.

The technical editing and patience of (two-time Jeopardy! winner) Amy Bekker-
man at Precision Edits is much appreciated. Andrew Keller provided painstaking
editorial help with Appendix 4A. We also acknowledge the formatting expertise of
Susan Everson of the University of Minnesota’s Library Publishing Services, from
which this book is available in both print-on-demand and open access formats.
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Chapter One

EQUILIBRIUM DISPLACEMENT MODELS

Applied economists frequently use equilibrium displacement models
(EDMs), also termed linear elasticity models, for policy analyses because
they can be used to estimate changes in prices and quantities that result
from exogenous economic or policy shocks. These models are also widely
used to estimate changes in producer and consumer surplus caused by
exogenous economic shocks and to quantify the short- and long-term
impacts of a variety of economic and regulatory actions across multiple
markets. Because complex interactions exist in many markets, EDMs pro-
vide a comprehensive approach to modeling changes in market equilibria.
EDMs are particularly suited for evaluating vertical market relationships
among input suppliers, processors, and consumers and horizontal market
relationships among input suppliers, processors, importers, and exporters.
Further, EDMs can be developed to simultaneously include both vertical
and horizontal market relationships.

An Overview of Equilibrium Displacement Models

EDMs have had a long, prominent history in applied economic analyses
because they provide both modeling flexibility and consistency with basic
economic concepts. For example, EDMs are derived from, and represent a
set of, comparative static results expressed in elasticity form (Wohlgenant,
2011). One major advantage of EDMs is that they allow researchers to use
quantity and factor (i.e., input cost) shares to estimate the relative impor-
tance of various supply/demand shocks on price and quantity equilibria.
Moreover, researchers can use elasticity estimates from existing research
without needing to estimate large systems of supply and demand equa-
tions. This frees researchers from concerns related to equation functional
forms, data availability, and other estimation issues.
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Nonetheless, researchers can use various approaches to model policy and/or
exogenous shocks on market equilibria. For example, comparative statics are often
used to hypothesize directional changes in endogenous variables resulting from
exogenous shocks. Computable general equilibrium (CGE) models represent a
computational approach to estimating changes in economic systems. Agent-based
modeling and system dynamics have been used to evaluate interactions among
related markets. To some extent, one could argue that EDMs are more compre-
hensive than partial equilibrium modeling strategies but less comprehensive than

From: Student@UEconomics.edu

To:

Date: Sunday, 21 Sept 2021 at 11:01 p.m.
Subject: EDM Models

Dear Professor,

I am a little confused after reading my class notes on the first chapter and studying for the first
quiz. Are EDM models the same as CGE models? | sent this note from the class email list as you
requested so everyone sees the questions and answer.

Professor Watson

Thanks!

Boris

From: Professor Watson

To: Student@UEconomics.edu
Date: Monday, 22 Sept 2021 at 8:32 a.m.
Re: EDM Models

Dear Class,

Computable general equilibrium, or CGE models, were briefly discussed in class and represent
a computational approach to understanding changes in economic systems. | suggested in
class that one could argue that EDMs are more comprehensive than partial equilibrium mod-
eling strategies but less comprehensive than CGE approaches. CGE models are widely used

to analyze trade flows between nations (as you can see at https://www.gtap.agecon.purdue.
edu/models/current.asp) or to analyze environmental policy models (visit https://www.epa.

gov/environmental-economics/cge-modeling-requlatory-analysis). Other models used to solve

economic problems include agent-based modeling and system dynamics approaches. We are
not going to discuss CGE models in class except that you should know they exist and if you con-
tinue into an agricultural economics doctoral program at a school such as Purdue University, you
will learn more about them. You do not need to know anything about them for the quiz or any
assignment or exam in this class. | hope this answers your question.

All the best,
Dr. Watson



https://www.gtap.agecon.purdue.edu/models/current.asp
https://www.gtap.agecon.purdue.edu/models/current.asp
https://www.epa.gov/environmental-economics/cge-modeling-regulatory-analysis
https://www.epa.gov/environmental-economics/cge-modeling-regulatory-analysis
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CGE approaches. Much like other partial equilibrium approaches, EDMs are both
less data intensive and computationally less expensive than CGE models.

Economists commonly use elasticities to understand complex market situations.
Economic theory suggests that proportional or relative changes in economic factors
are important predictors of human behavior. EDMs are intrinsically built on elastic-
ity concepts and provide both modeling advantages and disadvantages. Advantages
include the ability to quantify exogenous shocks and/or policy changes on market
outcomes. Such models can be used to forecast outcomes based on comparative
static projections. EDMs use linear approximations of supply and demand func-
tions to evaluate shocks in a comparative static regime rather than the often diffi-
cult, if not impossible, simultaneous simulation solutions to nonlinear equations.
This book shows the equivalency of comparative statics and EDM approximations
for modeling exogenous shocks to systems of linear supply and demand functions.
In addition, we illustrate the equivalency of EDMs and comparative statics when
markets are characterized by nonlinear supply and demand functions. EDMs allow
for systems of equations to be parameterized and calibrated using commonly avail-
able factor shares and elasticity estimates. These elasticities and factor shares can
often be calculated or obtained from the extant literature. Further, economists can
delineate short-run outcomes from long-run outcomes by considering constraints
on adjustment processes. The easing of constraints over time is often modeled using
more elastic or less inelastic own- and cross-price elasticities of supply and demand.

But EDMs, like all models, also have disadvantages. By construction, EDMs rely
on linear approximations of what are almost certainly nonlinear functional forms
of human behavior in both demand and supply equations. Consequently, EDM
results are more reliable for relatively small exogenous shocks or policy changes
unless the underlying demand and supply functions are only moderately nonlin-
ear. In addition, researchers must decide which sectors of an economic system to
include in EDMs, which necessarily means that some sectors will be ignored.

An important feature of economic analyses is the consideration of the unin-
tended consequences of various regulatory and market interactions. Economic
changes seldom occur in isolation because many markets are often interrelated.
Hence, economic models should account for these interactions. Such efforts also
force researchers to consider economic behavior explicitly and objectively in their
models. EDMs are highly structured and transparent, which lends them to profes-
sional critique and replication and allows for a formal understanding of impacts
among vertically or horizontally linked markets. In addition, such models can be
used to impose theoretical economic principles, such as homogeneity in input and
output prices in production processes.

Computational models can also be used for such purposes, but EDMs are more
transparent and use basic linear algebra, which simplifies computational proce-
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dures. Hence, EDMs are more tractable than many other computational models,
and error checking is more practical. Models that include well-specified nonlinear
functions can be used to obtain equilibria changes caused by exogenous shocks.
However, specifying nonlinear functional forms and computational solutions is
often cumbersome. Further, it is often not obvious whether, or how, such mod-
els account for feedback effects, and using intuition to assess these effects can fail
or be biased. For small changes, EDMs can approximate nonlinear behavior and
provide results similar to those generated by more complicated computational
approaches. The EDM approach allows researchers to construct proxies to struc-
tural models that explicitly consider, and allow for the testing of, market interac-
tions, economic principles, and consumer and producer behavior.

Agricultural and resource regulatory policies are often applied directly to agri-
cultural or extractive resource producers. However, modeling such policies is fre-
quently intractable because production functions are either difficult or impossible
to identify. EDMs allow these primal problems to be converted into the dual space
using Lagrangian constrained optimization procedures. This allows economic prob-
lems to be specified as functions of more identifiable factors (e.g., factor shares, own-
and cross-price demand and supply elasticities, and elasticities of input substitution)
while considering horizontal and/or vertical market connections.

Researchers often use mathematical models rather than graphical analyses to
evaluate the total impacts of complex economic interrelationships as the latter are
often unable to evaluate relationships among markets. By construction, graphical
analyses can only consider two variables while holding all other factors constant.
Consequently, such approaches cannot evaluate the total-response changes that
result from exogenous shocks because they do not account for feedback effects
among markets. In addition, calculating changes in consumer surplus by inte-
grating under a demand curve is incorrect if the approach uses a static demand
function rather than a total-response demand function. EDMs consider feedback
effects among markets that are included in the model using matrix algebra. Conse-
quently, such models trace a linear path from an initial equilibrium point to a new
equilibrium solution. These linear paths are termed equilibrium trajectories. In
addition, EDMs can trace these trajectories using elasticities and factor share esti-
mates. These outcomes are equivalent to those obtained from comparative static
approaches because EDMs are developed using simple row operations of the total
differentials of supply and demand equations. Thus, depending upon the prob-
lem’s dimensionality, EDMs approximate equilibria responses along tangent lines,
planes, or hyperplanes.

EDMs can account for multiple market interactions caused by exoge-
nous shocks. When the degree of curvature of demand and supply functions is
unknown, EDMs should only be used to estimate changes in endogenous variables
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resulting from relatively small shocks. Economists are most often interested in rel-
atively small perturbations to economic activity. And, many economic shocks and
policy changes are sector specific. Thus, EDMs provide estimates of changes in
equilibria for the type of shocks and policy changes most frequently encountered.
In recent years, attempts have been made to provide confidence intervals for pre-
dicted changes in market equilibria obtained from EDMs. Confidence intervals
can be produced by EDMs if the variances of and, when appropriate, correlations
among elasticities can be obtained or estimated.

Although the primary purpose of this book is to develop and illustrate
EDM research applications, we find that these models help economics stu-
dents better understand market interactions. In addition, the often-imposed
holding-all-else-constant assumptions of partial equilibrium models can be
relaxed with EDM approaches. EDMs consider the complex interactions of multi-
ple markets that occur in virtually every sector of an economy.

EDM Applications

Markets seldom function in isolation from one another. Some markets are related
through vertical relationships. This is especially the case when one sector’s out-
put is used as another’s input. Other markets have horizontal relationships in the
sense that the production of some good or service often requires the use of sev-
eral related inputs. For example, a sector’s total supply may come from multiple
sources, such as domestic production and imports. A soybean processor not only
requires soybeans to produce oil and meal but also demands labor, energy, and
capital inputs. In addition, the effects of an exogenous shock in one market not
only influence equilibria outcomes in others but also changes consumer and pro-
ducer surplus. For example, exogenous shocks to the corn production sector can
influence soybean processors because the two commodities are production substi-

Why Is This Book Needed?

This book fills a void in both the theoretical and applied development of EDMs. We begin by
illustrating the relationships between differential calculus, perturbation theory, comparative
statics, and equilibrium conditions. The relationship between linear approximations of non-
linear functions and comparative statics as well as necessary linear algebra and differentiation
techniques are presented. We then apply these tools to linear approximations of economic
models, beginning with a single equation and then expanding to include multiple-equation
models that represent both vertically and horizontally related markets. Several approaches to
estimating changes in producer and consumer surplus that result from exogenous shocks as
well as a method for hypothesis testing and sensitivity analyses of EDM estimates are devel-
oped. Throughout this book, we highlight how these models can be used for policy analyses
and for predicting the effects of exogenous perturbations on endogenous market equilibria.
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tutes. Further, the process of modeling interrelated markets often involves a vari-
ety of problematic estimation issues.

Vertical Relationships

Vertical market relationships exist among most agricultural and food processing
sectors. For example, producers of beef cattle genetics sell their products to
cow-calf producers, who in turn produce calves. Calves are then either sold to
backgrounders or directly to feedlot operators, who produce fed cattle. Fed cat-
tle are used as an input by meat processors to produce a variety of beef products,
which are then sold to hotels, restaurants, and institutional outlets as well as retail
grocery and meat stores. An exogenous shock at any of these levels has implica-
tions for markets both upstream and downstream of the initially affected mar-
ket. EDMs are particularly suited for measuring the effects on market equilibria
along vertical supply chains as well as for estimating changes in producer and con-
sumer surplus.

To illustrate, consider a simple market representation of the U.S. beef cattle
sector. Figure 1.1 presents total-response supply and demand functions for two
vertically related markets: fed cattle production and retail beef consumers. Feedlot
producers supply fed cattle, represented by a primary supply curve S§, and food
processors have a derived demand for cattle, represented by Df.' Cattle proces-
sors convert fed cattle into beef products, which are supplied in a variety of forms
to the food service and retail sectors, represented by the derived supply curve S§.
Ultimately, consumers demand beef products in a variety of forms, represented by
the primary demand curve Df.

The price, p§, represents the initial equilibrium price of fed «cattle,
and pf represents the initial equilibrium retail price of beef. The initial equilib-

1 Throughout this chapter, superscripts denote a sector and subscripts denote equilibrium points.

Vertical and Horizontal Linkages in EDMs

This chapter uses an example from beef markets to demonstrate vertical and horizontal link-
ages. EDMs have been most often used to study markets with vertical and/or horizontal link-
ages, such as the meat processing sector, in which vertical markets separate animal production
from consumer products. In addition, several vertical sectors exist within the beef value chain
including cow/calf operations, backgrounding or stocker producers, and fed cattle produc-
tion. Retail beef demand is also influenced by the horizontal markets for beef substitutes such
as pork and poultry. In addition, market power can be introduced in these models to denote
monopolistic or oligopolistic structures. Most agricultural markets also include vertical link-
ages, such as in the production of soil nutrients: vertical linkages with inorganic, dry and liquid
synthetic fertilizer, and organic fertilizers such as animal manure as well as horizontal linkages
with other fertilizer substitutes.
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rium quantity, g, represents retail-weight
equivalents at the consumer level trans-
lated to the quantity of fed beef cattle
required to produce that quantity. The
example abstracts from inventories of beef
cold-storage inventories.

Consider the impact of an exogenous
shock to the primary demand for beef
products (perhaps from a reduction in per
capita income) that reduces demand to D}
(Figure 1.2). The shift in demand reduces
the retail equilibrium price to p§, the
farm-level equilibrium price for fed cattle
to pf, and the market equilibrium quan-
tity to q,. The final equilibria, however,
involves a dynamic feedback relationship
between the two markets. Hence, EDMs
are suited to obtaining new equilibria
while incorporating feedback effects.

Horizontal Relationships

Consumer beef demand is influenced by
a variety of factors, including the prices of
substitute meat products. Consequently,

Output 1
Price

9

Figure 1.1. Market Equilibrium for Two
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Figure 1.2. Changes in Market Equilibria

for Two Vertically Related Markets

horizontal market relationships exist
across retail meat species and many other products. Horizontal linkages also occur
on the supply side of most markets. For example, retailers supply beef products
to consumers through purchases of meat products produced by food processors.
However, retailers also purchase other inputs—such as labor, energy, and capital—
and beef processors may acquire beef inputs from domestic or foreign sources and
use many other inputs in production processes. Hence, total demand for a given
input may encompass two or more production sectors. EDMs can incorporate
horizontal linkages among input and output markets.

Surplus Measures

EDMs have been widely used to estimate changes in consumer surplus, producer
surplus, and deadweight losses resulting from exogenous economic or policy
shocks. However, care must be exercised when using EDMs for this purpose. In
the absence of knowing the actual underlying demand and supply functions, sur-
plus changes cannot be calculated relative to a total surplus measure. Hence, such
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changes should include an appropriate scale for comparisons, such as the size or
total revenue of an industry. In addition, changes in surplus can only be calculated
for exogenous shocks to behavioral equations or policy-induced price or quantity
wedges. That is, EDMs should not be used to evaluate changes in consumer or pro-
ducer surplus that result from exogenous shocks occurring beyond the behavioral
equations included in the model.

In any partial equilibrium analysis, researchers must decide which components
of an economic sector are to be treated as exogenous versus endogenous to the
system. EDMs specify the endogenous elements of a system in a general form and
then consider the approximate effects of exogenous shocks. In general, EDMs are
unable to evaluate changes in surplus of exogenous shocks emanating from sec-
tors that are not explicitly included as behavioral equations in the model. On the
other hand, if an exogenous shock occurs to a behavioral equation within an EDM,
changes in producer and consumer surplus can be estimated. In addition, these
estimates encompass feedback effects among the markets included in the model
specification.

Estimation Issues

Comparative static analyses of exogenous shocks on related markets require the
use of various supply and demand or, in some cases, reduced-form equations. The
complexity of estimating such functions expands as additional related markets
are included. For example, estimating supply and demand functions for a market
from a single set of price and quantity data is likely to incur identification issues.
Further, estimating supply and demand functions of related markets will not only
suffer from the same issues but may complicate the estimation of all equations if
error structures are related.

EDMs allow researchers to use supply, demand, and input substitution elastic-
ity estimates from the extant literature. On the other hand, if a researcher wants
to construct confidence intervals for estimates of new market equilibria and sur-
plus changes, then variances and covariances of elasticity estimates are needed.
These can sometimes be obtained from the existing literature, but more often
they can only be obtained by estimating systems of equations as part of the mod-
eling exercise.

Summary

Equilibrium displacement models are constructed as linear approximations of
unknown underlying and (probably) nonlinear demand and supply functions. An
EDM is essentially a system of total differentials. EDMs constructed in the dual
space allow them to be parameterized using estimates of supply, demand, and
input substitution elasticities along with factor shares. This approach is more prac-
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tical than estimating production and demand functions in the primal space. EDMs
are much easier to construct, implement, and error check than most other partial
and general equilibrium models. In addition, it is much easier and more tractable
to directly incorporate various aspects of consumer and producer behavior into
EDMs while maintaining theoretic consistency.

EDMs are flexible and can be applied to multiple vertical and/or horizontal mar-
kets. Nonetheless, they represent partial equilibria analyses and should only be used
to quantify the effects on market equilibria for relatively small exogenous economic
or policy shocks unless the underlying demand and supply curves are assumed to
be only moderately nonlinear. The models have broad applications and are among
the most often used to evaluate the effects of exogenous shocks on market partici-
pants. They are used to estimate the impact of exogenous shocks on producer and
consumer surplus in addition to changes in price and quantity equilibria. Properly
constructed, the models incorporate internal feedback effects of exogenous shocks.

Although economists frequently use EDMs, no single source exists that pres-
ents the theoretical and mathematical development of EDMs. In addition, many
EDMs used in research efforts fail to correspond with consumer and producer
economic theory, which can introduce bias into research results. This book
explains the theoretical, mathematical, and practical aspects of developing EDMs.
In addition, we show how EDMs can be used to explicitly include common eco-
nomic theory regarding consumer and producer behavior, which provides a useful
educational aid for those studying economics.

Who Will Use This Textbook?

This book provides the background and methodology needed to develop and implement

This textbook comprehensively explains the development and use of EDMs.

EDMs. EDMs overcome the primary problem of using underlying, but unobservable, produc-
tion functions because they are based on a dual approach which obviates the need to estimate
production functions. The modeling strategy is motivated in terms of both policy analyses and
exogenous shocks to various economic sectors. The book helps students understand and visu-
alize interactions among market sectors. It is written for use in a graduate course in agricultural,
resource, or applied economics with a focus on policy, production, or consumer economics. It
fills a void in the literature as some EDM concepts are often only mentioned in passing because
of space limitations in published journal articles or, more often, in copies of instructors’ notes.
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Chapter Two

EQUILIBRIUM DISPLACEMENT MODEL APPLICATIONS

Equilibrium displacement models (EDMs) are widely used in econom-
ics research, and their flexibility as a modeling strategy is evident by the
broad array of issues addressed. EDMs have been used to evaluate exoge-
nous shocks on the demand for inputs and to quantify changes in market
outcomes that result from a host of market interventions such as trade,
policy, and tax legislation. The modeling approach has been used to evalu-
ate the impacts of technological change on market equilibria, the impacts
of research and development investments, and the effectiveness of com-
modity advertising programs. Further, EDMs have found widespread use
as a tool for evaluating the impact of market power and farm-retail price
spreads on price and quantity equilibria. They have been extensively used
to estimate changes in consumer and producer surplus that result from
market shocks and legislative policies. Finally, more recent innovations
include evaluating the precision of EDM estimates. This chapter provides
a cursory review of research that use EDMs.

Input Demand

EDMs are rooted in the concept of elasticities, which were first expressed
in quantitative terms by Allen (1938) and, later, Hicks (1957) with respect
to an industry’s derived demand for an input. Buse (1958) introduced the
concept of total elasticity to agricultural economics, which provides an
avenue and rationale for considering feedback effects generated by exog-
enous shocks. Muth (1964) was the first to consider reduced forms of a
system of supply and demand functions for a single product using two
factors of production and exogenous supply and demand shifters. Muth’s
application offers an early use of EDMs as a means for deriving supply
and demand equations using general equilibrium models. Based on a
set of six generalized equations, Muth obtained reduced-form equations
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that allowed for the development of industry supply and input demand functions.
Using these derived demand and supply equations, Muth showed how changes in
output price affect input demands, firm size, industry size, and total output. Fur-
ther, he showed that changes in supply factors, substitution effects, and technolog-
ical change can lead to indeterminate signs for other inputs by applying these con-
cepts to the economics of housing and urban land use. Using previously estimated
elasticities for housing availability, land availability, and substitutability, Muth
derived elasticities for housing supply and land rents in urban areas. His model
also illustrated the impact of urban growth and the differences between popula-
tion growth in urban centers and surrounding suburban areas.

Wohlgenant (1989) constructed an EDM to test for the existence of constant
returns-to-scale production functions and estimate reduced-form retail and farm
prices for eight U.S. agricultural commodities. His results confirmed the impor-
tance of including elasticities of input substitution in such models and demon-
strated the deficiencies of traditional methodologies for estimating retail-farm
price linkages and derived demand elasticities. Wohlgenant concluded that
allowing for input substitutability is important when modeling shocks to agricul-
tural markets. Further, the traditional method of multiplying primary demand
and price transmission elasticities to estimate derived demand elasticities may
substantially underestimate the latter.

Market Intervention

Perrin and Scobie (1981) developed an EDM to determine the costs of government
policies designed to increase caloric intake of low-income residents in Colom-
bia, South America. Their model considers the effects of policies that shift supply
and demand or create market price/quantity wedges. The generalized model was
derived for multiple goods and supply functions and used elasticities to identify
changes in equilibria. The authors addressed various program implications and
potential issues related to black-market activities and socioeconomic status. They
estimated the impacts of government programs on these groups with and without
allowing for arbitrage. Their EDM was used to estimate the costs of subsidies and
income transfers and the equilibria impacts on major agricultural products using
price and income elasticity estimates.

Atwood and Helmers (1998) used an EDM to estimate the impact of proposed
restrictions on the timing and level of nitrogen application on feed grain pro-
duction. Reduced nitrogen availability harms both feed grain yields and quality.
They estimated changes in surplus that occur for two types of proposed legislative
actions and found that if a fertilizer tax or a per acre use restriction is imposed,
social costs are underestimated if feed grain quality effects are ignored. Conversely,
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a restriction on the total amount of fertilizer use will overestimate social costs if
the effects on grain quality are ignored.

Technological Change and Research and Development

Beginning with the use of an EDM by Freebairn, Davis, and Edwards (1982),
researchers have contributed to a considerable literature regarding the distribu-
tional effects of research benefits. Alston and Scobie (1983), in commenting on
Freebairn, Davis, and Edwards (1982), used the Muth (1964) model to show that
the distribution of research benefits is sensitive to the degree of substitutability
between farm and marketing inputs. Lemieux and Wohlgenant (1989) used an
EDM to forecast the effects of biotechnological research expenditures on con-
sumer and producer surplus. The authors used a linear programming model and
experimental data to construct an EDM that included substitute goods and inter-
national trade in the U.S. pork sector.

Mullen, Alston, and Wohlgenant (1989) showed that significant input substi-
tution occurs between raw wool and other inputs used to produce wool tops. The
authors considered the Australian wool industry to quantify the effects of research
funding directed at various production inputs. Building on the EDM research of
Freebairn, Davis and Edwards (1982) and Alston and Scobie (1983), they exam-
ined how input substitutability affects returns across input markets using an EDM
that included substitution between domestic and international wool. The authors
found that input suppliers receive equal benefits regardless of where research
funding is directed when input substitutability does not occur. In the presence
of input substitutability, they found that marginal returns to research directed
to wool growers would be greater than those generated by research directed to
off-farm wool research. They also evaluated the incidence of a wool tax levied on
farmers used to fund such research efforts and found that farmers bore the largest
incidence of the tax because of input substitutability.

Holloway (1989) added to Muth’s (1964) single-stage model with a two-stage
marketing-sector that incorporated agricultural research gains. Holloway showed
that if different elasticities of input substitution exist across marketing levels, then
the impact of research on agricultural producers depends upon the marketing
level to which the research is targeted.

Pendell et al. (2013) used an EDM to analyze the economic impacts of changes
in beef cattle age and source verification requirements, the costs of implementing
such technologies, and associated adjustments in the international trade of U.S.
beef. They developed a multi-market EDM of the U.S. meat industry to estimate
the effects of industry costs incurred through the adoption of age and source ver-
ification technologies on U.S. livestock and meat producers and consumers. They
found that increased costs are dispersed throughout the vertically related mar-

13
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keting chain. Thus, such programs affect equilibrium livestock and meat prices
as well as quantities exchanged in the market. The model recognizes that changes
in retail prices for one meat commodity influence the demand for substitute meat
products and that the adoption of age and source verification technologies could
also positively influence domestic and international demand for meat products.
Zhao et al. (2000b) developed a large, multiple-sector EDM for the Australian
beef industry to examine the effects of 12 research investment scenarios across the
production, processing, and marketing value chain. The model included multiple
vertical and horizontal markets. They found that producers and domestic consum-
ers receive larger benefits from on-farm relative to off-farm research expenditures.
The two groups also receive larger benefits from export marketing and promotion
expenditures relative to domestic marketing and promotion expenditures.

Advertising and Product Attributes

Mullen and Alston (1994) used Lemieux and Wohlgenant’s (1989) approach to
measure the impact of leaner lamb meat on Australian lamb demand. They devel-
oped an EDM to estimate gains in producer and consumer surplus caused by a
shift from a traditional to a leaner premium lamb product. The authors estimated
simultaneous price and quantity changes for producers, processors, and con-
sumers, combining exogenous product mix changes with changes in technology
needed to meet processing standards for this new product. They considered the
benefits of technological change between similar and/or substitutable products at
the producer, processor, and consumer levels.

Lusk and Anderson (2004) used an EDM to estimate the effects of country-of-or-
igin labeling laws on consumers, producers, and marketers. The authors con-
structed a model to estimate surplus effects using selected input substitution and
demand elasticities. They included beef, pork, and poultry markets and cross-price
elasticities under both trade and no-trade conditions. Their EDM was parameter-
ized using elasticity estimates from the extant literature and demonstrated that con-
sumers and producers do not share the costs of country-of-origin labeling equally.

Wohlgenant (1993) developed an EDM to quantify the effects of generic adver-
tising on agricultural producers and found that the distribution of gains from
advertising in the U.S. beef and pork industries is highly sensitive to the degree
of input substitutability in the processing sector. Coupled with empirical results
showing economically significant input substitution, he found that industry
groups should consider reallocating funds away from advertising and oft-farm
research toward on-farm research.

Piggott, Piggott, and Wright (1995) showed how commodity interrelationships
and advertising could be modeled with an EDM framework. Kinnucan (1999)
extended an EDM to consider the effects of advertising while incorporating trade.
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Cranfield (2002) found an inverse relationship between optimal advertising expen-
ditures and the own-price supply elasticity, the elasticity of substitution between
inputs, and trade elasticities. The author estimated the optimal amount of generic
advertising for the Canadian cattle industry in a liberalized trade environment.

Perrin (1980) examined the potential surplus gains to producers and consum-
ers that could occur if commodity pricing were expanded into component pricing.
The author considered soybean prices (which do not reflect oil or fat content) and
milk prices (which do not reflect nonfat solids). Perrin showed that component
pricing can generate surplus gains for both consumers and producers through
improved price signals, which may be too expensive to accommodate using usual
arbitrage processes.

Zhao, Anderson, and Wittwer (2003) developed a vertically and horizontally
disaggregated EDM of the Australian wine market. The model was horizontally
separated into premium and nonpremium markets and included sectors for grape
producers, wine makers, wine advertisers, and foreign and domestic consumers.
This disaggregation allowed the authors to analyze the surplus effects of promo-
tion, research, and market development activities for each of these levels and mar-
kets and to consider the effects of a split-tax market enhancement program on
grape producers and wine makers.

Kinnucan (1997) built on the existing literature of interrelated industry adver-
tising in agricultural markets by incorporating input substitution at the processing
level. He focused on how processing level input substitutability affects the bene-
fits of demand shifts caused by advertising. Using results from Brester and Schro-
eder (1995) and Kinnucan, Xiao, and Hsia (1996), he confirmed the direction of
bias and estimated returns to advertising. Kinnucan suggested that future models
should include processor behavior at the outset to remove these biases.

Market Power

Freebairn, Davis, and Edwards (1982) examined changes in consumer and pro-
ducer surplus from research in multistage agricultural production systems. They
showed that research at any stage benefits all stages equally. Using assumptions
that included linear supply and demand curves, a perfectly elastic supply of mar-
keting activities, and competitive pricing, they estimated similar increases in pro-
ducer surplus at each stage of production. The authors considered cases of per-
fectly inelastic production inputs as well as perfectly competitive markets on the
distribution of gains from research activities. Under each of these assumptions,
they treated research gains as parallel shifts of supply curves and developed a gen-
eral competitive model. They also addressed imperfectly competitive markets
under a similar set of assumptions.

15
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Holloway (1991) expanded Wohlgenant’s (1989) EDM of eight agricultural sec-
tors and included the potential for imperfect competition in each. He found that
these markets generate equilibria similar to those obtained from a perfectly com-
petitive solution. Holloway’s EDM addressed the criticism of assuming perfect
competition in such models and created a framework for examining long-run pro-
ducer behavior, incentives for cooperation, and strategies for preventing market
entry by incumbents.

Wohlgenant and Piggott (2003) used an EDM to consider the behavior of
farm-retail price spreads in the presence of potential food processing market power.
Previous research assumed perfectly competitive intermediate markets while
allowing input substitution and other factors to determine surplus gains to pro-
ducers from these programs. They evaluated the effects of research and promotion
funded by producers when market intermediaries have market power. The authors
tested the influence of market power on the U.S. beef market using parameter esti-
mates that could encompass several market structures. The results showed that
supply and demand elasticities and input substitutability remain the most import-
ant factors for determining the size of surplus effects generated by research and
development, even under imperfect competition. The results from Monte Carlo
simulations showed that market power at the intermediate level did not have a sta-
tistically significant effect on advertising and promotion effects at nonfarm levels.

Wohlgenant (1999a) used an EDM to evaluate the effects of product heteroge-
neity on the relationship between retail and farm prices. He found that observed
markup behavior in the processing sector may be erroneously attributed to mar-
ket power if product differentiation exists. The results indicate the importance of
including input substitution in such research efforts.

A report by RTI International (2007a) used an EDM to study the eftects of alter-
native marketing arrangements in the U.S. fed cattle and beef sectors. The model
illustrated the impact of changing levels of market power on price and quantity
equilibria as well as consumer and producer surplus. The study also presented
confidence intervals for each of these estimates. A similar analysis was also con-
ducted with respect to the U.S. lamb industry (RTT International, 2007b).

International Trade

Sumner and Wohlgenant (1985) used an EDM to estimate the effects of an increase
in federal excise taxes on U.S. tobacco producers’ quota lease rates, revenue, and
rents. They developed an EDM using log-linear market supply and demand equa-
tions. In addition to domestic supply, the authors included an international trade
sector. They expanded the Muth (1964) and Gardner (1975) models using derived
supply and demand functions and applied a proportional change in the excise tax
rate. The model was also unique in that policy responses by the U.S. Department of
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Agriculture were treated endogenously, allowing for different outcomes depending
on how the federal sector altered tobacco quotas in response to tax increases. The
results underscore the importance of accounting for trade linkages. The effects
on producers’ returns and tobacco prices were significant. On the other hand, the
incidence of the tax increase was primarily borne by consumers, even in the case
of a fixed tobacco quota.

Alston, Norton, and Pardey (1995) expanded on the approach of Sumner
and Wohlgenant (1985) by including data from every country that produces
and consumes 28 agricultural commodities. They specified supply and demand
functions for each commodity and associated market-clearing conditions. The
model included specific institutional constraints across countries. Wohlgenant
(1999b) used a similar model to evaluate the effect of trade liberalization on the
world sugar market. The EDM included price wedges representing the effects of
bounded tariffs on sugar imports. Brester and Wohlgenant (1997) developed an
EDM to evaluate the impact of reduced multilateral trade restrictions related to
the GATT/Uruguay Round trade negotiations on U.S. beef and cattle prices. In
addition, they considered the sensitivity of their predictions to various demand
and supply elasticity estimates.

Cakir, Boland, and Wang (2018) investigated the economic impacts of the
2015 highly pathogenic avian influenza (HPAI) outbreak on turkey producers in
Minnesota and the United States. Because own-price elasticities of demand for
turkey were not available, the authors first estimated a system of demand equa-
tions for chicken, turkey, beef, and pork to obtain them. They used the results to
create an EDM to model the impacts of HPAI on the Minnesota and U.S. turkey
sectors. The cost of the HPAI outbreak on U.S turkey producers was substantial,
and most losses were caused by reduced exports. However, the authors found that
losses could have been higher had it not been for the implementation of regional
bans by trading partners who had previously negotiated free trade agreements
with the United States.

Dynamic Responses

An EDM framework can also accommodate dynamic responses in supply
and/or demand relations. However, accommodating dynamics in measuring sur-
plus changes is more challenging. One way to incorporate these dynamics is to
use more responsive demand and supply elasticities for more distant time peri-
ods when calculating changes in consumer and producer surplus (Just, Hueth, and
Schmitz, 2004). Lemieux and Wohlgenant (1989) used this approach to estimate
the effects of introducing porcine somatotropin in the pork industry by altering
elasticities based on time and using standard formulas to estimate surplus effects
for the short, intermediate, and long run.

17
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Gotsch and Wohlgenant (2001) evaluated the effects of adopting and producing
new cocoa cultivars on consumer and producer surplus. Their analysis incorporated
dynamic perennial crop supply responses to changes in cocoa prices. They modeled
dynamics by shifting the supply curve for each period based on the effects that early
adoption and planting decisions were likely to have on the net present value of pro-
ducer returns. They calculated price, quantity, and surplus effects for each period
and used net present values to derive their conclusions. They also considered both
parallel and pivotal supply shifts in response to technological changes.

Weaber and Lusk (2010) evaluated the effects of a genetic improvement pro-
gram in the cattle industry using discounted net present values of returns over a
five-year period. The approach is similar to that of Lemieux and Wohlgenant
(1989) but with explicit attention given to discounting future net returns when
calculating changes in producer surplus. Pendell et al. (2010) considered the
impacts of adopting animal identification and tracing systems on the U.S. meat
and livestock industry using a multi-market EDM. They used both short- and
long-run elasticity estimates to evaluate changes in market equilibria that result
from increased costs of animal identification systems. Further, they considered
the long-run impacts on changes in producer and consumer surplus by using dis-
counted present values of annual impacts over a 10-year period.

Precision of EDM Estimates

When using EDMs to estimate changes in prices, quantities, and surplus values,
the sensitivity of the results to various plausible supply, demand, and input sub-
stitution elasticity estimates is an important issue. An elasticity sensitivity analy-
sis may be all that is needed if a researcher is only concerned about a subset of
parameters. However, a high degree of uncertainty regarding parameter values
may require the use of a more unified approach such as that developed by Davis
and Espinoza (1998) or Zhao et al. (2000a).

Davis and Espinoza (1998) proposed a Bayesian approach for developing con-
fidence intervals for EDM outcomes that generates empirical probability distribu-
tions for reduced-form parameters. The procedure, while analogous to a Monte
Carlo simulation, is more general in that a researcher’s subjective values of param-
eters can be incorporated into the model, which allows for more informative sim-
ulation analyses. Lee, Sumner, and Champetier (2019) used a similar approach in
their EDM of the almond and pollination industries.

Zhao and Griffiths (2000) argued that using a normal distribution for elastic-
ity estimates allows for more precision while maintaining the accuracy of those
estimates. They compared their probability estimates with those of Davis and
Espinoza (1998) using Monte Carlo simulations to produce distributions that fall
within acceptable ranges and are more precise. Further, they allowed for the poten-
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tial of choosing an incorrect parameter estimate conditional on EDM outcomes.
They replicated Davis and Espinoza’s parameter estimates for price changes and
advocated using normal distributions.

Zhao et al. (2000a) used stochastic parameter estimates to examine the sensi-
tivity and robustness of results obtained by Mullen, Alston, and Wohlgenant (1989)
regarding technological change in the Australian wool industry. Using a Bayesian
approach, the authors showed that parameter estimates can be generated using
probability distributions that allow for robustness. Previous parameter estimates
were subjective and based on researchers’ knowledge or on previously estimated
estimates. Further, as models increase in complexity, using subjective parameter
estimates for robustness testing becomes difficult in the presence of parameter
uncertainty. Using stochastic parameter estimates, the authors showed that Monte
Carlo simulations can be used to generate probability distributions of surplus
returns from technological innovation. Although the initial estimates were relatively
robust, the underlying production groups were sensitive to the stochastic results.

Brester, Marsh, and Atwood (2004) considered the effect of country-of-origin
labeling on the U.S. beef, pork, and poultry sectors. They considered the sensitiv-
ity of changes in prices and quantities as well as producer and consumer surplus
relative to selected elasticity estimates. Following Davis and Espinoza (1998), they
conducted Monte Carlo simulations of an EDM by selecting prior distributions
for each of the elasticities used in the model. They incorporated diffuse priors with
respect to reported demand and supply elasticities and assumed that own-price
demand elasticities are always negative, and that own-price supply elasticities
are always positive. They noted that a sensitivity analysis of an EDM should not
only consider variations of elasticity estimates but also correlations among elas-
ticities because primary and derived supply elasticities are likely correlated within
meat sectors. The simulation required sampling from selected distributions, but
the existence of correlated elasticities distorts marginal distributions. Rather
than sampling from an intractable multivariate distribution, they used a variant
of Iman and Conover’s (1982) procedure for generating a correlated multivariate
sample. They accounted for distortions of marginal distribution samples caused by
correlations among elasticities by reordering individually and independently gen-
erated marginal samples. Empirical distributions were generated for each endoge-
nous variable and for all estimates of changes in consumer and producer surplus.
These empirical distributions were used to develop means, confidence intervals,
and p-values for price, quantity, and surplus measures.

Summary
EDMs have been widely used to evaluate many policy issues. Their flexibility for
studying a variety of economic problems has made them a popular tool since their
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introduction in the 1950s. Agricultural economists have widely used EDMs for
various public policy issues. Since the 1930s, the U.S. Congress has passed agricul-
tural policy legislation every five years or so. Authorized programs often require
cost analyses before Congress passes an appropriation bill to fund them. This liter-
ature review touched on many of these programs, including advertising and pro-
moting various agricultural products, public investments in research and develop-
ment, labeling laws, and trade policies. By using EDMs to evaluate these policies,
agricultural economists have made pioneering contributions to the development
and refinement of these models and resulting policy prescriptions.

While researchers have used EDMs to study policy issues in other industries,
the majority of EDM research has explored the agricultural, environmental, and
natural resource sectors, which are the target of many legislative policies. Con-
sequently, leading doctoral programs with their historical roots in agricultural
economics have taught these concepts and graduates of those programs have
developed careers in public universities and government agencies, including the
U.S. Department of Agriculture. The formulation of EDMs has evolved as new
data have become available and researchers have built upon previous research in
their use of these models. For example, as agricultural supply chains have trended
toward oligopolistic structures and/or contractual arrangements, EDMs have been
used to study departures from perfectly competitive market structures.

What Is a Farm Bill?

Modern Farm Bills include nutrition programs such as food stamps, assistance for
farmers, and other programs. Farm bills have been written approximately every five
years since the mid-1960s, but Federal aid programs for farmers have existed since the
1930s. Farm bills include mandatory spending programs, which generally operate as
entitlements. The costs of these programs are based on multi-year or baseline budget
estimates. A farm bill may also authorize, but not fund, discretionary spending pro-
grams making them subject to annual appropriations.

Legislated farm policies are wide-ranging and address many specific issues. For exam-
ple, the 2018 Farm Bill contains 12 titles: Title |, Commodity Programs, provides price
support for some (but not all) crops, including wheat, corn, soybeans, peanuts, and
rice. It includes disaster programs to help livestock and tree fruit producers manage
production losses due to natural disasters. Other support includes margin insurance
for dairy, marketing quotas, minimum price guarantees, and sugar import restrictions.

Title Il, Conservation, encourages: (1) environmental stewardship and improved man-
agement practices; (2) working lands programs, including the Environmental Quality
Incentives Program and the Conservation Stewardship Program; (3) land retirement

programs, including the Conservation Reserve Program; and (4) other aid, such as the
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Agricultural Conservation Easement Program and the Regional Conservation Part-
nership Program.

Title Ill, Trade, supports U.S. agricultural export programs and international food assis-
tance, including the Market Access Program and the primary U.S. international food
aid program, Food for Peace. This title also includes program changes related to World
Trade Organization obligations.

Title IV, Nutrition, provides nutrition assistance for low-income households through
programs such as the Supplemental Nutrition Assistance Program (formerly known
as food stamps), the Emergency Food Assistance Program, and food distribu-

tion in schools.

Title V, Credit, offers direct government loans to farmers and ranchers, guarantees
loans provided by commercial lenders, and sets eligibility rules and policies.

Title VI, Rural Development, supports rural business and community development,
provides for planning and feasibility assessments, and coordinates other local, state,
and Federal programs including grants and loans for infrastructure, economic, broad-
band, and telecommunications development.

Title VI, Research, Extension, and Related Matters, offers a wide range of agricul-
tural research and extension programs that expand knowledge regarding agricul-
ture and food and helps farmers and ranchers become more efficient, innovative,
and productive.

Title VIII, Forestry, supports forestry management programs operated by USDA’s
Forest Service.

Title IX, Energy, encourages the development of farm and community renewable
energy systems through grants, loan guarantees, and feedstock procurement initia-
tives. Itincludes provisions that address the production, marketing, and processing of
biofuels and biofuel feedstock and research, education, and demonstration programs.

Title X, Horticulture, supports certified organic and specialty crop (fruits, vegetables,
tree nuts, and floriculture and ornamental products) production through a range

of initiatives—including market promotion, plant pest and disease prevention, and
public research.

Title X1, Crop Insurance, comprises the permanently authorized federal crop
insurance program.

Title XII, Miscellaneous, addresses other issues, including livestock and poultry pro-
duction as well as limited-resource and socially disadvantaged farmers.

The scope and scale of these programs have required, and provided, wide-ranging
research opportunities for economists to use EDMs to study the impacts of each.
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Chapter Three

MATHEMATICAL TOOLS FOR EVALUATING
MARKET PERTURBATIONS

An understanding of linear algebra and the calculus of differentials is
essential for developing and using equilibrium displacement models
(EDMs). Appendix 3A presents a brief review of linear algebra and differ-
entiation. It is also important to note that all economic modeling involves
approximations to underlying, unknown functional forms. EDMs consist
of linear approximations of unknown demand and supply functions. The
accuracy of these approximations depends upon the size of the pertur-
bation considered and the degree of nonlinearity of the functional forms
being approximated. EDMs and comparative statics models provide
equivalent outcomes for linear approximations of nonlinear functions.
We illustrate this equivalency using a numerical example from a total dif-
ferential approach and an EDM approach.

Evaluating Perturbations to a Single Linear Function
We first use a linear equation to trace the exact change in a dependent
variable caused by an exogenous shock to an independent variable. We
then illustrate the equivalency of a total differential approach and an
EDM approach using a numerical example.

Consider the following linear equation, which represents a simplified
demand function:

@1 ¢g° =a—ap?,

where q” represents the quantity demanded of a good, p” represents the
demand price of a good, a is an intercept, and « is the slope of the linear
function. Assume that the function is parameterized with a = 10, a = 1, p§
=5, and qf = 5, where subscripts represent an initial price and quantity.
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Numerical Evaluation of a Perturbation to a Linear Equation

The goal is to first find an exact numerical value for the dependent variable given
an exogenous shock to the independent variable in (3.1). Assume that price
changes from pg to p? by 0.5 units, such that dp” = 0.5. Consequently, the new
ending value, ¢°, is given by

(32) qP =10 —1(p? + dp®) = 10 — 1(5.5) = 4.5.

A Total Differential Approach for Evaluating

a Perturbation of a Linear Equation

Total differentials can be used to evaluate a change in p” on the dependent variable
q"°. To do so, we first totally differentiate (3.1) to obtain

(33) dq® = ﬂdp" = —adp?
dpP )

For the values a = 10, a = 1, p§= 5, and ¢} = 5, we find that % =-1. If we again let
dp® = 0.5, then

(34) dqP =—-1dp” = -0.5 and
(35) qP =qb +dq® =5.0-0.5=4.5,
which is the exact result obtained using the numerical approach shown in (3.2).

A Proportional Elasticity Approach to Evaluating

a Perturbation of a Linear Equation

Proportional elasticity equations provide the basis for EDMs. This approach to quan-
tifying the effects of a perturbation yields the same answer as the previously illus-
trated numerical and total differential approaches because (3.1) is linear. A propor-
tional elasticity equation is developed by, again, totally differentiating (3.1) to yield

3.6 p_4a® . p _ D

(3.6) dq —de ——Ofdp.

Next, multiply both sides of (3.6) by qiD, which yields
dqP 1

(3.7) qLD — _aq_deD_

Now, multiply the right-hand side of (3.7) by Z—Z to obtain

D D D D D
(3.8) 4 _ _,p 4 _ _ P 4P

44 = .
qD pD qD qD pD
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D
Note that —a’> represents the own-price elasticity of demand, n”, for q°. By
allowing E(-) to represent proportional changes, (3.8) can be rewritten as

(3.9) E(@”) =nE(@P").

Given our assumed initial value of pg, a change in p®, or dp”, of 0.5 units results in
0.5

E(®P) = ~— = 0.10. Further, if a = 1, p§ = 5, and q§ = 5, then n” = -1.0. The propor-
tional change in g°, E(q"), is found by multiplying ° by E(p”) such that

(310) E(qP) = nPE@®P") = (=1)(0.10) = —0.1.

In addition, proportional changes imply that the new equilibrium is found by
multiplying the original equilibrium, g, by 1 plus the proportional change in g°,
which yields

(G11) ¢ = (@)L +E@) = (5)(1+ (=0.1)) = (5)(0.9) = 45.

The proportional elasticity approach yields the same new equilibrium quantity,
4.5, as both the numerical approach and the total differential comparative static
approach. This result occurs because the initial equation of interest, (3.1), is linear.

Evaluating Perturbations to a Nonlinear Equation

Consider a change in an endogenous variable caused by a change in an exogenous
variable for a nonlinear equation. Because of the nonlinearity, the exact numer-
ical outcome of an exogenous shock is not equivalent to either a total differential
approximation or a proportional elasticity approach. However, the latter two are
equivalent in their approximation of the actual outcome. Consider the following
nonlinear equation, which represents a simplified demand function:

(3.12) qD = a(pD)_B'

where g” represents the quantity demanded of a good, p® represents the price of a
good, and @ and f are parameters. For this example, allow (3.12) to be parameter-
ized witha=18,8=1,pf=3,and qf = 6.

A Numerical Evaluation of a Perturbation to a Nonlinear Equation
Assume that the value of pJ is exogenously altered such that the change in p”
is given by dp” = 0.3. The effect of this change on the dependent variable is
calculated as
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(313) qP = a(P? + dpP)P =18(3.0 + 0.3)1
= 18(3.3)"! = 5.4545.
A Total Differential Evaluation of a Perturbation to a Nonlinear Equation

To obtain a comparative statics solution to the above problem, the first step is to
totally differentiate (3.12), which yields

(1) dg” = —pa(p”) P dp” = —Ba(p”) P S dp”.
Substituting g” from (3.12) into (3.14) yields

D
(315) dq® = —pL;dp”.

Once again, allow @ =18, =1, p§ = 3, qf = 6, and dp® = 0.3. The total differential
approach results in a linearly approximated value to the change in p”:

(316) q° =qb +dq” =6+ (-1(5)(0.3))

=6+ (—2)(0.3) =6 — 0.6 = 5.40.
The value of 5.40 is not identical to the true value of 5.4545 obtained in (3.13).

A Proportional Elasticity Evaluation of a

Perturbation to a Nonlinear Equation

EDMs use proportional elasticity equations to evaluate the change in a dependent
variable caused by a change in an independent variable. A proportional elastic-
ity approach yields an identical answer to that obtained from a total differential
approach for nonlinear equations. However, neither provides the exact answer to
the true numerical solution. To illustrate, totally differentiate (3.12) and convert to
percentage changes and elasticities to obtain

(317)  E(q®) = nPE(p®).

If we once again allow the change in p” to be dp = 0.3, then E(p?) = 03;3 = 0.10. At

the point p§ = 3, q§ = 6, the slope of a linear approximation at the initial equilib-

rium point is calculated by substituting p§= 3, gf= 6, and f =1 into (3.15) to yield
dq

(3.18) dT[D, -1 (g) = —2.0.
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Thus, the elasticity of demand at the initial equilibrium point is

dqP pP 3

Substituting the values for n” and E(p®) into (3.17) yields
(3.20) E(g”) = (—-1.0)(0.1) = —0.1.

Therefore, the new equilibrium quantity given the assumed exogenous change in
price is calculated as

(321) qP =qP(1+E(gP)) = 6(1 — 0.1) = 5.40.

This answer is identical to that obtained using the comparative statics approach from
(3.16). However, it is not identical to the true value, 5.4545, as calculated in (3.13).

Summary
EDMs are linear approximations of unknown, and likely nonlinear, demand and
supply functions. The accuracy of any model that uses linear approximations to
nonlinear functions for estimating changes in equilibria depends upon the size of
perturbation considered and the degree of the true nonlinearity of the functional
form being approximated. If the underlying functions are actually linear, then the
total differential and proportional elasticity approaches provide exact solutions of
the change in an endogenous variable caused by a change in an exogenous variable.
However, if the underlying functional form being approximated is nonlinear,
then neither a total differential nor a proportional elasticity approach will yield an
exact solution of changes in an endogenous variable resulting from an exogenous
shock. Nonetheless, both approaches yield identical, although biased, results. The
extent of the bias depends upon the size of the perturbation being considered and
the degree of nonlinearity of the underlying function. The next chapter develops
an EDM using proportional elasticity equations. Readers who require a refresher
in linear algebra and differential calculus are encouraged to review Appendix 3A
before considering Chapter 4.
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From: Student@UEconomics.edu

To: Professor Watson

Date: Thursday, 14 Nov 2021 at 3:47 p.m.
Subject:  Nonlinearities

You note that supply and demand curves are likely nonlinear, and that
EDM:s are linear approximations to these curves. Hence, they should only
be used to approximate changes in equilibria for relatively small exogenous
shocks. How do we know that supply and demand curves are nonlinear and
to what extent do we think their curvature is?

Thanks!

Mark

From: Professor Watson

To: Student@UEconomics.edu
Date: Friday, 15 Nov 2021 at 9:17 a.m.
Re: Nonlinearities

Dear Class,

Great question and it is easier for me to understand this after a lifetime

of being an agricultural economist. We don't live in a linear world. Part of
my dissertation involved conducting research with animal scientists to
evaluate economically optimal harvesting weights for cattle because the
economically optimal weight is always less than the biologically optimal
weight. Many of these supply functions are exponential in nature, which
suggests an asymptote. This is caused by underlying physical constraints
and resulting production functions. Benjamin Gompertz, a nineteenth-cen-
tury actuary living in England, wrote a well-known paper on mortality. The
Gompertz functional form has been widely used in physical sciences for
modeling growth. And we have not talked much about von Liebeg produc-
tion functions, which generate fixed input proportions, and the constraints
that occur when an input is limited within a production process.

Consider the following: The world record for the 1600 meter race is much
more than 4 times the world record for the 400 meter dash. We cannot
grow at the same linear rate forever (although | sometimes question

that when it comes to my personal weight gain!). There is a limit to our
height and weight as humans. We live in a world of biological and physical
limitations. Why would we think that we live in a linear economic world
given the biological, physical, and mechanical constraints that underlie all
economic activity?
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It is likely that—for the reasons described above—most agricultural supply
curves resemble some form of exponential function. It could be that the
shape of demand curves is closer to linearity than supply curves because
biology doesn't provide a constraint on human desires. Think about the
components of a demand curve such as income, price of substitutes, expec-
tations of future prices, own price, and consumer tastes and preferences.
Four of the five components are likely to be step functions because they are
expressed in “money” concepts and probably lack infinite divisibility for an
individual consumer, although they may be almost infinitely divisible in an
entire market. Perhaps this generates less curvature in individual demand
functions relative to supply functions. Tastes and preferences are more
difficult to quantify, but economic research using experimental auctions
shows that demand curves are nonlinear, as would be expected. They may
not, however, be of an exponential form within a given range of data. The
bottom line is that we should not expect supply and demand curves to

be linear, although demand curves are more likely to be closer to linearity
than supply curves. Nonetheless, we often teach economics using linear
depictions of these functions, but this is only for the sake of simplicity and
illustrative clarity.

All the best,
Dr.Watson
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ChapterThree, Appendix A

REVIEW OF LINEAR ALGEBRA
AND DIFFERENTIAL CALCULUS

The fundamentals of matrix algebra and differentials are essential for under-
standing, developing, and using EDMs. This appendix provides the basics of lin-
ear algebra and differential calculus and is designed for those who have a limited
understanding of these powerful mathematical tools. Total differentiation is used
to develop equations in proportional elasticity form and linear algebra is used to
simultaneously find solutions to multiple endogenous variables caused by changes
in one or more exogenous variables in these equations.
Consider a system of two linear equations:

(BAD) a1 y1 +any, =x

az1Y1 t az2Y2 = X3,

where a; are parameters, y; are endogenous variables, and x; are exogenous
variables.
This system can be written in matrix notation as

(3A.2) [a“ a”] B,]ﬂ = [2]

a1 Ay

and can be written more compactly as
where A is a 2 x 2 matrix, yisa 2 x 1 vector, and x is a 2 x 1 vector.

Rules of Matrix Operations
The following sections present the basic rules of matrix operations.

Addition and Subtraction

The dimension of a matrix is determined by its number of rows and columns. The
addition or subtraction of two matrices requires that both have the same dimen-
sions. To add two matrices, each element of each matrix is added to its corre-
sponding element. For example, consider the following 2 x 2 matrices:
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a1 42 b11 blZ]
( ) A [a21 aZZ] and B [b21 bzz

Adding the two matrices results in:

a1+ by appt b12]

3A5 A+B=[ .
( ) az1 + byy Ay + by

For a numerical example, consider two matrices such as
M 2 !

(3A6) A= [3 4 and B = [0

The sum of matrices A and B is

(3A.7) A+B=[1+1 2+0_[2 2

3+40 4+11 13 sI

To subtract B from A, the general notation is

ay1 — by a2 — by,
3A8 A—B=[ }
( ) az1 — by1 Ay — by

Numerically, the result is given by

(3A9) A—B= [3_1 2-01_[0 2

0 4—11" 13 3F

Scalar Multiplication

A matrix of any dimension can be multiplied by a scalar. The process involves mul-
tiplying each element of a matrix by the scalar of interest. In general, multiplying
matrix A by a scalar k yields

kay, ka12]

(3A.10) kA = [kam kas, I

Numerically, if k = 3 and we use the A matrix noted above, then

(3A.11) kA=3[; i 3; gﬂ [9 12]

Matrix Multiplication
Two matrices can be multiplied only if the number of columns in the first matrix is
equal to the number of rows in the second matrix. The row dimension of the prod-
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uct is equal to the number of rows in the first matrix and the column dimension of
the product is equal to the number of columns of the second matrix. In general,

(BA.12)  AypBpyj = Ciyj.

Each element of C is found by multiplying the i"™ row of A by the j® column of
B such that

(BAI3) C= [(‘111 "bi1) + (a12 " bp1) (i1 bi2) + (@12 " byy)
| (az1 - b11) + (azz " b21)  (azq - biz) + (A " bpp)l

Using the above values for 4 and B, the product of the two matrices is

1-1)+(2-0) (1-0)+(2-1)]:[1 2

[
(3A.14) C—[(3_1)+(4_0) (3:0)+ (4-1) 3 4l

Matrix Transposition

The transpose of a matrix results from taking the i row of a matrix and making it
the i column in the transposed matrix. Therefore, the transposition of matrix 4 in
(3A.4) is given by

(3AI5) A = [a“ a“].

A1z Az
Numerically, the transpose of matrix 4 in (3A.6) is

1 3

(3A16) A’ = [2 o)

Properties of Matrix Transposition
Propertyl: (A') =A

Property2: (A+B)' =A'+ B’
Property3: (AB)' = B'A’

Properties of Matrix Operations
Propertyl: A+B=B+AandA+B+C=(A+B)+C=C+B+A
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Property2: ABC = (AB)C = A(BC)
Property3: A(B+C)=AB+ ACand (A+ B)C = AC + BC
(A+ B)(C+ D) = AC + AD + BC + BD

ABC + AFC = A(B + F)C

Property4:  An identity matrix, I,, must be square (n x n) and have only entries
of 1 on the diagonal, and 0 for all off-diagonal entries. Multiplying
any matrix by an appropriately dimensioned identity matrix leaves
the original matrix unchanged:

Iy Amxn = Amandn = Amxn-

Special Matrices

Idempotent matrix: A square matrix 4 is an idempotent matrix if A A = A.

Symmetric matrix: A square matrix 4 is symmetricif A" = A.

Diagonal matrix: A diagonal matrix is a square matrix that has only Os as
entries in the off-diagonal elements.

Inverse matrix: If an inverse matrix A" exists for a square matrix 4, then 4" 4
=AA'=1

Properties of Inverse Matrices

Property 1: Only square matrices can have inverses.

Property 2: Matrices that have inverses are termed nonsingular matrices.

Property 3: Matrices that do not have inverses are termed singular matrices.

Property 4: Ifan inverse exists, it is unique.

Property 5: The inverse matrix of A can only exist if all the rows of A are linearly
independent and all the columns of 4 are linearly independent,
which makes 4 of full rank.

Property 6: If AB=Cand A" exists, then A" AB=A"C< B=A"C.

Determinants

If a square matrix 4 is of full rank, its inverse A™ exists. Determinants represent
one of a variety of tests that can be used to determine if a square matrix is of full
rank. In general terms, the determinant |A| of the matrix

(GA17) A= [a“ a“]

a1 04z

is

33



34

EQUILIBRIUM DISPLACEMENT MODELS
(3A.18) |A| = (ay1a22) — (az1a;2).

If the determinant of 4 is not 0, then the matrix is of full rank and nonsingular.
Numerically, let

12
(3A19) A= [3 4].
Then, the determinant of 4 is
(3A20) |Al=(1+4)—(3%2)=4—6=—2.

Because the determinant of A is nonzero, matrix 4 is of full rank, nonsingular, and
its inverse exists.

Laplace Expansion for Calculating Determinants

The Laplace expansion is one of several approaches that can be used to calculate
the determinants of higher-dimension matrices. The procedure requires that the
concepts of minors and cofactors be defined. Let

2 1 3
456‘.

7 8 9

(3A.21) A=

Minor: The ij minor of A is M;; = the determinant of the matrix remaining after
the "™ row and the j column have been deleted from matrix A. Numeri-
cally, the M;; minor is

5 6| _

(3A22) My, = |8 ol = =3

Cofactor: The ij* cofactor of A is its “signed minor” defined as C;; = (-1)"Mj;.
Numerically, the cofactor Cy; is

(3A.23) (= (—1)*? |g g| = (-1D?*(-3)=-3.

The Laplace expansion can be used to find the determinant of 4 through either a
row i or column j expansion such that

(3A24) 1A= ¥ a;;Cj= ¥ ay(-1)" M.
iorj

iorj

Using the first row to expand, the determinant of A is calculated as



THREE: MATHEMATICAL TOOLS FOR EVALUATING MARKET PERTURBATIONS
5 6 4 6 4 5

3A.25 = -
(3425 1Al= QW[ o+ OED|; o[+ @O 3

= (2)(-3) + (-1)(-6) + (3)(-=3) = —9.

Properties of Determinants
Propertyl: Determinants are only defined for square matrices.

Property2: |A|=14]].

Property 3: If any two rows or any two columns of a square matrix are inter-
changed, the magnitude of the determinant is not altered, but its
sign is reversed.

Property 4: 'The multiplication of any row or column by a scalar also multiplies
the determinant by the same scalar.

Property 5: Ifascalar is multiplied by the i row (or the j* column) and the
result is added to the j" row (or the i*" column), the determinate is
not altered.

Property 6: If atleast one row (or column) is a linear combination of the
remaining rows (or columns), then the determinant is 0.

Property7: Any matrix that has a determinant of 0 is singular.

Solving Systems of Linear Equations

Linear algebra is used to solve systems of linear equations such as those repre-
sented by (3A.1). Several methods can be used to accomplish this goal. One com-
mon method for finding a solution for a single endogenous variable is by using
Cramer’s Rule. A second method, inverses, is used to find solutions for multiple
endogenous variables.

Cramer’s Rule
To solve for x;in (3A.2), Cramer’s Rule states that

_lad
(3A.26) ¥i =T,

where |4;| is the determinant of the matrix formed by replacing the i column of A
with the vector x. For equation (3A.2), the value of y, is calculated as

X1 a12|
|A1| X2 QA2

( )=( )
(3A27) yl = m = PR —_ _X1Q22 X2Qa12

| (a11 azz2)—-(az1a12)

az1 Qzz
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Using the values for A presented in (3A.6), the solution for y; is found as

[ 4l
_lxp 4] Ge))-(x2)(2) _ (dx)-(2x2)
GAR) N=i=2~"ww-ee = 2 22, 4 %;.
Likewise, for y,,
1 x

(3A 29) — |3 x;| — (1)()62)—(3)()61) — (x2)—(3x4) — Ex _ lx

2T T T hw-eo o T
Inverse Matrices

Inverse matrices can be used to solve systems of linear equations for multiple
variables simultaneously. Although several methods exist for deriving an inverse
matrix, consider the inverse of matrix A using a cofactor approach in which

(3A30) € =[cy],

where Cj is the cofactor of the ij" element of A. The ij™ element of C is the cofactor
of the ij* element of A. Therefore,

(3A31) €' =][Ci] = C; =

If |A| # 0, then
-1 _ L ’
(3A32) A = o c'.
. 1 2 _[ 4 -3 [ 4 -2
Numerically, let A = [3 4] =>C = [_2 1] =>(' = [_3 1],30 that

(3A33) A== [_g _ﬂ = l_é _%l

To solve for the y/’s in (3A.3), premultiply the left- and right-hand sides by A™:
(3A34) A 'Ay=A4"1x

which yields

(3A35) y=A"lx.

Numerically,
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-2 1],
(3A.36) y—l : _%l [xz],

(3A.37) [ﬁ =l_§ _%l [2]

giving the same solutions as (3A.28) and (3A.29):
(3A.38) y; = —2x; + xy,

and

(3A39) ¥, =2% —3%,

Nonlinear Functions
Consider the expression

(3A.40) y = f(x).

We often want to examine the effect on y for a given change (A) in x, such that
(3A41) x* =xy + Ax.

The change in y is given by

(BA42) y*=f(x")=f(xo+Ax) > Ay =y —y°
and the average rate of change is

(3A.43) Ay _ fGro+Ax)—f(xo)

Ax Ax

Derivatives
The derivative of a function y is defined as the limit of 2¥ L as Ax — 0. We denote this
relationship as

GA44) D=y =f(0)=f = LMY = Ly (20

Ax—0 Ax Ax—0 Ax

For example, if (3A.40) has the following explicit functional form,
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(3A.45) y = f(x) = 3 + x?2 forx=0,
Then the derivative of this function is

(3A46) y' = % = 2x.

If (3A.46) is evaluated at a point, say
x = 3, then the value of the derivative is 6.
Figure 3A.1 presents a graph of (3A.45) as
well as its tangent line at x = 3. The slope
of the tangent line to (3A.45) at x = 3 is
6. Note that for a small area around x = 3,
the slope calculated by (3A.46) is approxi-
mately equal to the slope of (3A.45).

Rules of Differentiation

Constant Functions
Ify = k, then z—y =0.
X

Power Functions

d _
Ify = ax”, then ﬁ = nax™ 1.

Multiple Functions of the Same Variable
Sums and Differences of Functions
Consider

y = ax®+ bx? + cx + d.
The first derivative is given by

y' = 3ax? + 2bx + c,
the second derivative is

y'" = 6ax + 2b,

and the third derivative is

0 3

Figure 3A.1. The Derivative of a
Nonlinear Function
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y'"" = 6a.

For sums or differences of functions, the derivative of the sum is equal to the sum
of its derivatives.

Products of Functions
Ify = f(x)g(t), then

V' =Ag(X) + f(X)gx(x)-

Quotients of Functions
Ify= I® ‘then
9(x)

) _ Fe 09— f(X)gx )
(9(0))?

Imbedded Functions
Ify =f(v) and v = g(x) such that y = f{v(x)), then

dy _dydv
dx ~ dvdx’

Partial Differentiation
Consider the following expression, which maps two variables, x and z, into a single
variable, y:

(BA47) y = f(x,2).

Suppose one wished to examine how y is altered by a change in x while the variable
z is held constant. The procedure is to partially differentiate (3A.47) while consid-
ering variable z a constant, such that

(3A48) 2=y =f.

a::yxz

Similarly, the partial derivative of y with respect to z is obtained by treating vari-
able x as a constant:

9
(3A.49) a_jz/ =y, =f,.
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For example, consider the following function
(3A.50) y = Ax*zP.

Then,

(3A51) Z—y = fx = Q(Axa_lzﬁ

X

and

(3A.52) Z_y = f, = PAx%zP 1,

z

Jacobian Determinants
Consider a system of two equations that may or may not be linear,

(3A.53) y1 = y1(x1, %2, @)
Y, = yZ(xlleJ a)r

and we need to determine whether unique solutions to these simultaneous equa-
tions exist so that we can write

(3A54) X1 = x1(a)
Xy = x5(a).
Jacobian determinants allow both linear and nonlinear independence to be identi-

fied in a set of equations. A Jacobian is defined as the matrix of first partial deriva-
tives, such that

9y1  0y1
dx1 O0xy
A. = .
GAS) T =12y, o,
0x, Oxy

If the determinant |J| = 0, then the equations are neither linearly nor nonlinearly
independent and unique solutions do not exist. For example, consider the fol-
lowing set of equations, where the second is simply the square of the first:

(3A56) Vi = 2x1 + 3x2

y, = 4x% + 12x,x, + 9x3.
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Then,
oy oy
~Nox: oxz]|| _ 2 3
(3A.57) |]| = 3y, 3ya - 8x1 + 12x2 12x1 + 18x2
axl 6x2

= 24x1 + 36x2 - 24‘x1 - 36x2 = 0.
Given that |J| = 0, there is no unique solution to the system of equations.

Differentials of Functions
Consider a function of the form

(BA58)  y = h(y,x).

We are unable to directly evaluate =2 because the variable y appears on both sides
of the equation. However, we can develop an expression for 2 — Y using the total dif-
ferential of (3A.58).

Total Differentials for a Single Variable Function
Consider the following single variable function:

(BA59) y = f(x).

The goal is to evaluate a change in y, Ay, given a change in x, Ax. If we multiply Ay
by i—i, we obtain

(3A.60) Ay = i—ZAx.

The total differential is found by taking the limit of (3A.60) as Ax — 0. This results
in the differential

(BA6l) dy =Zdx = f'(x)dx,

which can be viewed as a linear approximation to the original function presented
in (3A.59) where the linear approximation occurs along a line that is tangent to
the function at the point of interest. It can be shown that this approximation is
relatively accurate for changes in sufficiently small areas around the point being
evaluated. For example, consider the nonlinear function
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(3A.62) y =x2.

The total differential of (3A.62) is
(3A.63) dy = 2x dx.

Consequently, for a small neighborhood around some initial point x,, the
change in y for a sufficiently small change in x is approximately twice the initial
level of x multiplied by the change in x. To illustrate using (3A.62), assume the ini-
tial value being considered is x = 3, and we want to evaluate the change in y given
that x changes from 3 to 3.1. The actual change in y is given by

(3A.64) Ay =(3.1)>2—-(3)2=9.61—-9=0.61.

Using the total differential noted in (3A.63), the approximate change in y
caused by a change in x from 3 to 3.1 is

(3A.65) dy = (2)(3)(0.1) = 0.60.

Consequently, for this small change in x, the differential approach yields a change
in y that is relatively close to the actual change. It can be shown that the rate of
change of the differential converges exactly to the rate of change of the original
function as Ax - 0.

Total Differentials for Multiple Variable Functions
Consider a function that consists of more than one variable such as

(3A.66) ¥ = f(x1,%2,x3).
The total differential of (3A.66) is
(BA.67) d =a—ydx +a—ydx +a—ydx
) y 0xq 17 ax, 27 x, 3

Thus, the total differential is the sum of the partial derivatives with respect to each
right-hand-side variable multiplied by the differential of the variable.

Gradient Vectors

The gradient vector of any function is defined as a vector that contains the first par-
tial derivatives of the function with respect to all endogenous variables. For exam-
ple, the gradient vector for equation (3A.66) is given by
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(3A.68) y, =|—=

Rules of Differentials
Consider the differentiable functions y, u, and v. Further, define k to be a sca-
lar constant.

Rulel: Ify=k, thendy = Z—i.
Rule2: Ify=cu”, thendy= (ncu"")du.
Rule3: Ify=u+v,thendy=du+dv.

Rule4: Ify=uv,thendy=vdu + udv.

vdu-udv

Rule 5: Ify:ﬁ,thendyz Y
v v

Total Derivatives
The total derivative for y = f(v(x), x) is given by

dy _of dv

(3A.69) dx v dx | ox = Z-I-fx'

Similarly, for the function y = f(x,(t), x,(t), t), the total derivative is given by

dy dx dx
GATO) T =fu i+ gt + fo

Implicit Functions

Consider the function g(x,y) = 0. We wish to know whether there is a functional
relationship between y and x (i.e., y = y(x)) over certain ranges and domains. The
issue is addressed by the implicit function theorem (IFT).

Implicit Function Theorem for a Single Equation
Consider the function F(y, x;, X, .. , x,)=0. If the partial derivatives
F, F,, F,, ..., Fyexist with F, # 0 at the point being evaluated, then there is an implicit

functional relationship y = f(x1, X,, ..., x,) with partial derivatives 2. :y _ aa_y,
X1 0Xy Xn
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For example, consider the function
(3A.71) x%2+y?2 =09,
The total differential of (3A.71) is given by
(BA.72) 2xdx+2ydy =0.

Let Fy=2xand F, = 2y. Note that F, # 0 if y # 0. By the IFT,

4y _ _Fx_ _2x_ _x.
(3A.73) == TR ylfy;tO.

Consider a second example in which
(3A.74) x%*+y%+6y=0.

Therefore, Fy=2xand F, =2y + 6 # 0 if y # -3. By the IFT,

d_y _ _Q _ 2x _x
(3A.75) dx  F,  (2y+6)  (y+3)

ify#-3.

An Economic Application of the Implicit Function Theorem

Assume that a production function consists of two inputs (x; and x;) and two out-
puts (y; and y,) such that

(3A.76) F(yl, yz, xl, xz) = O.

Taking the total differential of (3A.76) yields

(3A.77) E,dy, + E, dy, + E dx; + F.,dx, = 0.

By the IFT, we can hold any two variables constant (e.g., y, and x;) and obtain the
partial derivative of the remaining pair of variables as

9y1 _ _Fxp .
(3A.78) o~ T h if F,, # 0.
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Implicit Function Theorem for a System of Equations
Consider a system of equations:

(BA.79)  FY(y1, Y2, e Yo X1, X2y e X)) = 0

F2(Y1, V2, eoos Yins» X1) X2y o0y X)) = 0

F™ (Y1, Y2, ov» Yo X1, X2, ey X)) = 0.

It is useful to find the conditions under which, at least implicitly, the following
functions exist:

(3A80) yl = fl(xll er ey xn)

Y2 = f2(x1, %z, ) Xn)

ym = fm(xltxZI ""xn)-

We first take the total differential of (3A.79) and rearrange to obtain

(3A.81) Fyll dyl + Fylz dyz + b + Fylmdym
= —(F dx, + E,dx, + -+ F} dx,)
Eldy, + F,dy, + -+ F} dyn

2

= —(F2dxy + FAdx, + -+ FZ dxy)

Etdy, + Eldy, + -+ F dyp,

= —(Fldxy + Fldx, + -+ Fl'dxy).
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We now define the matrices

art] . .
F, = [a_yj ,i0=1,2,...,mj=12,...,n

dy = [dy, dy, ...dy,]’

aF‘] . ;
Fy= [a_x,- i=12,...mj=12...,n

and

dx = [dx, dx, ...dx,]’,

which allows (3A.81) to be compactly written as
(3A.82) F,dy=—F,dx.

If|F)|#0,then F, ; exists and we can write
(3A.83) dy =—F,'F,dx.

Therefore, we have shown that the endogenous variables y can be expressed as
implicit functions of the exogenous variables x such that

(3A.84) ¥ =f1(x)

y2 = f?(x)

Ym = f7(%).
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We can also recover the partial derivatives ? from (3A.83) by allowing dx, = 0 for
X
all p #j such that /

(d}’f ( 0 1 ( 07
: | 0
(3A.85) | dy; |=—F3'Fy|dx;j| = —F;'Fy| 1 |dx; = —F;'F, e; dx;,
0
4y, e o]

where e; is an elementary column vector consisting of a 1 in the j® row and 0s
elsewhere, and dx; is the differential of x;. Because dx; is a non-zero scalar, we can
divide both sides of (3A.85) by dx; to obtain

=l

ax]-

(3A86) [12] = 27 = —F;F, e,

dx; oxj

2y
e

If we wish to examine the ij" partial derivative, we can premultiply (3A.86) by the
elementary row vector e’, which selects the i row of the matrix

=

ax]-

ay; | ay; .
(A7) [ =el| 7| = —€'Fy Fre; .

Xj 6x]-

e
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Chapter Four

ECONOMIC MODELING IN PRIMAL
AND DUAL ENVIRONMENTS

Much regulatory policy that affects economic activity involves imposing
constraints or taxes on consumers or production firms. In cases where
regulatory constraints or taxes are imposed on consumers, the effects can
often be modeled through impacts on producers. Supply functions are
derived from firms” optimizing behavior subject to production functions
and input prices. Demands for factors of production are derived from
both consumers’ desire for goods and services and producers’ attempts to
meet those desires through production activities. Researchers use equilib-
rium displacement models (EDMs) to connect economic activity among
production and consumption sectors.

Economic activity can be modeled using a primal approach to
firm-level profit maximization within a competitive environment in
which producers are price takers. The assumption of a perfectly com-
petitive market structure can be relaxed while constructing EDMs. This
issue is addressed in Chapter 6. The current chapter illustrates the pro-
cess of converting the basic primal problem into its dual structure. The
conversion is necessary because of uncertainty regarding the functional
form of production functions. In addition, it is usually the case that data
required to estimate production functions are simply not available. Con-
versely, the dual modeling approach is much less data intensive as it only
requires more readily available and commonly estimated parameters such
as own-price and cross-price elasticities, factor shares, and (although less
common) elasticities of input substitution.
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A General Economic Model

Consider the profit-maximizing actions of a firm that operates in a perfectly com-
petitive environment as an example of a primal approach. The firm’s profit func-
tion is given by

(41) I =pf(x)—w'k,

where [T is profit, p is the price of the firm’s output, f(x) is the firm’s production func-
tion, wis a vector of input prices, and x is a vector of input quantities.

The profit-maximizing solution to a firm’s decision process is found by
obtaining first-order conditions (FOCs). FOCs are obtained by partially dif-
ferentiating (4.1) with respect to each input and setting those equations equal to
0, such that

(42) M,=pf,—w=0.

The goal is to find the optimal level of each input (x*) that solves these equa-
tions. The Hessian matrix associated with the second-order conditions (SOCs) to
the problem determines whether a unique solution exists in some neighborhood
of input usage and, if it exists, whether the solution is a local minimum or a local
maximum. If a solution exists, then SOCs must be checked to determine whether
a profit maximizing or minimizing solution has been found.

The SOCs are represented by the following Hessian matrix:

pfin Phz - - Pha]
Pfar Pl - ¢+ DPfan

(43) My =| - |=plfyl=pH.
-pfnl anz ot pfnn .

If IT,,, evaluated at point X" is negative semi-definite, then the solution obtained
from the FOCs is a local maximum. The Hessian in (4.3) is the Jacobian of the
system presented in (4.2) and H is the Hessian of the production function f(x). If
the Jacobian matrix of (4.2) has a nonzero determinant, then the implicit function
theorem (IFT) is used to determine whether implicit unique solutions exist. Con-
sequently, if implicit input demand equations and output supply functions exist,
we can write their general expressions as

(4.4) x*=x*(p,w)

(4.5 q"=q (@,w).
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Equations (4.4) and (4.5) have unique solutions only if the short run is being con-
sidered. That is, if at least one input is held constant, then unique solutions exist
regarding the amounts of inputs used and output produced.

If H is negative definite, then z’'Hz < 0 for all nonzero vectors z and the compar-
ative statics of the system can be shown to give

*

(46) i<
aWi
aq*
(4.7) o >0

These comparative static results are only relevant for the short run. They provide a
constraint on the profit-maximizing problem such that it becomes a constrained,
rather than an unconstrained, optimization problem. It also assumes that H is con-
cave. However, in the long run, it has been well established that production func-
tions are homogeneous of degree 1 (HD1) in inputs,” such that

(48)  f(tx) = tLf (x).

The implication is that production functions can be scaled to any level of output
when fixed inputs do not exist. Thus, if a production function is HDI, its gradient
vector is homogeneous of degree 0 (HDO), which implies H(x) - x = 0 for all x and
the matrix H"' does not exist. Therefore, an infinite number of solutions exist for x*
and g because a unique firm size cannot be determined.

Consequently, if a production function is HD1 in inputs and/or we are inter-
ested in long-run solutions, then a constraint must be added to the system to find
unique solutions. In some cases, the additional constraint may be the result of
a factor of production whose supply is not infinitely elastic in the long run. For
many other economic problems, the additional constraint is based on consumer
demand for a firm’s output. That is, consumer demand places a constraint on firms’
output decisions because of cost-minimizing behavior.

Hence, (4.2) can be augmented such that

(49) q° =q°(®")

(410) ¢5 = f(xP)

2 Beattie, Taylor, and Watts (2009) show that any short-run production function in which one or more input factors
are fixed can be converted to a long-run production function that is HD1 in inputs. In addition, production func-
tion homogeneity is completely consistent with constant, increasing, or decreasing cost industries. The implication
of each is represented by the shape of the industry’s long-run average total cost curve. The slope of this curve de-
pends on the impacts of industry expansion on input costs and is not related to an underlying production function’s
technological homogeneity in terms of the use of those inputs.
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(411) pSfy—wP =
(4.12) x5 =x5(w5),

where g is the quantity demanded for the good or service, p” is the consumer
demand price for a good or service, g° is the quantity supplied of the good or
service, X is the demand for inputs X, p° is the producer supply price for a good
or service, w”is the firm’s demand prices for inputs x, x° is the supply of inputs
x, and w? is the supply prices of inputs x. In equilibrium and assuming competi-
tive markets,

(413) pP=pS=p

(414) q°=q5=¢q

(415) wl=wS=w

(4.16) xP =x5==x.

Substituting (4.13)-(4.16) into (4.9)-(4.12), the system of equations becomes
417) q=4q)

(418) q=f(x)

(419) pfx(x)—w=0

(4.20) x = x(w).

System (4.17)-(4.20) consists of 2 + 2n equations with 2 + 2n endogenous
variables p, g, w, and x where n is the number of inputs. We can use various sub-
sets of this system to obtain functional, and possibly only implicit, relationships
between one or more of the variables and all other system variables if the condi-
tions for the IFT hold. As noted previously, (4.19) cannot be uniquely solved for
X = X" (p, w) when the production function is HD1 because the production func-
tion’s Hessian is singular. However, when (4.18) and (4.19) are imposed simultane-
ously, the IFT demonstrates the existence of unique input demand functions given

prices p and w:

(421) x*=x"(p,w)
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and an output supply equation

(4.22) q"=q (p,w).

Expressions (4.21) and (4.22) can be viewed as traditional input derived
demand and output supply responses conditional upon a vector of output and
input prices. These results are commonly used to conceptually develop traditional
other-prices-held-constant (OPHC) quantity and own-price demand and supply
schedules.

The derivation of explicit functional relationships in the above example
requires the use of specific production functions. However, specifying and esti-
mating production functions is both difficult and, often, intractable. Nonetheless,
if we could explicitly derive mathematical expressions for (4.21) and (4.22), we
could hold other prices constant and plot actual OPHC schedules x; = x; (wi|p, w))
andy”=y"(p|w).

Although OPHC schedules are useful for developing economic intuition,
they are generally avoided when developing EDMs. EDMs are often most use-
ful for estimating endogenous price-quantity responses while allowing most or
all prices included in the model to simultaneously adjust in response to policy
or other external shocks. The figures presented in this chapter represent stylized
total-response relationships as discussed by Buse (1958), Cochrane (1955), and
Tomek and Robinson (1990). We use the expression “equilibrium trajectories” to
denote total-response changes in prices and quantities induced by an exogenous
shock. An equilibrium trajectory is a path that represents the movement from one
price or quantity equilibrium to another. Total-response functions and equilibria
trajectories are especially useful because estimated changes in consumer, producer,
and input supply surplus metrics can be identified through integration. Silberberg
(1990) noted, however, that such metrics cannot be obtained by integrating expres-
sions (4.21) and (4.22).

The IFT allows us to implicitly identify total-response relationships by supple-
menting (4.17)-(4.20) with additional policy-induced equations and variables or
by considering subsets of the system. For example, if we simultaneously impose
(4.18), (4.19), and (4.20), the resulting system has 1 + 2n equations and 2 + 2n vari-
ables. If we then select one of the variables, say p, as exogenous to (4.18), (4.17), and
(4.20), the IFT implies that we can implicitly identify the total-response functions:

(423) q"=q"(p), x* =x"(p) and w* = w*(p).

In this case, g"(p) can be viewed as the supply or total-response function of out-
put with respect to changes in p while accounting for price and quantity feedback
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effects between producer first-order responses and input markets. Similarly, if we
impose (4.17)-(4.20) while deleting one of the input supply schedules, say input x;,
from (4.20) and select input price w; as exogenous, we can implicitly derive func-
tions such as x; = x7(w;) = xP(w;), where xP(w;) is the total-response derived
demand for input j while accounting for endogenous interactions between con-
sumers, producers, and other input markets. Consequently, the figures used in this
and the following chapters present total-response relationships such as

(424) q"=q (), p" =p"(q), andw? = wP (x;).

Before proceeding, we note that explicitly recovering mathematical expres-
sions for total-response functions and equilibria trajectories requires a knowledge
of actual production functions and exogenously determined demand and input
supply functions. We are seldom able to accurately identify these functions and
estimate their associated parameters because such efforts are not only compli-
cated, but also present other econometric, data, and practical problems. Many of
these problems are also encountered when estimating production functions using
data obtained from laboratory experiments. Even if such functions were known,
inverting the components of system (4.17)-(4.20) and recovering the nonlinear
explicit solutions for the primal total-response functions and equilibria trajecto-
ries would likely be mathematically intractable. The EDM approach is powerful
because it allows for the relatively simple recovery of linear approximations to
total-response functions and equilibria trajectories using more readily available
elasticity estimates, factor share information, and linear algebra.

The EDM Dual-Based Approach

We obtain an EDM approximate solution to the above problem by mapping (4.10)
and (4.11) into an equivalent dual system. The resulting system can be parameter-
ized using estimates of commonly available economic variables, including factor
shares, price elasticities of output demand, price elasticities of input supply, and
elasticities of substitution between inputs within production technologies. Appen-
dix 4A shows that the primal problem presented in (4.9)-(4.12) can be written as
the following dual EDM:

(425) E(q”) =nPE(pP)
(426) E(p°) =X;K E(w/)

(427) E(xP) =E@)+XjKoEwP), i=12..,n
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(428) E(xf) = Z] SijE (Wl:g), [ = 1, 2, e,

where E(*) = %),

n® is the own-price elasticity of demand, K; are factor cost shares defined as
Wiy
77 waD’

o; are Allen elasticities of substitution (AES), €;are own- and cross-price elastici-
ties of supply, and ¥;K; = 1 and Y,Kj0; = 0 are conditions that must hold to main-
tain the system’s theoretic consistency (Silberberg, 1990).?

An Application of the General Model Dual Approach

In the simplest cases, (4.25)-(4.28) can be used to model the effects of various
exogenous shocks. For the moment, assume that output supply and demand
prices and quantities are equal, as are input supply and demand prices and quan-
tities. Consequently, exogenous shocks to this system result in new equilibrium
prices and quantities without any policy-induced price or quantity wedges.* For
ease of illustration, we assume that input supply quantities are a function of only
own-input prices, such that €;, = &,, = 0.

Thus, a one-output, two-input EDM can be written as

(429) E(q) =n"E(p) +E(6)

(4.30) E(p) = KiE(wy) + K,E(wy) + E(65)

(4.31) E(xq) = E(q) + K101:E(Wy) + Ky0.,E(w,) + E(63)

(4.32) E(xy) =E(q) + K 0,:E(w,) + K05, E(w,) + E(6,)

(4.33) E(x1) = Ew,) +E(65)

(4.34)  E(xy) = &,E(w,) + E(66),

where s represent exogenous shocks and E(-) are percentage changes. Equation

(4.29) represents a consumer’s total-response demand function and (4.30)-(4.32)
represent a firm’s production function and FOCs for the firm’s profit-maximization

3 In the original primal form, equations (4.18) and (4.19) jointly represent the production technology and first-order
optimizing behavioral conditions. We demonstrate in Appendix 4A that rearranging the joint total differential
system of (4.18) and (4.19) results in the dual expressions (4.26) and (4.27). The latter jointly provide the output
supply response and derived factor demands. The derived factor demands are decomposed into two components:
(1) the output-held-constant substitution effects, and (2) the output effect. The expressions Kioj in (4.27) are “out-
put-held-constant” elasticities of derived demand for factor x; with respect to a change in factor price w;.

4 Such policies place wedges between specific variables of interest. This assumption is relaxed later in this chapter.
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problem. Equations (4.33) and (4.34) are input supply functions. Equations (4.29)-
(4.34) are considered behavioral equations because endogenous responses are
assumed to result from economic agents’ optimizing behavior. Exogenous shocks
to any of these equations are modeled by percentage changes in 6, to 6.

Modeling Exogenous Shocks

Equations (4.29)-(4.34) represent an EDM that can be used to model several types
of exogenous shocks. Specifically, the model is used to estimate changes in equi-
libria that result from positive or negative shocks to consumer demand, input
supplies, and technological change. The EDM model presented in (4.29)-(4.34)
is operationalized by moving the endogenous variables in those equations to the
left-hand side to yield:

(4.35) E(q) —nPE(p) = E(61)

(4.36) E(p) — KyE(wy) — KLE(w,) = E(65)

(4.37) E(x,;) —E(q) — Ky0.,E(w;) — K,0,,E(w,) = E(65)
(4.38) E(x;) — E(q) — K102 E(Wy) — K,05,E(w,) = E(6,)
(4.39) E(xy) — & E(wy) = E(65)

(4.40) E(x3) — &E(w,) = E(6q).

Using linear algebra, (4.35)-(4.40) can be written as

1 —n® 0 0 0 0 TrE(@ T
0 1 0 0 -—K -K, || E(p)
(4.41) -1 1 0 —Kyoy —Ky0u5||E(x1)
-1 0 0 1 —-Ky0,, —Ky0,,||E(x)
0 0 1 0 —g 0 E(wy)
L0 0 0 1 0 —g, JLE(w,)]
1 0 0 0 0 O1[E(H)]

010 0 0 0||E®,

1o 0 1 0 0 0||E®,)

"o 0 0o 1 0 ol|E@D|

0 0 0 0 1 O||lE®s)

0 0 0 0 0 1ILE(86)]

In a general form, (4.41) can be written as
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(4.42) Ay = Bb,

where A is a 6 X 6 matrix of parameters, y isa 6 X 1 vector of endogenous variables,
Bisa 6 X 6 diagonal matrix in which weights can be attached to any element of the
b vector, and b is a 6 X 1 vector of exogenous shocks. If weights on the exogenous
shocks are all equal to 1, then Bis an identity matrix. For the following illustrations
and throughout the remainder of this book, we assume that B is an identity matrix
to simplify the exposition. Nonetheless, B can be used as a weighting mechanism
for any of the elements in the b vector. After parameterizing the A matrix, the sys-
tem’s endogenous variables are solved for any exogenous shock b as:

For the following examples, we use Gardner’s (1988, p. 99) assumed parameter-
ization for which the own-price elasticity of demand, 1, is -0.60; the own-price
elasticities of input supply (g3, €,) are 0.20 and 1.0, respectively; and factor shares
K, and K, are equal to 0.30 and 0.70. We assume that the AES are oy, = g,; = 1.0.
Although the terms oy and 0,, have no meaning as elasticities of substitution, they
must be included in the model if the production technology is to be homogeneous
of degree 0 (HDO) in all input and output prices and allow for the system to add up
(Silberberg, 1990). These values are calculated as

11 K1 0.30 '
22 Ky 0.70 e

Shocks to Consumer Demand and Equilibrium Trajectories
The effects of an exogenous shock to consumer demand can be modeled by
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allowing 6, to be nonzero. Figure 4.1 presents ini- 0,

tial consumer demand D, and producer supply | oupu — S,
Sy functions. A positive exogenous shock to con-

sumer demand in the amount of 6; horizontally ) I
shifts the demand function from D, to D;. The pos- ) [ N

itive change in 0, causes a horizontal, rather than Py | -——----—-—=

a vertical, shift of the demand function in Figure
4.1 because (4.29) is mathematically presented as an

|
I
I
I
I
I
I
i
I
ordinary demand equation. In response, the equi- |
I

librium price and quantity would increase along the 0
total-response supply curve, S;, to p; and q;. How-
ever, EDMs do not trace out this exact change in

I
i
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I
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Total-Response Demand

o g,9,Output Quantity

Figure 4.1. Exogenous Shock to Consumer
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supply curve, S, to p; and q;. However, EDMs do not trace out this exact change
in equilibria. Further, unless the functional forms of the demand and supply func-
tions depicted in Figure 4.1 are known with certainty (which is rare), other eco-
nomic models are also unable to trace out this exact movement. An EDM esti-
mates a linear equilibrium trajectory between the initial equilibrium and the new
calculated equilibrium by moving along a line tangent to S, at the initial equilibria
point (py, qo) as noted by the arrow in Figure 4.1. Hence, the new equilibrium that
results from an EDM is given by p, and q;.

To model an exogenous shock to demand, we parameterize (4.41) using the
previously noted values. For a 10% increase in consumer demand, E(6,) = 0.10, the
model is written as

(1 060 0 0 0 0 -(E(q)- (0.10-

0 1 0 0 —030 —0.70|| E(p) 0.0

-1 0 1 0 070 —=0.70||E(xy) 0.0

(4.44) = .
-1 0 0 1 -030 030|[E(x) 0.0

0 0 1 0 -020 0 [|Ewy) 0.0

| 0 0 0 1 0 —1.0-LE(WZ)- L0.0-

Equation (4.44) is solved using (4.43), which results in

[ E(q) (0.053‘

E(p) 0.079

_|EG) | [0.022

@45) Y=g | T o066
E(w,) 0.110

LE(WZ)- L0.066-

The results show that the 10% increase in demand causes output, E(q), to
increase by 5.3% and output price, E(p), to increase by 7.9%. The quantity of
input 1, E(x,), increases by 2.2% while its price, E(w,), increases by 11.0%. The
quantity of input 2, E(x,), increases by 6.6% while its price, E(w,), also increases by
6.6% because of the assumed unitary own-price elasticity of supply for input 2.

Shocks to Demand Assuming Fixed Input Proportions
The previous example explicitly considers variable input proportions between
inputs 1 and 2 because the AES are assumed to be nonzero (Gardner, 1988). How-
ever, the results are altered if one imposes fixed input proportions such that oy, =
0,1 = 0 and, consequently, o;;, = 0,, = 0.

Consider an exogenous 10% increase in the demand for output such that
demand increases from D, to Dy, as illustrated in Figure 4.1. To model an exoge-
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nous shock to demand assuming fixed input proportions, we parameterize (4.41)
using the above estimates and with all AES equal to 0. Assuming a 10% increase in
consumer demand, E(6,) = 0.10, the EDM becomes

-1 060 0 0 0 0 1[E(q)7 [0.107
0 1 0 0 —030 —0.70]|| E(p) 0.0
-1 0 1 0 000 000]||lE() 0.0
(4.46) = .
-1 0 0 1 0.00 000||E(xy) 0.0
0 0 1 0 —020 0o [|E(w) 0.0
L0 0 o0 1 0 —1.0LEw,)] Lo

Equation (4.46) is solved as in (4.43), yielding

"E(q) 7 [0.043
E(p) 0.095
_|EG | [0.043
“447) ¥ = E(xy) | 0.043[
E(w,) 0.216

LE(w,)) Lp.043

The results indicate that output, E(q), increases by 4.3%, which is smaller than
the variable input proportions case, while the equilibrium price, E(p), increases
by 9.5%, which is larger than that obtained for the variable input proportions case.
The quantity of input 1, E(x,), increases by 4.3% and its price, E(w,), increases by
21.6%. Both percentage changes are almost twice as large as in the variable input
proportions case in (4.45). Because of the assumed fixed input proportion tech-
nology, the use of input 2, E(x,), increases by 4.3%, which is less than the variable
input proportions case in (4.45), while its price, E(w,), increases by the same 4.3%
because of the assumed unitary own-price elasticity of supply for input 2. These
results occur because fixed input proportions restrict production flexibility and
result in a more muted output response to the demand increase.

An Exogenous Shock to Input Supplies

The EDM presented in (4.35)-(4.40) can be used to estimate the effects of an exog-
enous shock to the supply of either or both inputs by allowing 65 and/or 6, to be
nonzero. For example, consider a case in which a 10% exogenous decrease in the
supply of input 1 occurs. Figure 4.2 presents total-response derived demand, D,
and supply, S,, curves for input 1. A decrease in the supply of input 1 is modeled
as a horizontal shift to the left from S, to S; in Figure 4.2. Again, the change is
illustrated by a horizontal shift in the supply function because (4.33) is presented
as an ordinary supply function. The input price increases to w; while the use of
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input 1 declines to x;. Note that the EDM
does not trace out the actual equilib-
rium trajectory along the nonlinear
total-response derived demand curve 7] [E——

D, but rather provides a linear approxima- Wol —-=gZodm -3
tion (the arrow in Figure 4.2) to the actual
equilibrium by moving along the line tan-
gent to D, at the initial equilibrium (xo,wy).
We note that the functional form of D, is
always unknown, but the EDM provides a
linear approximation to the true equilib-
rium trajectory (as indicated by the arrow
in Figure 4.2).

To find this new equilibrium point, the exogenous shock is entered in vector b
of (4.41) as E(6s) = -0.10 while setting all other values in the vector equal to 0. This
entry indicates that the ordinary supply function for input 1 shifts to the left and
the supply schedule decreases by 10% for any given input price, w, from the ini-
tial equilibrium level. Returning to the variable input proportions scenario, (4.44)
now becomes

Sy

Input
Price

So

X |-

1 Xo Input Quantity

Figure 4.2. Exogenous Shock to Input 1

1 060 0 O 0 0 1TE(@71 [ 0.0 7

0 1 0 0 -030 -0.70|| E(p) 0.0

(448) |-1 0 1 0 070 —0.70|[E(x)|_| 00
-1 0 0 1 —030 030||ECx)| | 0.0

0 0 1 0 -020 0 ||Ew)| [-0.10

L0 0 0 1 0 —1.0dLE(w ) L g |

The solution for the endogenous variables in (4.48) is indicated by the values in
vector y as

"E(q) 1 [—0.0207

E(p) 0.033

_|EG) | [-0.081

(449) ¥ = E(x,)| | 0.007|
E(w;) 0.094

LE(w,)) L 0.007-

The exogenous shock causes the use of input 1, E(x,), to decline by 8.1% and its
price, E(w;), to increase by 9.4%. Because input 2 is a substitute for input 1, the
quantity of input 2 used, E(x;), increases by 0.7%, and its price, E(w,), increases
by 0.7%. The magnitude of the quantity and price impacts on input 2 are iden-
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tical because of the assumed unitary elasticity of supply for input 2. The exogenous
shock causes the output supply function to shift to the left. Hence, the equilibrium
output price, E(p), increases by 3.3% while output quantity, E(q), declines by 2%.

More Than One Exogenous Shock

An EDM can be used to evaluate changes in equilibria for simultaneous exogenous
shocks to a system. For example, the COVID-19 pandemic caused multiple dis-
ruptions to the food distribution system. Almost one-half of U.S food consump-
tion consists of food consumed away-from-home, but the pandemic caused many
restaurants to close or curtail operations. Some of these changes were the result of
government mandates, while others resulted from reductions in travel and enter-
tainment activities caused by health concerns. Concurrently, the supply of labor
decreased as the labor market contracted and allowances for slower production
lines and/or worker safety measures occurred.

The EDM presented in (4.44) can be used to evaluate multiple exogenous
shocks to an economic system. Hence, EDMs are more flexible than traditional
comparative static approaches. For example, assume that the COVID-19 pandemic
caused a 10% reduction in the demand for restaurant meals because of reduced
travel and simultaneously decreased the supply of labor, x;, by 10%.

The EDM is operationalized for this problem by setting E(6;) equal to —0.10 and
E(6s) equal to —0.10 in vector b, with all other values set equal to 0. These values
reflect a 10% decrease in the demand for restaurant meals and a 10% decrease in
the quantity of labor supplied at a given wage or input price. Solving for the endog-
enous variables as noted in (4.43) yields

"E(q) 7 [—0.072

E(p) —0.046

_|E(x) | _[-0.103

(4.50) y = E(x,)| |-0.059(
E(w,) —0.015

LE(w,)) 10,059

The results indicate that the provision of restaurant meals by the service sector,
E(q), declines by 7.2% while the price of meals, E(p), declines by 4.6%. Note that
the reduction in meals provided by the restaurant sector reduces the demand for
labor, causing the quantity of labor used, E(x;), to decline by 10.3%. Although the
supply of labor has decreased, the reduced demand for meals causes the equilib-
rium price of labor, E(w,), to decline by 1.5%. In addition, the use of the second
input, E(x,), say food inputs, declines by 5.9% because of the reduced demand for
restaurant meals. The price of food inputs, E(w,), also declines by 5.9%.
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It is possible that the price of labor could increase if the demand for restaurant
meals declined by a smaller amount, even though the demand for labor declines.
This could happen if the decrease in the supply of labor more than offsets the
decrease in demand for labor. For example, suppose that the demand for restau-
rant meals declined by only 5% due to the COVID-19 pandemic while the supply
of labor decreased by 10%. Equation (4.44) is operationalized by setting E(6,)
equal to —0.05 and E(6s) equal to —0.10 in vector b, with all other values set equal
to 0. Solving for the endogenous variables in (4.43) yields

(E(q) T (—0.046‘

E(p) —0.007

|EG) | ]-0.092

@3 Y=lea) = 0026/
E(w,) 0.039

LE(WZ)- L0.026-

In this case, the quantity of meals, E(q), supplied by the service sector declines
by 4.6% while the price of meals, E(p), declines by 0.7%. Although the quantity
reduction is approximately one-third smaller than the example in (4.50), the
reduction in price is much smaller than the previous estimate. The price of labor,
E(w,), increases by 3.9% even as the use of labor, E(x;), declines by 9.2%. That is,
the decrease in labor supply more than offsets the reduction in the demand for
labor caused by the 5% reduction in demand for meals so that the equilibrium
price of labor increases. In (4.50), the opposite was true, as the reduction in the
demand for labor was greater than the decrease in labor supply, such that equilib-
rium labor prices declined. In addition, the decline in labor usage is similar to that
in (4.50). Finally, the use of input 2, E(x,), declines by 2.6%, as does the price of
input 2, E(w,). The decline in both values is much smaller than that in (4.50).

Comparing Models with Respect to Homogeneity of Degree 0 in All Prices
Many researchers have developed EDMs by directly considering the demand and
supply for a good or service at one market level and the demand and supply of a
major input that is produced at another market level (Brester, Marsh, and Atwood,
2009; Pendell et al., 2010, 2013). However, some models do not meet the theoreti-
cally consistent requirement that the EDM system of equations should be HDO in
all input and output prices.

To illustrate the bias caused by ignoring this condition, we construct an EDM
model that does not meet this requirement and estimate changes in equilibria
caused by an exogenous shock. Then, we develop an EDM based on the above
dual derivation that is HDO in all prices and use it to evaluate changes in equilib-
ria caused by an identical exogenous shock. The exercise is used to illustrate the
importance of constructing EDMs that are HDO in all input and output prices.
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An EDM That Is Not Homogeneous of Degree 0 in All Prices

Although EDMs have been developed using various approaches, a common
method is to specify general demand and supply functions, which are then totally
differentiated and converted to proportional elasticity forms. For example, con-
sider the demand and supply of consumer retail beef products. The consumer
demand for beef could be represented by

(452) q° = fi(P®) + ¢4,

where q” is the quantity of retail beef consumed and p” is the consumer price of
retail beef. Equation (4.52) represents the primary demand level (Tomek and Rob-
inson, 1990).

Food processors slaughter and convert live cattle into finished beef products.
The supply of finished beef products is given by

(4.53)  q° = foL(p%,xP) + @,

where ¢° is the quantity of retail beef produced, p® is the producer price of retail
beef, and x”is the quantity of live cattle demanded by processors. Thus, (4.53) rep-
resents a derived supply function (Tomek and Robinson, 1990).

Processors who manufacture beef products have a derived demand for live cat-
tle produced by feedlot enterprises, which is the major input into producing retail
beef. The derived demand is illustrated by

(4.54) xP = f3(WD'qD) + @3,

where w”is the input demand price of live cattle. Finally, feedlot enterprises supply
live cattle to the processing sector as indicated by

(455)  x° = fo(W?) + @4,
where x° is the quantity of live cattle supplied by feedlots and w* is the input supply
price of live cattle. This supply function is often termed the primary supply func-

tion (Tomek and Robinson, 1990). In addition, the following equilibrium condi-
tions are assumed:

(456) qP =q5=gq

(457) pP=pS=p
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(458) xP=x5=x

(459) wP=wS

=w,
s0 that (4.52)—(4.55) is written as
(4.60) q=/fi(p) + ¢

(4.61) q=fo(p,x)+ ¢,
(4.62) x=f3(w,q) + @3
(4.63)  x = f(W) + @

Totally differentiating (4.60)-(4.63) yields

(464) dg="dp+de,
_da 4q
(4.65) dq = = dp + o dx + de,
_ dx dx
(4.66) dx = — aw + 2 aq + des
(467) dx ="Zdw +dgp,.

Dividing (4.64) and (4.65) by g and (4.66) and (4.67) by x yields

(4.68) %:() dp +()dq01

(4.69) —=() () dx+()dg02
m £ GG
471) == ( ) (i) d@y.

Multiplying the first term on the right-hand side of (4.68) by % results in
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(4.72) % - G) (g) Z—gdp + G) do,.

Rearranging yields

4a _ (dap) (dp) 4 41
(4'73) q - (dp q) (p) + q
or

(4.74) E(q) =n9E(p) + E(¢p),

where 1?is the own-price elasticity of demand for the retail product.
Next, rnultlply the first term on the right-hand side of (4.69) by = and the sec-
ond term by = toyield

4 T= Q)+ Q) Q)G+ () e

Rearranging yields

aq _ dq p\ dp dq x\ dx @
(4'76) q - (dp q) 14 + (dx q) x + q
or

(4.77)  E(q) = €9E(p) + tE(x) + E(¢@3),

where €7 is the own-price derived supply elasticity of retail beef products and =
represents an elasticity of quantity transmission between the live cattle sector and
the retail beef sector.

Next, multlply the first term on the right-hand side of (4.70) by — and the sec-
ond term by , which yields

6 o () s Q)+ Q)

Rearranging (4.78) yields

(479) = (ﬂﬂ)d_w n (d_xz)d_q+@
X

aw x) w dqx) q x

or

(4.80) E(x) =n*E(W) +yE(q) + E(¢3),
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where 1*1 is the own-price derived demand elasticity for live cattle and y represents
an elasticity of quantity transmission between the retail beef sector and the live
cattle sector.

Finally, multiply the first term on the right-hand side of (4.71) by ¥,
which yields v

a0 ) () (&) w2

w/ \dw

Rearranging yields

(4.82) % _ (ﬂﬂ) dw | 494
x aw x/ w x
or

(4.83) E(x) =" E(w) + E(@,),

where £*1 is the own-price primary supply elasticity of live cattle.
Collecting (4.74), (4.77), (4.80), and (4.83) results in an EDM model of the form

(4.84) E(q) =n9E(p) + E(¢,) primary retail demand
(4.85) E(q) = €1E(p) + 1E(x) + E(¢p,) derived retail supply
(4.86) E(x) =n*™E(WwW)+yE(q) + E(p3) derived feedlot demand
(4.87) E(x) = eEW) + E(@,). primary feedlot supply
Moving the endogenous variables to the left-hand side yields

(4.88) E(q) —n7E(p) = E(p1)
(4.89) E(q) —€1E(p) — tE(x) = E(¢3)
(4.90) E(x) —n*EW) —vE(q) = E(@3)

(4.91) E(x) —eME(w) = E(¢,).
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In matrix notation, (4.88)-(4.91) are written as

1 -7 0 0 1[E@] [E(pd)

49) | 1 -1 -t 0 [|E@)]|_|E(®2)
-y 0 1 —n||E()| |E(ps)|

0 0 1 —e*llE(w) E(p,)

The parametrization of (4.92) requires estimates of %, €%, n1, €4, T, and y. How-
ever, to illustrate the shortcomings of the non-HDO0 model, assume that the values
aren?=n"1=-1.0and 7= 4=t =y = 1.0, such that

1 1 0 011E(q) E(p1)

1 -1 -1 o||E@|_|E(p)
@3 11 o 1 1|l |T|E@o]

0 0 1 —1llEmw)] LE(p)

Note that there are no behavioral equations in the EDM that specify input price,
w, or output price, p. Hence, it is not possible to conduct a direct test of the HDO in
all prices using (4.93). Although it is possible to include additional equations to
perform such a test, it is sufficient to simply illustrate the shortcomings of the
model caused by a lack of HDO in all prices.

Assume that an exogenous shock decreases the supply of feeder cattle by 10%.
This would be represented by setting E(¢,) = -0.10. Solving (4.93) for the endoge-
nous variables results in

E(q) 0.667 0.667  0.333 0.333 0

E(p) 0.333 —-0.667 —-0.333 -0.333 0
0
—0.10

494 =
(4.94) E(x) 0333 0.333 0.667 0.667
E(w) 0333 0.333 0.667 —0.333
or
E(q) —0.033
E(|_| 0.033
@95 1 e |~ |=0.067]
E(w) 0.033

The results indicate that retail quantity, E(q), declines by 3.3%, while retail
prices, E(p), increase by 3.3%. This is a consistent result given the assumed demand
and supply elasticities of —1.0 and 1.0, respectively. The model indicates that the
price of live cattle inputs, E(w), increases by 3.3% but that the quantity of live cat-
tle being produced, E(x), declines by 6.7%. However, the assumed price, 7, and
quantity, y, transmission elasticities of 1.0 should cause the system to add up. That



68

EQUILIBRIUM DISPLACEMENT MODELS

is, quantity changes at the feedlot level should be equivalent to quantity changes
occurring at the consumer level if all values are represented by retail-weight equiv-
alent metrics given that the model does not allow for variable input proportions
between live cattle and other inputs. Clearly, the results in (4.95) cannot be cor-
rect given that the amount of live cattle being produced declines by 6.7% while the
quantity of retail beef declines by only 3.3%.

An EDM That Is Homogeneous of Degree 0 in All Prices
The EDM developed in (4.25)-(4.28) for a single output (retail beef) and two
inputs (live cattle, x;, and all other processing inputs, x,) is written as

(4.96) E(q) =n9E(p) + E(6,)

(4.97) E(p) = KKE(wy) + K,bE(wy) + E(6,)

(4.98) E(x;) = E(q) + Ky01,E(wy) + Ky01,E(w,) + E(63)
(4.99) E(xy) =E(q) + Ky0,:E(Wy) + Ky05,E(w,) + E(8,)
(4.100) E(x;,) = e E(wy) + E(65)

(4101) E(xz) = Esz(Wz) + E(96),

where q is the quantity demanded of retail beef; p is the retail price of beef; w; is
the input price of live cattle; w, is the input price of all other processing inputs; 1¢
is the own-price elasticity of demand for retail beef; € is the own-price elasticity
of supply of cattle; €% is the own-price elasticity of supply of all other processing
inputs; K; represent factor shares, K; = (%), such that ¥; K; = 1; and oy is the AES
between inputs i and j. Silberberg (1990) notes that ¥;K; o;; = 0 is necessary to
ensure that the system of equations is HDO in input and output prices.

For the following example, we use the simplifying assumption that input supply
quantities are functions of only their own-input prices rather than being influ-
enced by the price of the other input in the system. This assumption is probably
reasonable given that the impact of the price of all processing inputs, w,, likely has
an inconsequential influence on the supply of live cattle, x;, and vice versa.

Equation (4.96) represents retail demand, (4.97)-(4.99) represent the produc-
tion technologies derived from the first-order conditions for profit maximiza-
tion, and (4.100) and (4.101) represent input supply functions. To test whether the

5 This is the example referenced in the preface. The next section presents the results using an EDM that is HDO in all
prices.
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model presented in (4.96)-(4.101) is HDO in input and output prices, we must alter
the model by adding three equations that allow for price wedges to exist between
demand and supply output and input prices:

(4.102) E(q) =n?E(") + E(6,)

(4103) E(p®) = KKEWD) + KLEWD) + E(6,)

(4104) E(xy) = E(q) + Kyo1.E(WP) + Ky00,E(W2) + E(65)
(4105)  E(x;) = E(q) + Ky0531 E(WP) + Ky 05, E(W2) + E(6,)
(4.106) E(x;) = e EW?) + E(6s)

(4.107) E(xp) = eX2E(ws5) + E(65)

(4108) E(p®) =E@®®) +E(6,)

(4109) E(wp) = Ewy) + E(6g)

(4110) EWP?) = E(ws) + E(6,),

where the superscript D represents the demand price for retail beef or inputs and
the superscript S represents the supply price for retail beef or inputs.

Equations (4.102)-(4.107) are behavioral equations, while (4.108)-(4.110) are
equilibrium equations. Note that (4.108) allows for a price wedge to exist between
the demand and supply price of retail beef, while (4.109) and (4.110) allow for
price wedges between the demand and supply prices of the two inputs. In equi-
librium and assuming the absence of taxes or subsidies, there would be no dif-
ference between demand and supply prices, which would make these equations
superfluous. However, (4.108)-(4.110) allow us to test for HDO across input and
output prices.

The model is operationalized by moving the endogenous variables of (4.102)-
(4.110) to the left-hand side:

(4111) E(q) —n?E(p®) = E(6,)

(4112) E(°) — KLEW!P) — K,E(wy) = E(6,)
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(4.113)  E(xy) — E(Q) — Kyo, EW?) — Ky0,,E(W?) = E(03)
(4.114) E(x;) —E(q) — Kyo,:E(WP) — K,05,E(W?) = E(6,)
(4115) E(xy) — e EWw;) = E(6s)
(4116) E(xy) — e¥2E(w3) = E(6s)
(4117) E@®) —E@®°®) = E(67)
(4118) EWP) —EWy) = E(6g)
(4119) EW3) —EW3) = E(6,).
Using linear algebra, (4.111)~(4.119) are written as
(41200 Ay =b,

where 4 is a 9 X 9 matrix of parameters, y is a 9 X 1 vector of endogenous vari-
ables, and b is a 9 X 1 vector of exogenous shocks such that

1 -9 0 0 0 0 0 0 01 E(@)1 [EOD]
0 0 10 0 —K; -K, 0 0 [|E®D) E(6,)
-1 0 0 1 0 —Kyou;, —Ky0, 0 0 || E®®) E(65)
-1 0 0 0 1 —Ky0p, —Ky00, 0 0 || E(xy) E(6,)
4120 | o o o090 0 1 0 - 0 ||EG) |=|E@]
0 0 0 0 0 0 1 0 —e2|[EWD)| |E6)
0 1 -1 0 0 0 0 0 o [[EwD)| |E®,)
0 0 0 0 0 1 0 -1 0 [[EWD)| [E®s)
Lo o 0 0 0 0 1 o —1IEWHI LE@6,)

After parameterizing the A matrix, the system’s endogenous variables are solved for
any exogenous shock b as

(4122) y=A"'b.

To compare the HDO and non-HDO examples, we parameterize the model by
setting the retail demand elasticity equal to —1.0 and the input supply elasticities
equal to 1.0. In addition, we set the elasticity of substitution equal to 0 (o, = 05, =
0.0) and assume that the factor share of live cattle, K;, equals 0.90 and the factor
share of all other processing inputs, K,, equals 0.10. As noted earlier, the terms
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0,1 and 0, have no meaning as elasticities of substitution but must be included in
the model if the system of equations is to be HDO in all prices. Hence, these values
are calculated as

11 Ky 0.90 .
o - _ K10'21 - _ (090)(00) — O O
22 Ky 0.10 e

Thus, the A matrix in (4.121) is parameterized as

( 1 1.0 0 0 O 0 0 0 0 7

0 o0 1 0 0 -090 -0.10 0 0

-1 0 01 0 0.0 0.0 0 0

-1 0 0 0 1 0.0 0.0 0 0

(4.123) 0 o0 01 0 0 0 -1.0 0
0 o0 0 0 1 0 0 0 -1.0

0 1 -1 0 0 0 0 0 0

0 o0 0 0 O 1 0 -1 0

L 0 o0 0 0 O 0 1 0 -1

Within any production system, a scalar multiplication of all input and output
prices should have no effect upon the quantities of inputs used or output pro-
duced, such that

1

(4124) pfx—w=0=>f,= (;)w = (i) tw =t° (%)w

tp

for any scalar t. This implies that equal percentage increases in input prices, cou-
pled with an identical percentage increase in the producer output price, should not
influence equilibrium output or input quantities. The issue is best illustrated by
considering the profit function for a two-input production process:

(4125) Il = py(xl, xz) — WX — WyXs.
The FOC:s for profit maximization of (4.125) are given by
(4126) pf,—w=0.

If all input and output prices are multiplied by a scalar ¢, then the profit func-
tion becomes

(4.127) - (DI = (Opy (X1, X2) — (Owrx, — (D),
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or

(4.128) ()11 = (£)(py(x1,xz) — WiXxy — WoX3).

The FOC:s for (4.126) are given by

(4129) (O(pfx—w) =0.

Consequently, because the profit function is HD1 with respect to all prices, the
FOC:s for profit maximization are HDO in all prices. If a tax on inputs caused a
doubling of input prices paid by a producer and a subsidy was placed on the out-
put produced so that a producer received twice the price for their production,
there would be no change in either input usage or production.

To test this for a doubling, or a 100% increase of input prices, allow E(6g)
= 1.00 and E(6,) = 1.00 in vector b of (4.121). This represents a 100% tax on each
input so that the demand price of each input is greater than its supply price. There-
fore, the input price wedges are entered as positive numbers. Further, consider an
output price subsidy of 100% that is simultaneously modeled by allowing E(6,) =
-1.00. That is, the output supply price that producers receive is 100% larger than the
output demand price that consumers pay. Essentially, this is a simple rescaling of
the model’s price variables. Thus, vector b in system (4.121) becomes

0

(4.130) b=

S O O OO

—1.00
1.00
- 1.00-

Using the matrices indicated in (4.123) and (4.130), the solution to (4.122) is

E(q) T (0.00‘
E@®)| ]0.00
E(S) | |1.00
E(x;) 0.00
(4.131) y=|E(x) |=]0.00}
Ew?)| [1.00
EwD)| [1.00
Ew?)| 10.00
Ew] ool
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The EDM results show that a doubling of input prices and the producer output
price causes a 100% increase in input demand prices, E(w?) and E(w?%), and a 100%
increase in the price received by producers for output, E(p*). However, no changes
in input use or production output occur. This is the expected and necessary result
from economic theory for an EDM to be HDO in all prices.

A 10% Shock to Input 1

Given that the EDM in (4.96)-(4.101) is HDO in all prices, we now compare the
results for a 10% decrease in the supply of live cattle to the results presented in
(4.95). Recall that equilibrium conditions in (4.108)-(4.110) were added to the
original EDM for the purpose of testing for HDO in all prices. In addition to
testing for homogeneity, the equations could be used to estimate the effects of var-
ious legislative policies (e.g., imposing taxes on inputs or an intervention in the
output market). However, the equations are not needed to estimate the effects of a
10% decrease in the supply of input 1. For ease of illustration, consider the effects
of the input supply decrease using only (4.111)-(4.116). After removing the super-
scripts and using (4.123), the matrix form of the EDM is given by

(1 1.00 0 0 0 0 [E@)] (E(el)-

0 1 0 0 —090 -0.10|| E(p) E(6,)

(4.132) -1 0 1 0 000 0.00fECe)|_|E(®3)
-1 0 0 1 000 0.00|E(x) E(0,)|

0 0 1 0 —1.00 0 [|[E(w)| [Es)

| 0 0 0 1 0 —1.00 LE(Wz)— E(06)]

A 10% decrease in the supply of input 1, live cattle, is modeled as E(6s) = -0.10 in
(4.132). Thus, vector b becomes

(4133) b=

Using the parameterization in (4.132) and the shock presented in (4.133), the solu-
tion for the endogenous variables in (4.132) results in
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[ E(q) 1 (—0.045-

E(p) 0.045

_|E(y) | [-0.045

B Y= by |7 [=0.0a5
E(w,) 0.055

E(w,)] Lo.045-

The equilibrium quantity of output at the retail level, E(q), decreases by 4.5%
and retail price E(p) increases by 4.5%. The two values are identical in absolute
value because of the assumed unitary own-price elasticity of demand. The model
in (4.95), which was not HDO in all prices, estimated a retail level quantity decline
of 3.3% and a price increase of 3.3%.

Note that the 4.5% decline in the use of input 1, cattle, is identical to the decline
in beef production. This is the expected result given the assumption of fixed input
proportions. The previous non-HDO EDM indicated that the reduction in cattle
usage was twice as large as the reduction in beef output. The theoretically con-
sistent EDM indicates that these reductions are equal given the assumed unitary
supply and demand elasticities and fixed input proportions.

Note that the reduction in output, E(q), and use of input 1, E(x;), are both equal
to —4.5%. This result is generated by a 10% reduction in the supply of input 1. This
shock was selected so that the results of the theoretically consistent EDM of (4.134)
could be compared to the model presented in (4.92). Given that the absolute value
of the elasticities used in this fixed input proportion example all equal 1, the expec-
tation might be that a 10% reduction in the supply of input 1 should cause a 5%
reduction in output. This outcome will occur if a 10% reduction in the supply of
both inputs are simultaneously included in the b vector of the model. In that case,
all endogenous variables are changed by (plus or minus) 5%.

For purposes of comparison, note that (4.134) indicates that the 10% decrease
in the supply of input 1 decreases the use of input 1 by 4.5%. The EDM model in
(4.95) predicted a decline of 6.7%. The equilibrium price of input 1 is estimated to
increase by 5.5%, while the earlier model predicted a 3.3% increase.

The results also indicate that the use of input 2 decreases by 4.5%. This is
identical to the reduction in the use of input 1 because of the assumption of no
input substitution and the 4.5% reduction in output. In addition, the price of
input 2 decreases by 4.5% because of the decreased demand for the input. The
change in input demand is identical to the reduction in input price because of the
assumed unitary supply elasticity.
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From: Student@UEconomics.edu
To: Professor Watson
Date: Sunday, 18 Oct 2021 at 8:05 p.m.

Subject:  Chapter4

You gave an example of an EDM with vertical linkages and why accounting for homogenization
of degree zero is important. The literature review discussed vertical linkages in the case of beef.
Are there other EDMs outside of the beef industry?

Thanks! Sorry to bother you.

Shelly

From: Professor Watson

To: Student@UEconomics.edu
Date: Monday, 19 Oct 2021 at 7:20 a.m.
Re: Nonlinearities

Dear Class,

Shelly asks a good question. If you remember, the chapter noted that the assumption of perfect
competition throughout the vertical chains would suggest that a single- versus multiple-stage
model would yield similar results if the EDM were set up correctly as noted by the authors. How-
ever, itis possible to set up an EDM with an oligopolistic structure to model market power, as we
will see in several weeks.

Historically, the beef supply chain has been characterized by four stages of production: cow-
calf, backgrounding or stocker, feedlot, and processing. Data are readily available for all levels.
The EDMs developed to model pork production have used three stages (feeder pig, finishing,
and processing). An EDM that models the production of corn-based ethanol, distiller’s grains,
and high fructose corn syrup could be developed to analyze the impact of a change in agricul-
tural regulations. For example, in 2021 a federal court ruled that the annual setting of the Renew-
able Fuels Standard for minimum ethanol production levels should consider the environmental
impacts of corn production. That would also be an example of a two-stage vertical linkage
because the environmental impact would likely be linked with nitrogen fertilizer and diesel fuel
usage. Another example might be a labeling regulation regarding omega-3 vs omega-6 fatty
acids on salmon to denote farm-fed vs wild salmon. Nutritionists recommend consuming
omega-3 foods, which are found in higher concentrations in wild salmon. Fish that are farm-
raised consume feed from different sources than wild salmon, which alters the composition of
fatty acids. A second stage would include the production of fish feed and krill or herring. Data
on the latter might be hard to find but | suspect, depending upon how the EDM was specified,
you might not need it. My point is that beef has been widely studied because of the many policy
issues impacting this sector and readily available data.

As an aside, one should not rely on their spell-checkers when communicating technical
terms.”"Homogenization”refers to a process, such as that used in fluid milk, that emulsifies
liquids to prevent the separation of components. You meant to write “/homogeneous.’This is a
common mistake!

All the best,
Dr. Watson
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A Technological Change
A technological change that can easily be modeled within an EDM framework
involves a technology shock that equally affects all aspects of an economic sys-
tem, as discussed in Appendix 4B. Examples may include changes in information
technology (e.g., computerization, block chain software, cloud computing) or
improvements in educational outcomes. Such changes are most easily modeled if
one assumes that the technological change is multiplicative in nature and affects
production technologies for output and all inputs.

Consider the impact of a technology shock, a, that improves the productivity of
all factors of production and the production function itself. In this case the initial
production function and FOCs are of the form

(4135) q =af(x)
(4136) paf,—w =0.

Appendix 4B describes the process of converting these new functions into elas-
ticity forms. Thus, the EDM model presented in (4.25)-(4.28) must be modified.
Equations (4.25) and (4.28) remain the same, but (4B.31) and (4B.34) from Appen-
dix 4B are substituted for (4.26) and (4.27), respectively, which results in
(4.137)  E(q) =n"E(p®)

(4138) E(p) =X, K E(w;) — E(a)
(4139) E(x) =E(@)+XjKio;E(wj))—E(),i=12.,n
(4140) E(x;) =XjejE W), i=1,2,..,n.
For ease of illustration, we continue to assume that input supply quantities

are a function of only own-input prices such that €;, = €,; = 0. Thus, a one-output,
two-input EDM can be written as
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(4.141)  E(q) =n"E(p) + E(6,)
(4142) E(p) = KKE(wy) + KLE(wy) — E(a)
(4.143) E(x1) = E(q) + Ky01,E(w;) + Ky01,E(w,) — E(a)
(4.144) E(x,) = E(q) + Ky0,:E(Wy) + K05, E(w,) — E(a)
(4.145) E(x1) = &E(wy) + E(65)

(4.146) E(x,) = &,E(w,) + E(8¢).

An improvement in technology is represented by a percentage change in a. Note
that this change occurs simultaneously and equally in (4.142), (4.143), and (4.144).
In addition, E(a) is substracted from the equations because improvements in tech-
nology reduce the quantity of inputs needed to produce a given level of output in
(4.143) and (4.144) and, in a competitive market environment, reduce the price of
the good or service (4.142).

The EDM model presented in (4.141)-(4.146) is operationalized by moving the
endogenous variables to the left-hand side:

(4.147)  E(q) —n"E(p) = E(6,)

(4.148) E(p) — KiE(wy) — K,E(w,) = —E(a)

(4.149) E(x;) — E(q) — Ky011E(w;) — Ky,01,E(w,) = —E(a)
(4150) E(xy) —E(q) — Kjo,:E(wy) — Ky0,,E(w,) = —E(a)
(4151)  E(x1) —Ew,) = E(85)

(4.152) E(xy) —&E(w,) = E(0y).

Putting (4.147)-(4.152) into matrix notation yields

1 —n® 0 0 0 0 ME@] [ EO)
0 1 0 0 —K, -K, || E(®) —E(a)
sy |10 10 —Koy —Kop|lE()|_| —E@)
' -1 0 0 1 —Kioy; —Ky05,||E(xy) —E(a)
0 0 1 0 -—g 0 E(wy) E(65)
L0 0 o0 1 0 —-& NEWw)! | E6)]
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To parameterize (4.153), we continue to use Gardner’s (1988) example and
assume that the own-price elasticity of demand, n”, is —0.60; the own-price elas-
ticities of input supply, (&3, €;), are 0.20 and 1.0, respectively; and the factor shares
of x; (K;) and x, (K;) are 0.30 and 0.70, respectively. We assume the AES are 0y, = 05,
=1.0, giving

11 Ky 0.30 .
22 K, 0.70 ' )

In addition, we assume that an increase in technology causes the productivity of
all factors of production to increase by 10%. Thus, (4.153) is parameterized as

1 060 0 0 0 0 1[E(@)1 [ 0.007

0 1 0 0 —030 —0.70|| E(p) —-0.10

(4.154) -1 0 1 0 070 —0.70|ECx)|_[-0.10
-1 0 0 1 —0.30 0.30]||E(x) —0.10

0 0 1 0 —0.20 0 |[|E(wy) 0.00

L0 0 01 0 —-1.0dLE(w)] | 0.

Solving (4.154) results in

(E(q)- ( 0.079

E(p) —0.132

_|EG) | [-0.009

(4155 ¥ = E(xy) | |-0.026(
E(w,) —0.044

LE(WZ)— L0.026-

The general increase in technology increases output, E(g), by 7.9% and reduces
output price, E(p), by 13.2%. In addition, the use of inputs 1, E(x;), and 2, E(xz),
declines by 0.9% and 2.6%, respectively. The price of input 1, E(w:), declines by
4.4%, and the price of input 2, E(w), declines by 2.6%.

Interpreting the A™* Matrix

The results obtained from a traditional comparative statics exercise and an EDM
depend upon the properties of their associated inverse matrices. The examples in
this chapter have presented results as changes in the endogenous variables, y, but
have not specifically discussed the useful information contained in the A™" matrix.
In this section, we examine several useful properties of that matrix.
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Interpreting the A”* Matrix for Behavioral Equation Shocks

The EDM inverse matrix contains linearly approximated endogenous variable
responses to exogenous shocks as estimated by movements along hyperplanes
tangent to the underlying nonlinear system, as shown in Figures 4.1 and 4.2. The
EDM inverse matrix also accounts for simultaneous interactions among all vari-
ables included in the system. Because the dual EDM system was derived by per-
forming elementary row operations on the primal system’s total differential matrix,
an EDM’s inverse matrix can be used to obtain traditionally derivable comparative
static results for an underlying primal system. These include signs on endogenous
variable changes in response to either single or multiple exogenous shocks.

Table 4.1 presents the inverse matrix used to obtain the results in (4.45).° The ij
elements in the matrix represent the marginal effects of a shock to an exogenous
variable in column j on the endogenous variable in row i. For example, the value in
the E(q) row and 4.35 column in Table 4.1 indicates that a 1% change in E(6,)
causes a 0.53% change in output. Therefore, for a 10% positive shock in E(6,), out-
put increases by 5.3%. Note that this result is presented in (4.45). That is, if the first
column of the inverse matrix in Table 4.1 is multiplied by E(6,) = 0.10, we obtain
the vector of endogenous responses presented in (4.45).

We can use the EDM’s inverse matrix to examine the effect of other shocks as
well. For example, column 4.39 of Table 4.1 presents the endogenous responses
caused by a supply shock to input 1. The responses are obtained by multiplying
the entries in column 4.39 by E(65) = -0.10. Similarly, the effect of a supply shock

Table 4.1. Interpretation of the A™ Matrix
Shocks to Behavioral Equations

Endogenous

Responses 4.35 4.36 4.37 4.38 4.39 4.40
E(q) 0.53 -0.32 -0.20 —-0.28 0.20 0.28
E(p) 0.79 0.53 0.33 0.41 -0.33 -0.46
E(x1) 0.22 -0.13 0.19 0.03 0.81 —-0.03
E(x2) 0.66 -0.39 0.07 0.59 -0.07 0.41
E(w) 1.10 —-0.66 0.94 0.15 -0.94 -0.15
E(w,) 0.66 -0.39 0.07 0.59 -0.07 -0.59

to input 2 can be obtained by multiplying column 4.40 by the relevant percent-
age. In this case, we see that larger output quantity and price responses in the first
two rows to a given percentage shock in the supply of input 2 occur relative to the
changes caused by the same percentage shock in the supply of input 1.

The inverse matrix presented in Table 4.1 makes it possible to estimate the
endogenous responses when two or more shocks, E(6;), occur simultaneously.

6 Inverse matrices for all the book’s numerical results are available in the associated Excel workbook.
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For example, the results presented in (4.50) were obtained after setting E(0;) =
-0.10 and E(8s) = -0.10. These are obtained by multiplying each entry of column
4.35 by —0.10 and summing the results with the values created by multiplying each
entry of column 4.39 by —0.10.

Interpretation of the A™* Matrix for Equilibrium Equation Shocks
When checking for HDO in prices, we introduced an EDM that allowed for poten-
tial wedges or differences between demand and supply prices in (4.102)-(4.110).
Table 4.2 presents the inverse of matrix of (4.123). While we defer a more com-
plete discussion of price and quantity wedges until the next chapter, we note sev-
eral points with respect to the inverse matrix of the fixed input proportion model
(4.123). Equilibrium price wedges were introduced in (4.117), (4.118), and (4.119)
as a means for assessing whether the EDM was HDO in all prices. The equilibrium
equations are associated with the values in the last three columns of Table 4.2.
When testing for HDO in prices, we set E(6;) = -1.00, E(6g) = 1.00, and E(6o) =
1.00. If the system is HDO in output and all input prices, changes in all endogenous
variables except E(p®), E(w?%), and E(w?) should be 0. The inverse matrix presented
in Table 4.2 provides an easy confirmation of homogeneity if each row entry in col-
umn 4.117 is equal to the sum of each row entry in columns 4.118-4.119 for all vari-
ables except E(p®), E(w?}), and E(w?3). For these three variables, the row entries in
column 4.117 must equal the negative of the associated sum of the row entries in
columns 4.118 and 4.119. An examination of Table 4.2 confirms that these condi-
tions hold.

Table 4.2. Interpretation of the A™ Matrix with Price Wedge Effects

Shocks to Equilibrium

Endogenous Shocks to Behavioral Equations Equations

Responses 4.111 4112 4113 4.114 4115 4116 4.117 4118 4.119
E(q) 0.500 -0.500 -0.450 -0.050 0450 0.050 -0.500 -0.450 -0.050
E(p®) 0500 0.500 0450 0.050 -0.450 -0.050 0.500 0.450 0.050
E(p°) 0500 0.500 0450 0.050 -0.450 -0.050 -0.500 0.450 0.050
E(x1) 0.500 -0.500 0.550 -0.050 0.450 0.050 -0.500 -0.450 -0.050
E(x2) 0.500 -0.500 -0.450 0950 0.450 0.050 -0.500 -0.450 -0.050
E(w?) 0.500 -0.500 0.550 -0.050 -0.550 0.050 -0.500 0.550 -0.050
E(w5) 0.500 -0.500 -0.450 0950 0.450 -0.950 -0.500 -0.450 0.950
E(w?) 0.500 -0.500 0.550 -0.050 -0.550 0.050 -0.500 -0.450 -0.050

E(w3) 0.500 -0.500 -0.450 0.950 0450 -0.950 -0.500 -0.450 -0.050
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Using the A" Matrix to Recover Implied Elasticities
The A™" matrix can also be used to recover various total-response elasticities that
are implied by an EDM. That is, parametrizing the A matrix requires the use of
various elasticities and factor shares. However, some unspecified elasticity esti-
mates may be useful to researchers and can be obtained from the A™" matrix.

For example, consider the EDM presented in (4.111)-(4.119) and the parame-
ters used to populate the A matrix presented in (4.44). The resulting A matrix
is given by

1 0.60 0 0 O 0 0 0 07

0 O 1 0 0 -030 -0.70 0 0

-1 0 01 0 0.70 —=0.70 0 0

-1 0 0 01 -030 0.30 0 0

(4.156) 0 O 01 0 0 0 —0.20 0
0 O 0 0 1 0 0 0 -1.0

0 1 -1 00 0 0 0 0

0 O 0 0 O 1 0 -1 0
L0 O 0 0 O 0 1 0 -1

Before proceeding, we again verify that the system presented in (4.156) is HDO in
output and input prices by examining its inverse matrix (see Table 4.3). Homoge-
neity can be checked by multiplying each row entry in column 4.117 by —1 and each
row entry in columns 4.118 and 4.119 by 1. The sum of these products should be
0 for each row that represents percentage changes in output, E(q); consumer price,
E(p®); input quantities, E(x,) and E(x,); and input supply prices, E(w3) and E(w3).
Some elasticity estimates can also be gleaned from the equilibrium equation col-
umns in Table 4.3. For example, consider (4.117), which places a price wedge between

Table 4.3. Elasticities and Homogeneity Using the A™ Matrix with Price Wedge Effects

Shocks to Equilibrium

Endogenous Shocks to Behavioral Equations Equations

Responses 4111 4112 4113 4.114 4115 4116 4.117 4.118 4.119
E(q) 0.526 -0.316 -0.197 -0.276 0.197 0.276 -0316 -0.039 -0.276
E(p") 0.789 0.526 0329 0461 -0329 -0461 0.526 0.066 0.461
E(p®) 0.789 0.526 0329 0461 -0329 -0461 -0474 0.066 0.461
E(x1) 0.219 -0.132 0.189 0.031 0.811 -0.031 -0.132 -0.162  0.031
E(x2) 0.658 -0.395 0.066 0592 -0.066 0408 -0.395 0.013 -0.408
Ew?b) 1.096 -0.658 0.943 0.154 -0.943 -0.154 -0.658 0.189 0.154
E(w?) 0.658 -0.395 0.066 0592 -0.066 -0.592 -0.395 0.013 0.592
E(w$) 1.096 -0.658 0.943 0.154 -0.943 -0.154 -0.658 -0.811 0.154

E(w3) 0658 -0.395 0.066 0.592 -0.066 -0.592 -0.395 0.013 -0.408
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the price that consumers pay for a product and the price that producers receive for
a product. The row entry for the percentage change in quantity consumed, E(q),
equals —0.316 and the row entry for the percentage change in consumer price, E(p"),
equals 0.526. The own-price elasticity of demand, which is the percentage change in
quantity divided by the percentage change in demand price, is calculated as

E -0.316

(4157) pP = E(;‘ZD)) = =22 = —0.60,
which is the assumed own-price elasticity of demand used to parameterize the EDM.

Other nonspecified, but implied, total-response elasticities can be similarly
obtained from Table 4.3. For example, the own-price elasticity of output supply
was not needed to construct the EDM. Its implied value, however, can be extracted
from Table 4.3. The own-price total-response elasticity of supply, or the percent-
age change in quantity divided by the percentage change in producer price, can
be calculated using the row entries for E(q) and E(p®) in column 4.117. That is, the
own-price elasticity of supply €' is calculated as

S _ E(q) _ —0.316
(4158) &% = 20S = Thars

= 0.67.

Note that the own-price elasticity of demand is more inelastic than the
own-price elasticity of supply. Hence, if a sales or excise tax were placed on the
output market, consumers would bear a larger incidence of the tax than producers
(Mankiw, 2018).

Equation (4.118) places a price wedge between the demand price, E(w?), and
the supply price, E(w?), of input 1. Although it was not specified in the construc-
tion of the EDM, the own-price elasticity of derived demand for input 1 can be
obtained from Table 4.3. That is, the percentage change in the use of input 1, E(x,),
divided by the percentage change in the demand price of input 1, E(w?), is given by
E(Cr) _ -0.162 _

= —0.86.

(4.159) 7, = EwP) ~ 0.189
Note that the assumed own-price elasticity of supply of input 1, 0.20, which is the
percentage change in the use of input 1 divided by the percentage change in the
producer price of input 1, is also represented in Table 4.3 as -0.162/-0.811 = 0.20.

Likewise, Table 4.3 can be used to estimate the own-price elasticity of demand
for input 2. In this case, the column representing (4.119) is used because it places
a price wedge between the demand price, E(w?3), and the supply price, E(w3), of
input 2. Therefore, the percentage change in the quantity of input 2, E(x,), divided
by the percentage change in the demand price of input 2, E(w?), is given by
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E(x;) _ —0408 _

= —0.69.

D = =
(4.160) Mx, Ew?) 0592
For this EDM, the own-price elasticity of demand for input 2 is more inelastic,
—0.69, than the own-price elasticity of demand for input 1, —0.86.

We conclude this discussion on the use of A™ matrices by noting that they can
be used to derive numerous other response metrics. For example, the system’s
total-response cross-price elasticities of derived demand can also be recovered
from rows E(x,) and E(w3) in column 4.119 and rows E(x,) and E(w?) in column
4.118 to yield

E(x;) _ 0.031

(4.161) ngrwz = m = E = 0.05

and

_ E(xy) _ 0013 _
~ E(wP) " 0189 0.07.

(4.162) 7 .,

The positive values for these cross-price elasticities of derived input demand indi-
cate that the two inputs are substitutes in the production process.

Summary

Several approaches have been used to develop EDMs. Some methodologies
and studies suffer from a fundamental flaw in that they do not explicitly impose
HDO in input and output prices. This oversight creates bias in estimates of price
and quantity equilibria that result from exogenous economic or policy shocks as
well as for changes in surplus.

Our development of a theoretically consistent EDM follows Allen (1938)
by converting the primal problem of profit maximization into its dual struc-
ture — although Allen did not term this a “dual” structure. The conversion allows
the use of elasticity estimates and factor shares to parameterize an EDM. Others
have developed theoretically consistent EDMs using a cost function and applying
Shephard’s Lemma—an approach that requires several assumptions (Zhang,
2021). In both cases, researchers should always check EDMs to be certain that
their models are consistent with homogeneity conditions. Such a check provides a
means for identifying modeling mistakes and produces results that are consistent
with economic theory.
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Chapter Four, Appendix A

HOMOGENEITY OF DEGREE 1 PRODUCTION FUNCTIONS
AND THE DEVELOPMENT OF A DUAL EDM SYSTEM

At least two methods can be used to derive theoretically consistent EDM models.
In this appendix, we follow the original approach developed by Allen (1938). Some
authors have developed EDMs by applying Shephard’s Lemma to cost functions
and using several additional assumptions (e.g., Mullen, Wohlgenant, and Far-
ris, 1988; Zhang, 2021). We have chosen to use Allen’s primal-based approach as
this allows practitioners to identify and model potential shocks in the underlying
primal/production space when deriving appropriate EDM modifications.

If along-run production function, g = f(x), is HDI in inputs, then the following
expressions hold:

(4A1) g = f(tx) = tf (x)

(4a2) H=[2L]=][f]

axiaxi

(4A-3) Z fj(x)xj = fxx =q
J

(4A4) X fi;(0x =% f;;(x)x; =0= H(x)x =0; xH(x) = 0; |[H| = 0.
j i

A consequence of (4A.1)-(4A.4) is that the unconstrained competitive
FOC:s given by

have an infinite number of solutions. While the FOCs do not have a unique
solution, we assume that they will be satisfied. In this case (4A.1)-(4A.5) imply
0 profits for the competitive firm and industry, which can be shown as

(4A.6) DPfx = WX © pq = WX.

Gardner (1988) suggests simultaneously treating output, g, in (4A.1) as exogenous

and output price, p, in (4A.5) as endogenous as a means for arriving at a unique
solution to the simultaneous augmented first order system:
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(4A7) a:q=f(x)
b:pf,—w=0.

Using (4A.7) can be intuitively justified by considering it as part of a larger simul-
taneous system of equations that also endogenously determines g:

(4A8) a: q=q"()
b: q=f(x)
c: pfy—w=0

d: x =x5(w),

where q is output, p is output price, x is an n-vector of inputs, w is a vector of input
prices, g° is a demand equation, x° and is a set of input supply functions. This sys-
tem of equations consists of 2n + 2 equations and 2n + 2 endogenous variables (g,
p> X, and w). Although the FOCs of (4A.8) do not have a unique solution when
examined in isolation, the implicit function theorem (IFT) can be used to show
that an implicit local solution to the system exists. For example, begin by taking
the total differential of (4A.8):

(4A9) a:dq= (%) dp

b: dq = f,dx

C: fxdp + Pf xxr dx —1dw =0
d: dx = (%) dw.

After matrix row operations and some algebraic manipulation, this system of equa-
tions can be shown to be equivalent to the following EDM system:
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(4A.10) a: E(q) =nPE(p)

b: E(p) = TKE(w;)
]
C: E(xi) = E(CI) + ZI(]O'UE(W]),I, =12,..,n
j
d: E(x;) = YKie;E(w;), i=1,2,..,n.
i

Note that (4A.10a) and (4A.10d) are derived using procedures described in
Chapter 4. Procedures for deriving equations (4A.10b) and (4A.10c) are described
in the following section.

Developing the EDM for the Production Sector
We expand (4A.9b) and (4A.9¢) to obtain

0 fi  f2 - fuqrdp] [d9]
fi pfin phz - phalldx dw,
fo Pfar Pl © DPfanl||dx: dw,
(4A.11) . . . . . . — .

—fn pfnl pfnz : pfnn— —dxn— —de—

If the cost minimization problem discussed below has a solution, the bordered
matrix in (4A.11) is nonsingular and, by the IFT, implicit solutions

(4A12) p*=p*(q,w)
and
(4A13) x*=x"(q,w)

exist which imply the following dual differential system of equations:

(4A.14) dp* = (%—i;) dg+ 3 (%) dw;
j

. (o] ox!
(A15) dx; = (L) dg + > (3_:;]) dw.
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Because this system of dual equations reduces the complexity of the mathemat-
ical computatlons, we use (4A.11) and Cramer’s Rule to identify expressions
for ‘Z: gil i;; and . The results are used to construct equatlons (4A.10b) and
(4A.10¢) in the EDM To identify expressions for 2, 2 %0 an -, we use results

motivated by Allen (1938). Let 9q” owj’ 0q.
0 A - fi o fa
fho fuo hyo fin /
R R R LA
e he o f

In the following, we denote the borders as row or column 0 and refer to the
remaining rows and columns using the indexes 1, .., n which results in the fol-
lowing definitions:

F, = the cofactor of the 0 element in matrix F.

Fy; = the cofactor of the ij" element in F after the borders have first
been deleted.

F;; = the matrix remaining after the i row and j column in F have
been deleted.

Given these definitions, the following results are obtained:

(4A.17) Fy=0

1xleFl

(4A-18) FO Aj ( 1)l+]+ q2

(4A.19) [Fijl _ i+j TUXiXj _ i+]j KJ”lel
TS . Y 7

where o;;is the AES and

K:

;= % is input js factor share. Recall that 3K; = 1 and Y.K;a;; = 0.
j j

Before proceeding, we prove results (4A.17), (4A.18), and (4A.19).

Proof of (4A.17)
F,=|H| =0 from (4A.4).

Q.E.D.
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Proof of (4A.18)

o A - fi - )
f1 f11 : f1j : fln

-
4A.20) |F| == .
( ) |l xilfixp fuxi o fyxi © fXi

fn fnl : fnj : fnn

Multiplying all rows h > 0 and h # i by x; and adding the results to row i gives, via
(4A.3) and (4A.4),

0 A - fi - h L - i o h
f1 f11 : flj : fln f11 : f1j : f1n
(4A21) FI=2f o C o o og|=eumEl L L =
fn fnl : fnj ' fnn fnl : fnj : fnn
A A
fir ¢ fj 0 i
GOl

fnl ' fnj ' fnn

where the notation ~; or ~;denotes that row i (or column j) has been deleted.
Multiplying column j by x; gives:

i - iy o

fn - h X fin

Cania | . . . .

(4A.22) |F| =(-1) e

i i i i i

fnl : fnjxj ' fnn

Multiplying all columns h > 0 and h # j by x;, adding the results to column j, and
using (4A.3) and (4A.4) gives:

fi ’ q ’ fa
f11 ' 0 ' fln
(4A23) =D = G () Fou,

l l l l v

fnl ' 0 ' fnn
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which reduces to

(4A24) Foy = (1) (1) |F|.

q 2
QE.D.

Proof of (4A.19)
To prove (4A.19) we use the following cost-minimization Lagrangian:

(4A.25) L=wx+[q— f(x)]
with FOCs
(4A26) a: q—f(x) =0

b: w—Af,=0.

Totally differentiating and rearranging gives

0 Lo - i fn'(d,l- Fdg
fi M o Afyy o Afin dx{ dw,

GA27) N f Afa - Afy - Afml||dxf| T |dw |

Lfn /U;nl ' Afnj lf:nn- dercl- -de—

In the following, we denote the bordered Hessian in (4A.27) as L¢ and the matrix
after deleting the i row and j™ column of L® as L§. Using Cramer’s Rule we obtain
oxf _ COMIRLE]  Cpyimian= Byl —|Fy]

(4A.28) 6_14/] = |LC| = )_Tl—l W = Alpl

Using results from Silberberg (1990, pp. 316-317), Allen (1938, p. 504), and
expression (4A.28), the AES can be written as

(4A29) oy = (ax ﬁ) = (DLt wx

ow; x; ow; xi” Wjx;j

_ (—1)i+f|Fu|/1fxx=( )it Fxx [Fuil
A|F| Xi Xj Xi Xj |F|

If the production function is HD1 in prices (i.e., f,x =q), then (4A.29) reduces to
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Fl
(4A.30) O-U — ( 1)l+j | ]|

xixj |F|
or

(4A.31) % = (_1)i+j O'ijxixj.

1

Note also that Silberberg’s result, o; = (:"; — );, and expressions (4A.26) and
(4A.28) give

9x{ ﬂ i+j |FU|£ 1)i+J fi |Fl]|
32 Koy =5, o = CD an s = U g
or
@a33) Ll gy Ko
)

QE.D.

Deriving Solutions for the Endogenous Variables
Given (4A.17), (4A.18), and (4A.19), we now derive expressions for

op* op* 0x{ ox;
—, ——, — and .
0q " owj dq ow;

To motivate this discussion, we restate the system of equations in (4A.11) as

0 i - fi - furdp (dq‘
fi pfin - Pf1j © pfinl|ldxs dw,
arze) oo o P |
GASD V£ by - pfy o Pfinl|dx | |aw,

fn P - pfnj © Dfanlldx,] Lde—

Denoting the bordered matrix in (4A.34) as H, and using Cramer’s Rule, we obtain

1 fl : f] . fn

0 pfir - Pf1j - DPhn 1 fi1 - fij - fin

. . . . . . 0 . . . . .

0 pfir - pfij * pfin p™0 fiu - fij © fin
(4A35) a_P* — 0 Pfa1 © Pfnj * DPlan 0 fax * fnj * Jan pFo

= = — = 0
aq |Hp| p"1|F| |F|
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or

(4r36) 2 .
aq

The symmetry and nonsingularity of H, imply that Z—f; = Z—’j. From (4A.34), we
J
obtain

o fi -1 - fa

fi pfir © 0 - Pfin f} f1.1 :j f1.n
P T N |
fjopf 0 o CDIPEASE fpxg o ~T e fjnX
I R
A37) 9% U p - 0 - pfwl _ fo fo -~ - Fam
9q |Hy| p"1|F| ’

Adding x; times row i to row j for i # j and using results (4A.3) and (4A.4) gives

fi fir - ~j - fin
2 for 0 ~j o fan

_yje2p™ Y -o~j
( 1) Xj q 0 . ~j . 0
. . Co~f .
(4A38) aﬁ — fa1 fa1 ~jo Jan
dq p"1F|

. . Foii 2 qFgii
= (=1)/*2(=1)/+1 200 — (_1)2j+3 i
(~1)#2(= 1) ol = (1)

Substituting for F, j; yields

0x;  q xjxj|F| _ xj
4A39) L =Ll _="J
( ) dq  Xj q% |F| 4’

which results in

ax”f X
=1
(4A40) ==

and, by symmetry,

(4A.41) & = %

aWj
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From (4A.34),

0 f1 -0 - fn
fi pfiz - 0 - Dfin

fi pfjr = 1 - Dfjn

(4A42) a_x:_ Jo Pfar = 0 - DPfan
' aw; p"1|F|

0 fi L o~ - T
fi pfir pfiz ~i - Pfin

-1 i+j+2 . ) ) B )

=1 ~]  ~] ~]  ~Jju o~

— o Pl Pl ~i - Planl _ ( 1)L+] |Fl]|
p"LF| p™LF|

Substituting using (4A.33) and (4A.5) gives

ox} Kiojix;
i 1 i+j 1 i+j )7yt
(4A43) k= (=) (=) =L
or
ox; _ Kjoijx;
(4A.44) ow, - w,

Substituting (4A.36), (4A.40), (4A.41), and (4A.44) into (4A.14) and (4A.15) gives
(4A45) dp =¥ -Law,

J
and
(4A.46) dx; = Sdq + ¥ =75 gy,

q j wj
The results in (4A.45) and (4A.46) can be converted to an EDM as

dp

p qu Wi ij wj

WX dw]- WX dw]

ZK dw]
or
(4A.48) E(p) = TKE(w;)

]

and

(4A49) Z=2Lgq4y=outy

xiq j Xiwj J

dq dwj
=4 4 YKoyl
q 2}: 3%



FOUR: ECONOMIC MODELING IN PRIMAL AND DUAL ENVIRONMENTS

or
(4A.50)  E(x;) = E(q) + XK;o4E(w;).
]

The result of this exercise is that the EDM approximation of the system in (4A.7)
can be written as

(4A51) q=f(x) ~ E(p) = RKE(w;)
]
pfx—w=0=E(x;)=E(q) +ZKjUijE(Wj), i=12,..,n
]

Consequently, the effects of exogenous shocks on a market that includes
consumers, producers, and input suppliers can be approximated using an EDM
of the form:

(4A52) a: q =q°(p) = E(q) = n"E(p)

b: q = f(x) = E(p) = XKE(w;)
j
c: pfx—w=0=E(x)=E(@Q)+XKo;E(w;) i=12,..,n
j

d: x =x5(w) = E(x;) = YK;je;E(w;) i=1,2,..,n
J

These results are used to motivate the development of EDMs discussed in
this book. We conclude this appendix by recommending that readers familiarize
themselves with both the Allen-based and the more direct cost function approach,
which uses Shephard’s Lemma. For many users, the dual cost function-based
approach may involve substantially less effort. However, we have found the
Allen-based approach to be useful when considering exogenous shocks that differ-
entially affect the productivity of inputs.
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Chapter Four, Appendix B

MULTIPLICATIVE TECHNOLOGY SHOCKS

Assume that a long-run production function, q = f{(x), is HDI in inputs. Consider
the impact of a technology shock a that improves the productivity of all factors of
production and the production function itself. Such a shock could be the result of
changes in information technologies or improved educational outcomes. In this
case the system becomes

(4B.1) q = af(x)

(4B.2) paf,—w =0.

The total differential of the system yields

(4B3) dq = qda+af,dx

(4B4) afyda+afydp+paf,, —I1dw =0

or

(0 afi - afy [4P] [4a] [ 4
afy pfay;;, - pafin||dx; dw, pfi
4B5) | - =l | |2

Lafy pafur - pafandldxyd  ldw,l Ipf,]

Using the implicit function theorem (IFT), we obtain

(4B.6) p*=p*(qwa)

x'=x"(q,w,a),

resulting in

(4B7) dp* = (L)dq+¥. (a”*) dw; +(Z) da

j aWj

(B8) dx; = (ZL)dq + ) (—
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We begin by examining the properties of

(4B9) F =

where

0 afl ’ afn_

—a’.f1 a];m a’l;nn—

afy afin - Afin

ﬁo = cofactor of element 0.

Let,

1~:0‘,-j = cofactor of the ij element after borders are deleted

F; = matrix remaining after element ij is deleted while retaining the borders.

Then,
(4B10) |F| = a™|F| > |F| = a”™D|F| = an+|1
~ £ XiXi P Xix ~
(4B11)  Foy = a"Foy = a"(=1D)™/* 1 |F| = (-1)"* == afn+1| | =
T _ i+j+1 Xi%j |57
Foij = (=D a_qzlpl
(4B.12) [Fiyl _ a™ [Fyl _ o i OuxiXi _ o qnivj KiTii
[F| — an*i|F| =D T =G0 fj
1 eafy, - afj - afp
0 apfn - apvfij - apfin fuin - fij ¢ fin
0 apfu - apfi; - apfin a™™fin - fij - fin
(4B13) a_p*_ 0 apfnr - apfnj - abfanl _ fnx - fnj - fan =0
’ aq - |Hp| - antipn-1|F| -
or
(4B14) 2 -,
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ot _ 0%
By symmetry, ow; = o0’ with
0 af- -1 af;
afi apfis - 0 - apfin afi apfir - ~j - apfin
. . .o . . . ~j .
afj apfj; - O apfjn (-1)J*2|af; apfj ~j apfjn
(4B 15) aﬁ: afp_apfp1 - O apfan — afn _aPfni ~J apfnn
: dq |Hp| antipn-1|F|
fi S ~J: © fin f1 fi1 ~J: fin
. R | . ~j .
(-1)J amp™1 fji fjn - ~j fin —(_xl')] fixj [fjxj ~j fjnX;j
. ] .
. L~ . . . ~j .
fo fn1 - ~J Jan — fn faa ~J fan —
(4B.16) an+1pn-1|F| B alF| B
i fin o N]: fin
- . . ~]J . .
e U .
. . . ~J . . i )
(4B 1’7) fa faa - ~J Jan :(_1)]q(_1)]+1F0’f‘j:
alF| xjal|F|
(4B13) CRTCDTaoxFl _ %y
’ xjaq?®|F| T aq
or
ax* )
(4B19) =%
9q q
and
op* _ Xj
(4B.20) o =73
0 afi, - 0 afn 0 fi 0 Ia
afi  apfia 0 apfin fi fi 0 fin
. . . . 2| . .o
afj apfj; - 1 apfjn fi fi 1 - fjn
Ox; _lafn apfny - 0 - apfanl _ fo fra = O - fanl _
(4B-21) 6wj - antipn-1|F| - an+lpn—1i|F| -
L. F| L . KiGiiX;
_qyirs JFul o qyivi e qyid Kioui
(1B22) (~D U = ()i (- L
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Using the FOCs,
a_xf _ Kjaijxi
(4B.23) b=~
-q afy - afy a fi - fn
-pfi apfi1 - afin fi fir - fin
. . . . _anpn . .
6_p*_ —Pfn aPfa1 - aPfanl _ fa fn1 - fan
(4B.24) da antipn-1|F| - antipn-1|F| =

(4B25) & _elFl_ _p

da a |F| - a

1 0 1 . . . .
a ];’; = . IF| because adding -x; times row i (fori=1, ..., n) to

Note that | f =lf, H
row 0 in matrix F gives

0 afi o —q : afn 0 fi - qa - fa
afi apfin - -pfr - avfin fi fir - f1 - fan
. . . . . . _anpn-1 . . .. .
ax: _ a}n ap.fnl _pfn a'p}nn _ fn fnl fn fnn
(4B.26) da - an+1pn_1|F| - an+1pn—1|F| .

Using the results from (4A.36) and (4A.37), subtracting column 0 from column 7,
and factoring gives

0f1'1'fn
fi fir - 0 - fon

-q
(4B.27) 9x; — fn faa - 0 - fanl _ 4 X _ X =
) da al|F| a q a

(4B28) =i=_ZX
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Substituting into (4B.7) yields

=3 (%) g — 2
(4B29) dp _§(q)dw, P da.

Multiply through by and multiplying the first term on the right-hand side by —

results in

dp WX dwj_d_a
(4B30) % g( )

W] a

or
(4B31) E(®) =¥ KE(w;) — E(a).

j
Substituting into (4B.31) into (4B.8) yields

* l Kioii xi Xi
(4B32) dx! = dq+z( il )dwj—;da.

Wj
Multiplying through by 2 — results in

dx}

(4B.33) Kjoyxi ) dwj _ da

Xi

= Ldq +Z(

Xi Wj a

or

(4B34) E(x)) = E(@) + X Ko E(w;) — E(a).
J



Chapter Five

EDM POLICY APPLICATIONS:
ONE OUTPUT, TWO INPUTS

Chapter 4 described how equilibrium displacement models (EDMs) are
used to model exogenous shocks to output demand and input supply
behavioral equations. An EDM was expanded to accommodate poten-
tial differences (i.e., “wedges”) between demand and supply prices to test
whether the model was homogeneous of degree 0 (HDO) in both input
and output prices. In this chapter, we use price and quantity wedges to
estimate the impacts of market inventions when prices are not allowed to
clear markets at equilibrium levels. This often occurs in response to pol-
icy or regulatory shocks. To facilitate using price and quantity wedges,
we expand the base EDM by adding equilibrium equations to accommo-
date policy-induced differences between consumer and producer prices
and/or quantities demanded and supplied.

Modeling Exogenous Wedges Caused by Policy Changes

EDMs allow for the evaluation of government policies on output and
input quantities and prices. Examples of such policies include excise or
sales taxes, wage regulations, and government interventions such as pur-
chases or provision of goods. EDMs can be used to evaluate the impacts of
policies that involve multiple interventions, such as simultaneously regu-
lating the price of a good and input usage.

Policy and regulatory actions create wedges between the price that
consumers pay and the price that producers receive for a product. In
other cases, policies may generate wedges between the price a producer
is willing to pay for an input and a supplier’s cost of providing the input
when, for example, binding price restrictions or quotas on input use are
imposed. A third example occurs when a policy causes the desired quan-
tities of a product to differ between consumers and producers (e.g., mar-
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ket interventions that impose price ceilings or floors). For example, binding price
ceilings create differences between the quantities that consumers would like to
purchase at the resulting lower price and the quantities that suppliers are willing to
supply at that price. Conversely, price floors create differences between the quan-
tities that consumers are willing to purchase at the resulting higher price and the
quantities that suppliers are willing to supply at that price. In the absence of coer-
cion or other interventions, we observe only one of these quantities in terms of
market transactions. EDMs are valuable in this setting because they can be modi-
fied to estimate the unobserved levels of quantity or price.

Even if the size of a price wedge (e.g., an excise tax) is known with certainty, the
impacts on prices and quantities are endogenous. To accommodate this endogene-
ity, policy and regulatory actions must be modeled using one or more additional
constraints. In many cases, these constraints are represented by equilibrium equa-
tions that allow wedges to be placed between demand and supply prices or quan-
tities. In the following discussions, we present modeling procedures and examples
for various policy and regulatory actions.

A Tax in the Output Market

Consider the impact of an ad valorem
sales or excise tax placed on a good or ser- 0”;555
vice. Such taxes are commonly imposed

So

on consumer goods—such as gasoline, p0 | ~~=--m=---

cigarettes, and alcohol—either to generate Po|-- TS

revenue for governments or to discourage ’ D,
consumption (Brester et al., 2023). Figure ps | ocm oL

5.1 illustrates the effect of a per unit excise
tax placed on output. Assume that, prior
to the tax, the equilibrium price and quan- 4 9
tity were p, and q,. Regardless of whether
the tax is placed on consumers with a
sales tax or suppliers with an excise tax, the tax does not shift either the demand
or supply function. That is, the tax neither changes consumer preferences nor
production technologies. Such shifts are often graphically presented in econom-
ics principles textbooks to illustrate changes in prices and quantities caused by an
excise or sales tax. But, this approach is simply a matter of illustrative convenience.
Rather, the tax places a wedge, 6, between the price paid by consumers, p?, and
the price received by producers, p;.

Although the size of the tax is known with certainty, resulting changes in the
producer supply price, the consumer demand price, and the quantity exchanged in
the market are endogenous depending upon own-price elasticities of demand and

Output Quantity

Figure 5.1. An Excise Tax on Output
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supply. An EDM provides estimates of these changes as movements along linearly
approximated equilibrium trajectories, denoted by the arrows in Figure 5.1. The
ending points of these trajectories occur where the difference between consumer
and producer prices, p” and p, is equal to the size of the imposed tax, 6. These
ending points are calculated by an EDM after considering all feedback effects
across the behavioral equations. The EDM-estimated after-tax equilibrium tra-
jectories lie on tangents to the original total-response supply and demand curves
rather than on the curves themselves. The accuracy of the linear approximations
depends upon the curvature of the underlying total-response functions and the
size of the tax. If the underlying response functions are only moderately nonlinear
and/or the tax is relatively small, an EDM can approximate economic outcomes
with a reasonable degree of accuracy.

An EDM considers the effects of a sales or excise tax by explicitly incorporating
a variable that represents the difference between the affected variables. For exam-
ple, an excise tax places a wedge between producer price, p®, and consumer price,
p®, in Figure 5.1, such that p” = p* + 6;, or in proportional elasticity form,

(5.1 E@P) = E@®) + E(6,),

d

where E(6,) = pi;.

This “equilibrium” equation is added to the model presented in (4.29)-(4.34) and
explicitly places a price wedge between the consumer demand price, p®, and the

producer supply price, p°. After making this addition and moving the endogenous
variables to the left-hand side, the EDM becomes

(52) E(q) —n"E(") = E(6,)

(53) E@®@®) — KiEwy) — K,E(w) = E(6)

(5.4) E(x;) — E(q) — Kyo1,E(W,) — K,01,E(w,) = E(65)
(55)  E(x) — E(q) — K101 E(Wy) — Ky05,E(W,) = E(6,)
(5.6) E(x;) —&Ew,) =E(6s)

(5.7) E(xy) — &E(wy) = E(6)

(5.8) E(p") —E@®°) = E(6,).
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Equations (5.2)-(5.7) are considered behavioral equations, while (5.8) is an equi-
librium equation. Using linear algebra, (5.2)—(5.8) is written in matrix notation as

(1 -n° 0.0 0 0 0 1E(@7 [E6)]
0 0 1 0 0 -—K; K, ||[E@™)| [E62)
-1 0 0 1 0 —Kyo1 —Kyo2||E@S| |E®3)
(59 [-1 o0 0 0 1 —Ky0y, —Ky00,||E(x)|=]|E64)]|
0 0 01 0 —g 0 ||EG)| |E(6s)
0 0 0 0 1 0 —&, ||Ew)| |E6)
L0 1 -1 0 0 0 o IEW)! LE@,)]

We continue to use Gardner’s (1988, p. 99) example to parameterize the model and
assume that a 10% excise tax is imposed such that E(6;) = 0.10. Consequently, the

system becomes
1 060 0 0 0 0 0 11E(Q) 1 [0.07
0 0 1 0 0 —030 —0.70||E(®P) 0.0
-1 0 01 0 070 —0.70||E®S) 0.0

(5100 |-1 0 0 0 1 —030 030||Ew)|=]0.0|.
0 0 0 1 0 —0.20 0 [[Ew,) 0.0
0 0 0 0 1 0 —1.0|[E(x) 0.0
L0 1 -1 00 0 0 HLE()! lo.1od

Solving (5.10) for the endogenous variables results in

rE(q) 7 [—0.032;
E(p®) 0.053
E(®S)| [-0.047
(511) y=|E(x,)|=]-0.013]|
E(x,)| |-0.039
E(wy)| [-0.066
LE(w,)! 1—0.039.

The excise tax causes a 3.2% decrease in the quantity of output E(q); a 5.3%
increase in the price consumers pay for the output, E(p”); and a 4.7% decrease in
the price received by producers, E(p®), relative to the original equilibrium quantity
and price. Note that the sum of the absolute values of E(p”) and E(p®) represents
the 10% wedge imposed by the excise tax.
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Although the EDM does not require an estimate of the total-response
own-price elasticity of supply for output, &%, the inverse of the A matrix that gener-
ates the results in (5.11) can be used to calculate it as

s _ E(@) _ -0.032
T E(pS)  -0.047

= 0.68.

Because the consumer own-price elasticity of demand (n” = -0.60) is more inelas-
tic than the implicit own-price elasticity of supply (¢* = 0.68), we obtain the
expected result that the 10% tax impacts consumer prices, E(p®), by a larger per-
centage, 5.3%, than the absolute value of the change in producer prices of 4.7%.
The results in (5.11) indicate that the quantity of input 1, E(x;), declines by 1.3%
with a 6.6% concurrent decline in its price, E(w;). The quantity and price of input 2,
E(x,) and E(w,), decline by equal percentages (3.9%) because of the assumed uni-
tary input supply elasticity of input 2 (i.e., &, = 1.0).

We emphasize that while the difference between p” and p® is determined exoge-
nously by the specified size of the tax, changes in endogenous variable levels cannot
be obtained in the absence of equilibrium equation (5.8) for two reasons. First, the
tax does not shift either the demand or supply function. Therefore, sales or excise
taxes cannot be entered in (5.2) or (5.3)-(5.5) as a shock in demand or production
technologies using 0, or 8,- 0,. Rather, the tax is appropriately included in an EDM
by specitying a price wedge between consumer and producer prices, as in (5.8).

Second, while the difference between p? and p7 is determined exogenously and
with certainty based on the size of the tax, the values of p} and p{ are endogenously
and simultaneously determined by the EDM. Whenever a policy or regulatory
action causes a wedge to be driven between prices paid and received or quantities
supplied and demanded, additional equations that represent these price or quan-
tity wedges must be added to an EDM model.

A General Model for Estimating Policy Impacts

Some regulatory policies place wedges between demand and supply prices or
quantities in more than one output or input market. A general EDM for quanti-
fying any of these changes can be constructed by adding equations that accom-
modate potential price or quantity wedges in each market. Therefore, we add the
following equilibrium equations to the initial EDM system of (5.2)-(5.7):

(512) E(q”) =E(q®) +E(6,)
(513) E(x{) = E(x{) 4+ E(6g)

(514) E(x3) =E(x3) + E(6)
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(515) E(®®) = E(®®) + E(610)
(5.16) E(wy) = Ewy) + E(611)
(517) EWZ) = E(wW3) + E(612).

Note that (5.15) is a restatement of (5.8). Equations (5.12)-(5.17) are referred to
as equilibrium equations. The percentage changes in 8,-0,, represent regulatory or
policy-induced changes that introduce wedges between producer and consumer
prices or between quantities demanded and supplied. Equation (5.12) allows for
a wedge between output demand and supply quantities, while (5.15) allows for a
wedge between consumer and producer output prices and costs. Similarly, (5.13)
and (5.14) allow for demand and supply quantity wedges in the input markets,
while (5.16) and (5.17) allow for price wedges in those markets.

Moving the endogenous variables of (5.12)-(5.17) to the left-hand side and

including them with (5.2)-(5.7) yields the following general EDM system of
equations:

(5.18) E(q”) —n"E(P®) = E(6,)

(519) E®®) —K.E(wP) — KEWwZ) = E(65)

(520) E(x7) — E(q®) — Kyo,, EW?) — Ky01,E(W?) = E(63)
(521) E(7) — E(q®) — K105 E(WP) — Kp02,E(WZ) = E(6,)
(522) E(x{) — 6 EW;) = E(0s)

(5.23) E(x3) — &,E(ws) = E(6)

(5.24) E(q”) —E(q®) = E(67)

(5.25)  E(x{) — E(x{) = E(6g)

(526) E(x3) —E(x3) = E(65)

(527) E(@") —E®®) = E(61)

(5.28) EWr) —Ew?) = E(611)

(529) EWZ2) —Ew3) = E(6;).
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Using linear algebra, (5.18)-(5.29) are written in a general form as
(5.30) Ay=bh,

where 4 is a 12 X 12 matrix of parameters, y is a 12 X 1 vector of endogenous vari-
ables, and bis a 12 X 1 vector of exogenous shocks such that

1 - 0 0 0 0 0 0 0 0 0 OE@™] [E®)]
0 0 0 100 -K -K, 0 0 0 OE®™ E(6,)
0 0 -1 010 —Koy Ko, 0 0 0 0E@D E(63)
0 0 -1 0 0 1 —Kopy —Ko, 0 0 0 O0||E®D E(6,)
0 0 0 00 0 0 0 1 0 —g O||EGD) E(05)
(531) |0 © 0 00 0 0 0 0 1 0 —g|[EGD|_ E(96)'
1. 0 -1 000 0 0 0 0 0 O||EwD| [E®)
0 0 0 010 0 0 -1 0 0 OEWD| [|E®s)
0 0 0 001 0 0 0 -1 0 O0||E&D E(85)
0 1 0 -1 00 0 0 0 0 0 ol|lEGs E(610)
0 0 0 00 0 1 0 0 0 -1 Oof[Emwd)| [E®61)
o 0 0 000 O 1 0 0 —1lEwWH] LE®;2)

After parameterizing the A matrix, the system’s endogenous variables are solved for
any exogenous shock b as

(532) y=A"b.

Homogeneity of Degree 0 in Input and Output Prices

As discussed in Chapter 4, we again conduct the useful exercise of testing for the
internal consistency of the EDM system of equations (5.31) by examining the
requirement for homogeneity of degree 0 (HDO) in prices. Price homogeneity is
tested by simultaneously imposing, for example, a 10% tax on all input prices and
a 10% subsidy on output price. The test involves verifying that the EDM predicts
no changes in equilibrium output or input quantities. This is accomplished by
setting E(6,,) = 0.10, E(6,,) = 0.10, and E(6,,) = -0.10 in (5.31). The input price
wedges E(6;,) and E(0,,) are entered as positive numbers because the tax causes
input demand prices to be higher than input supply prices. The output price sub-
sidy wedge is entered as a negative number because the subsidy causes the con-
sumer demand price to be 10% lower than the subsidized producer supply price.
The resulting b and y vectors become
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[E(61)] 0 (E(q”)] [ 0]
E(6,) 0 E(p?) 0
E(63) 0 E(q®) 0
E(6,) 0 E(p5) 0.10
E(6s) 0 E(x?) 0
E(6s) 0 E(x2) 0
(5.33) b= E@)| | o Y=1Ew?)| ™ [o.10]
E(65) 0 Ew?)| |o.10
E(8) 0 E(x? 0
E(61)| |-0.10 E(x3) 0
AC 0.10 E(wy) 0
E(6;,). L 0.104 LE(W;)_ L 0

The results show that a 10% increase in input demand prices and a simultaneous
10% increase in producer output price causes no change in any other endogenous
variable. Consequently, the EDM in (5.31) is HDO in input and output prices.

Modeling an Output Subsidy
Subsidizing the consumption of a good

. . Output S
or service is a common government pol- | e ’
icy. Examples in the United States include
subsidized health insurance premiums for P

low-income citizens and tax credits for pur-
chases of electric vehicles. When deciding
how to model a given policy within an
EDM, it is often useful to graphically illus-
trate the policy to visualize its effects. Figure
5.2 illustrates the general effects of an out-
put subsidy, S;, while allowing quantities to
clear the market. The subsidy drives a wedge between the prices that consumers
pay and producers receive for the good or service, with p? < pi. Although the size of
the subsidy, 0y, is known, the impacts on producer prices, p7, and consumer prices,
p?, as well as the quantity of the good or service, q;, exchanged in the market are
endogenous.

The general EDM presented in (5.18)-(5.29) is used to determine the effect of
this subsidy. To operationalize the model, (5.27) is used to place a wedge between
the consumer demand price and the producer supply price caused by the subsidy.
Assuming a 10% ad valorem subsidy, p® < p® or p? = p¥ - 0,. The value of E(6,,) in
(5.31) is set equal to —0.10 with all other exogenous shock values, E(6), in vector b
set equal to 0.

1
i
|
1
=
1
i
i
q

Figure 5.2. A Subsidy on Output

o q , Output Quantity
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The EDM is solved using the following vector of exogenous shocks b and results
in the vector of changes in endogenous variables y:

[E(61) ] 0 E(gP)1 [ 0.032
E(6,) 0 E®®)| |-0.053
E(6;) 0 E(q®) 0.032
E(6,) 0 E(®%) 0.047
E(6s) 0 E(xP) 0.013
E(6¢) 0 E(x?) 0.039
G34) b= E@)| | o YZ1lEw?)| ™| 0.066
E(6) 0 E(w3) 0.039
E(6,) 0 E(x7) 0.013
E(610)| |-0.10 E(x3) 0.039
E(611) 0 E(Wf) 0.066
LE(0;,). 0 —E(Wiq)— L (0.039-

The results indicate that the new after-subsidy quantity, E(q”) and E(q°),
exchanged in the market increases by 3.2%. The producer supply price, E(p®),
increases by 4.7%, while the consumer demand price, E(p”), declines by 5.3%.
Note that the sum of the absolute values of these two effects is equal to the size of
the 10% subsidy. The producer implicit total-response supply elasticity is identical
to the value obtained with an output tax, such that

s _ E(@ _ 0032 _
T E(pS) 0047 0.68

Consequently, producer prices increase less than consumer prices decline. Hence,
producers receive a smaller portion of the subsidy relative to consumers. The price
of input 1, E(w?) and E(w?), increases by 6.6% and the use of input 1, E(x}) and
E(x7), increases by 1.3%. The price of input 2, E(w3) and E(w3), increases by 3.9%
and the use of input 2, E(x3) and E(x3), increases by 3.9%. Changes in the demand
and supply input prices and quantities are equivalent because the output price sub-
sidy did not place a price or quantity wedge between these variables.

The percentage responses presented in (5.34) are identical in magnitude
to those caused by a 10% excise tax as reported in (5.11). However, the signs on
each endogenous variable are opposite for the two policies. The magnitudes are
the same for the two scenarios because the results were generated using the same
parameterization of the A matrix. But the signs are opposite because the two pol-
icies create opposite impacts. In the first case, a 10% ad valorem excise tax placed
a wedge between consumer demand and producer supply prices, with consumer
prices being driven higher and producer prices being driven lower relative to the
initial equilibrium point (Figure 5.1). For a 10% ad valorem subsidy, the opposite
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occurs: consumer price decreases and producer price increases relative to the ini-
tial equilibrium point (Figure 5.2). The linearity of an EDM causes the absolute
value of the impacts of the two policies on the endogenous variables to be identical.

A Tax on Input 1
The full EDM presented in (5.18)-(5.29) can -
also be used to determine the effect of a tax | P S
or subsidy on a factor of production. Excise
taxes placed on highway-use diesel fuel in the | *|™™ 7™\
United States provide an example as diesel fuel N }
is an input for the transportation sector. Con- | s |--=L__
sider a case in which a 10% excise tax is placed
on input 1. Figure 5.3 shows that the tax places
a wedge between the input demand price, w?,
and its supply price, wi, with w?, > wi,. Thus,
wh, = wi; + 6, indicating that (5.28) is the appropriate mechanism for mod-
eling the tax.

The tax wedge is entered as an exogenous shock in (5.28) by setting E(6,,) =
0.10 in vector b with all other E(6;) values set equal to 0. The changes in endoge-
nous variables y are obtained by solving (5.31), as indicated in (5.32), giving:

D
Wig|--=z-----

O3 U N

11 Xio  InputQuantity

Figure 5.3. ATaxon Input 1

TE(6)1 [ 0 "E(qP)1 [—0.0041
E(8,) 0 E(®P) 0.007
E(65) 0 E@%| [-0.004
E(6,) 0 E(p°) 0.007
E(85) 0 E(xP) —0.016
E(8g) 0 E(x? 0.001
(.35 b= E@)| | o | YT|EwW™| ™| o019/
E(6s) 0 E(w?) 0.001
E(6,) 0 E(x{)| [-0.016
E(610) 0 E(x3) 0.001
E(6,1)| o0.10 Ew; —0.081
E@,)] Lo ! LEw;)] L 0.0014

The results indicate that the tax placed on input 1 causes the output demand and
supply quantities, E(q”) and E(g°), to decline by 0.4% while the equilibrium out-
put demand and supply price, E(p”) and E(p®), increase by 0.7%. Note that changes
in the supply and demand prices and quantities are equivalent because the tax on
input 1 does not impose either price or quantity wedges in the output market. The
demand price for input 1, E(w?), increases by 1.9% while its supply price, E(w?),
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declines by 8.1%. The sum of the absolute values of these two changes (8.1% + 1.9%)
totals 10%, which was the size of the excise tax placed on input 1. The incidence of
the tax borne by sellers and buyers of the input depends upon the own-price elas-
ticities of derived demand and supply of the input. The A" matrix that generates the
results in (5.35) can be used to obtain an estimate of the implied own-price elasticity
of the total-response derived demand for input 1 as

_ E(x?) _ -o0016 _

D _
My = EwP) "~ 0019 0.84.

Therefore, producers of input 1 bear a larger portion of the 10% tax (8.1%) than the
users of the input (1.9%) given that the assumed own-price elasticity of supply of
input 1 (0.20) is more inelastic than the implicit derived demand elasticity (—0.84).
The tax on input 1 reduces its use, E(x?), by 1.6%. However, because inputs 1 and
2 are substitutes in the production process, both the use of input 2, E(x3), and its
price, E(w?3), increase (by 0.1%).

A Tax on Input 2

Assume that a 10% tax is placed on input 2. The illustration of this example is anal-
ogous to that presented in Figure 5.3, with the appropriate subscripts changed to
reflect the second input. The result of this exogenous shock is different than for a
10% tax on input 1 because of differences in the own-price elasticities of supply of
the two inputs. The tax places a wedge between the demand price, w’, and supply
price, w3, of input 2 so that (5.29) is the appropriate mechanism for implementing
the exogenous shock. Once again, since Figure 5.3 indicates that an excise tax
causes the demand price for the input to exceed its supply price, the tax is imple-
mented by setting E(6;,) = 0.10 in vector b of (5.31), with all other values entered
as 0. The following changes in the endogenous variables are obtained by solving
(5.31) as indicated in (5.32):

[E(6.)] ( 0 1 [E(q™)] (—0.028'
E(8,) 0 E(®®) 0.046
E(8,) 0 E(g5) —0.028
E(,) 0 E(®%) 0.046
ACH) 0 E(xP) 0.003
E(66) 0 E(x3) —0.041
(536) b= E@) || o | YT|EwD|T| oo015]
E(63) 0 E(w3) 0.059
E(65) 0 E(x?) 0.003
E(640) 0 E(xiq) —0.041
E(611) 0 E(wy) 0.015
E(6;2)] 0.10. E(Ww3). | _0.041.
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The results indicate that the output demand and supply quantities, E(q”) and
E(q®), decline by 2.8% while the equilibrium output demand and supply prices,
E(p®) and E(p®), increase by 4.6%. The 10% tax placed on input 2 has a larger effect
on equilibrium output quantities and price than the effects of a 10% tax placed on
input 1 because the own-price elasticity of supply of input 2 is less inelastic than the
own-price elasticity of supply of input 1. The tax on input 2 reduces the quantity of
the input used, E(x2) and E(x3), by 4.1% and decreases the input supply price E(w3)
by 4.1%. The input’s derived demand price, E(w?), increases by 5.9%. The higher
proportion of the tax paid by users of input 2 is consistent with its implicit derived
demand elasticity,

_E(x$) _ -0041 _
T EwP) T 0059 0.70,

D
an

being more inelastic that the assumed input supply elasticity of €, = 1.0. Because
the inputs are substitutes in the production process, the tax on input 2 increases
the use of input 1, E(x?), by 0.3% and its demand price, E(w?%), by 1.5%. We note
that the changes in the demand and supply prices of input 1, E(w{) and E(w?), and
the demand and supply quantities, E(x}) and E(x3), are equal because the tax on
input 2 did not place a price or quantity wedge in the market for input 1.

Subsidizing Inputs
In lower income countries, governments often subsidize inputs (e.g., fertilizer and
seed) used to produce agricultural commodities. In some higher income countries,
governments subsidize irrigation water. Because crop insurance is a risk manage-
ment input used in the production of agricultural commodities, crop insurance pre-
mium subsidies represent another input that
is subsidized in various countries. Price
Figure 5.4 shows that a subsidy on
input 1, S, places a wedge between its | ws
demand price, w?, and its supply price, wi, | Wi
with w%; < wy, such that w9, = w{; - 6,,.
Equation (5.28) is the appropriate mecha- | “:
nism in the EDM for entering the subsidy, S.
Assuming a 10% subsidy, a value of —0.10 is 0
entered in (5.31) for E(64,). The b vector and
the associated solution, y, are

X " Input Quantity

Figure 5.4. Input Subsidy on Input1
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[ E(01) ] 0 E(gP)] 1 0.0041
E(6,) 0 E(®®)| |-0.007
E(65) 0 E(gS) 0.004
E(6,) 0 E®S| [-0.007
E(6:5) 0 E(x?) 0.016
E(6y) 0 E(xD) —0.001
(5.37) b= E@G)| | o Y= Ew?)| ™ [-0.019]
E(6g) 0 EwD)| |-o0.001
E(8,) 0 E(x?) 0.016
E(610) 0 E(x3) —0.001
E(6,1)| [-o0.10 E(wy?) 0.081
LE(6;,). 0 E(W25) L—(0.001-

The results indicate that the subsidy on input 1 increases demand and supply
output quantities, E(g"”) and E(g°), by 0.4% while output demand and supply prices,
E(p®) and E(p®), decrease by 0.7%. The demand price, E(w?), for input 1 decreases
by 1.9% while the supply price, E(w3), increases by 8.1%. The sum of the absolute
values of these two changes (8.1% + 1.9%) equals the size of the 10% subsidy. The
subsidy on input 1 increases the equilibrium quantity demanded and supplied of
the input, E(x?) and E(x7), by 1.6%. The implied derived demand elasticity is

p _ EGD) _ o016 _
X1 g(wP) T -0.019 0.84.

Because the inputs are substitutes in the production process, both the use of input 2,
E(x9), and its price, E(w%), decrease.

The effect of a 10% subsidy on input 1 on the endogenous variables in (5.37) is
the opposite of the effect of a 10% tax on input 1in (5.35). In addition, the implicit
derived demand elasticity, 52, remains unchanged (—0.84). This result is caused
by the linearity of EDMs and that the only difference in the two exogenous shocks
is a positive number entered for E(6y;) in the case of a tax and a negative number
in the case of a subsidy. Because the absolute values of these two shocks are equal,
the effects on the endogenous variables are of the same magnitude but have oppo-
site signs.

Government Purchases of Output

Consider a case in which a government decides to buy 10% of the output of an
industry and then exports it to another country. This action essentially removes
10% of the output from the industry that is being modeled and has been used as a
mechanism to increase domestic producer prices. Such policies were common in

(AN
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the European Union and other countries
before the general adoption of world trade
agreements. Figure 5.5 illustrates the effect
of such a government purchase and dis-

posal of amount g°.

Figure 5.5 indicates that the quantity
produced by suppliers, gi, exceeds the
amount purchased by consumers, g7, with

So D
qi>(qior

(5.38)

qf =q; —q° =qi — 6,.

fe)
= o
fe)
o

Qi Output Quantity

Figure 5.5. Government Purchase and
Removal of Output

Equation (5.24) is the appropriate equilibrium equation for modeling this pol-
icy because it represents the difference between the quantity demanded and the
quantity supplied of the product. The EDM is used to calculate the impacts of
this policy, assuming a 10% quantity purchase by setting E(6,) = -0.10 in vector
b of (5.31). The value is entered as a negative number because the policy causes
the quantity supplied of the product, gi, to be greater than the domestic quantity
demanded, g%, as shown in Figure 5.5. All other values in the vector are set equal
to 0. The changes in endogenous variables y are obtained by solving (5.31) as indi-
cated in (5.32), which yields

(5.39)

y:

E(p®)
E(q®)
E(p®)
E(x?)
E(x3)
E(wy)
Ew3)
E(x7)
E(x3)
E(wy)

[E(q”)]

LE(w3).

(—0.0477

0.079
0.053
0.079
0.022
0.066

0.110/

0.066
0.022
0.066
0.110

L 0.066-

The changes in the output market indicated in (5.39) are visually indicated by
the arrows in Figure 5.5, which represent the equilibrium trajectories of prices
and quantities as they move from the initial equilibrium to the new equilibrium
as calculated by the EDM. The results indicate that the output demand quan-
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tity, E(q”), declines by 4.7% and the output supply quantity, E(g°), increases by
5.3%. The sum of the absolute values of the two effects represents the 10% quan-
tity wedge that is being driven between the two values, as indicated by q“ in Fig-
ure 5.5. The 10% wedge that is created between quantity demanded and quantity
supplied causes the demand output price, E(p”), and supply output price, E(p*), to
increase by 7.9%. The government purchase causes the demand and supply quan-
tities of input 1, E(x?) and E(x}), to increase by 2.2% and the demand and supply
quantities of input 2, E(x3) and E(x;),to increase by 6.6%. The increase in input
demands causes the demand and supply prices of input 1, E(w?) and E(w3), to
increase by 1.1% and the demand and supply prices of input 2, E(w5) and E(w3), to
increase by 6.6%.

Modeling Endogenous Wedges Caused by Policy Changes
The preceding examples were operationalized by shocking a single equilibrium
equation. This approach is used whenever a policy places a known wedge between
input or output prices or between quantities demanded and supplied. However,
some policies must be modeled using endogenous price or quantity wedges or a
combination of exogenous and endogenous wedges. Endogenous price or quan-
tity wedges require that additional restrictions and new variables, shadow val-
ues, be included in an EDM for the purpose of system identification. The spe-
cific restriction that is added depends upon the issue being addressed. That is, a
policy-induced restriction on prices or quantities may necessitate constructing
one or more restriction equations, which allows the model to endogenously com-
pute the level of the imposed price or quantity wedge, E(6;). This is accomplished
by reclassifying the associated wedge, E(6;), as endogenous, moving E(6;) to the
left-hand side of the system of equations (5.22)-(5.29), and adding the required
restriction equation to the system.

For example, the United States used target prices on grain production during
the 1970s and 1980s as a means of increasing domestic producer prices. Suppose
a target price is set 10% above an initial S,

equilibrium price and that markets are 0‘;,‘55';‘

allowed to clear resulting quantity lev- o R N

els. Figure 5.6 illustrates a case in which ' }m% /’ E

a government commits to pay producers Pol--="-----— . | B0

a per unit payment equal to the differ- S P S D,
ence between the target price and mar- i i

ket price. Because the target price guar- i i

antee is above the market equilibrium 0 ! !

. . . q Q, Output Quantity
price, industry output increases from ° !

qo to q,. However, the policy places a Figure 5.6. ATarget Price on Output
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wedge between the prices that producers receive for their commodity—the target
price, pj—and the price that consumers pay, p?, for the commodity at the higher
level of output, q;. The difference, or wedge, between these prices is endogenous
depending upon relative supply and demand elasticities. That is, both the quantity
produced and the consumer price needed to establish a quantity equilibrium that
removes the additional production from the market are endogenous to the system.

To accommodate this endogeneity, the policy must be modeled with an addi-
tional restriction. The additional restriction requires that a new endogenous
parameter be added so the system can be mathematically identified. The restric-
tion and added endogenous parameter are specific to the issue being addressed. In
the case of a target price established above the equilibrium price, a price wedge is
created between p? and p°, with p? < p{ or p? = p3 - 6,, in (5.27). However, the size
of this wedge is an endogenous variable so that (5.27) is now written as

(5.40) E(p”) —E(@>) + E(610) = 0.

To implement the target price policy, an additional equation must be added.
That is, the target price producers receive is p* = p, + 1;, so that

(541) E@®®) =EQ@Wy),

where E(,) = L2}

1
Do’

The new system of equations now consists of (5.18)-(5.26), (5.40), (5.28), (5.29),
and (5.41) such that (5.31) becomes

1 - 0 0 0 0 0 0 0 0 0 0 O0][E@™D] [E®6D]
0 0 0 10 0 -k —K, 0 0o 0 o0 OollE®™ E(62)
0 0 -1 0 1 0 —Kyo, —Kyoi, 0 0 0 0 Ol[E@ E(63)
0 0 -1 0 0 1 —Kjop;, —Kyop,, 0 0 0 0 O0||E®) E(64)
0 0 0 0 0 0 0 0 1 0 —g 0 O||EGD) E(65)
0 0 0 0 0 0 0 0 0 1 0 -g O||EGD E(6s)
1 0 -1 000 0 0 0 0 0 0 O||[EwWD|=]E®) |
(5.42) 0 0 0 010 0 0 -1 0 0 0 OfEW)]| |E®)

0 0 0 0 0 1 0 0 0 -1 0 0 OfflExD E(85)
0 1 0 -1 0 0 0 0 0 0 0 0 1||EGD) 0
0 0 0 0 0 0 1 0 0 0 -1 0 O||[EwD| |E®1)
0 0 0 0 0 0 0 1 0 0 0 -1 O||[Ews)| |E®12)
0 0o 0 0 0 0 0 0 0 0 0 O0llE®] LE®@.)!
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Changes in the endogenous variables are obtained by entering the appropriate
values in vector b of (5.42). The target price policy is implemented by setting E(1),)
= 0.10 in vector b and all other values in the vector to 0. The following changes in
the endogenous variables are obtained by solving (5.42), as noted in (5.32):

'E(gP)1 1 0.0677
E@®)| [-0.111
E(q®) 0.067
E(®%) 0.100
E(xP) 0.028
E(x) 0.083
(5.43) y=|EWwWP)|=]| 0.139|
E(w?) 0.083
E(x7) 0.028
E(x3) 0.183
E(Wwy) 0.139
E(Ww5) 0.083
[E(0;0)] L 0.211-

Note that the quantities produced, E(q°), and consumed, E(g"), increase by
6.7%. The price paid by consumers, E(p”), declines by 11.1% and the price received
by producers, E(p®), increases by the mandated 10%. The target price policy cre-
ates a wedge between producer and consumer prices equal to 21.1% of the original
equilibrium price, which is the sum of the increase in producer price and the abso-
lute value of the reduction in consumer price. This value is determined endoge-
nously by the model and is represented by the shadow value of E(6,,). The demand
and supply quantities, E(x?) and E(x3), for input 1 increase by 2.8% and its demand,
E(w?), and supply, E(w?), prices increase by 13.9%. The demand and supply quan-
tities for input 2, E(x3) and E(x}) increase by 8.3%; its demand and supply prices,
E(w%) and (w3), also increase by 8.3%. Note that to maintain the target price while
allowing quantities to clear the market, the government pays producers 10% more
than the original equilibrium price, which is 21.1% more than the new price that
consumers pay.

A Price Floor in the Output Market: No Government Purchases

The imposition of price floors is a common government policy used to support
the prices of various goods and services, particularly for agricultural commodities.
Figure 5.7 presents a situation in which a price floor is imposed at price pj. At this
price, a wedge, q”, exists between consumers’ and producers’ desired quantities of
the good. At price p?, consumers are only willing to purchase quantity g3, while
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producers would like to produce gi. The . S
policy also creates a price wedge between | “ofce
the price consumers are willing to pay,
pY, for quantity g7 and the marginal cost
to producers, pj, of supplying the lower P
quantity. The lower level of output, g%, is
the quantity actually exchanged in the P
market, assuming that consumers can-
not be forced to buy goods and services B
beyond their willingness to pay for them.
Assuming quantities are allowed to | Figure5.7.A Price Floor on Output with

clear the market without government | NOGovernmentPurchases

purchases, the price floor creates an unknown wedge between E(p?) and E(pf) in
(5.27). Therefore, (5.27) is used to implement the policy by allowing E(6,,) to be an
endogenous variable and is now written as

kel
= O
1]
1
1
1
1
-4
1

Do

1
1
1
1
1
| _—————
1
1
1
I
1
1
1

S V| B,

Qo
= o
O |-

o Cli Output Quantity

(5.44) E(p”)—E(>) —E(61) = 0.

An additional equation is added to the EDM to represent the percentage change
in the equilibrium price at the legislated price floor. If the price floor is established
10% above the equilibrium price, consumers must purchase the product at the leg-
islated higher price. However, the quantity purchased is determined by consumer
demand. The policy is included in the model by adding the restriction

(545) E(p®) = E(¥1).

The price floor reduces the quantity supplied from g, to g3, as illustrated in Fig-
ure 5.7. Although producers would want to increase production at the price floor,
p?, from g, to g7, consumers cannot be forced to purchase that quantity at the
higher price. Consequently, unless a government is willing to purchase the poten-
tial surplus production and either store or destroy it, rational producers recognize
that they cannot sell all they would like to produce at the higher price. Therefore,
g7 would be the actual quantity supplied rather than g3.

The new system of equations now consists of (5.18)-(5.26), (5.44), (5.28), (5.29),
and (5.45) such that (5.31) becomes
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1 -7 0 0 0 0 0 0 0 0 0 0 OJE@™] [E®D]
0 0 0 100 -K —K, 0 0 0 o0 OflE®™ E(0,)
0 0 -1 0 1 0 —Koy —Kyo, 0 0 0 0 O0|lE@ E(05)
0 0 -1 0 0 1 —-Kyo, —Ky05,, 0 0 0 0 O||E® E(64)
0 0 0 000 0 0 1 0 - 0 O||EGD E(6s)
0 0 0 000 0 0 0 1 0 —-g O|[EGD E(6s)
1 0 -1 000 0 0 0 0 0 0 oflEwD|=|EW®)]|
(546) o o 0 0 10 0 0 -1 0 0 0 Of|Ew))| |E@®s)
0 0 0 001 0 0 0 -1 0 o[ E(x) E(65)
0 1 0 -1 00 0 0 0 0 0 1| E(x3) 0
0 0 0 0 0 0 1 0 0 0 -1 Of[EwD)| [E(611)
0 0 0 000 O 1 0 0 0 -1 O||Ew)| |E(®:)
lo 1 0 00 0 0 0 0 0 0lE(6)] LE®@,)]

The price floor policy is implemented by setting E(i;) = 0.10 in vector b
because the price consumers pay for the reduced output is 10% greater than the
original equilibrium price. All other E(6;) values are set equal to 0. The following
changes in the endogenous variables are obtained by solving (5.46), as noted
in (5.32):

(E(qD)- (—0.060-
E(p®) 0.100
E(q®) —0.060
E(p®) —0.090
E(xP) —0.025
E(xD) —0.075
(5.47) y=|EWwWP)|=]-0.125|.
E(w?) —0.075
E(xP) —-0.025
E(x3)| [-0.075
E(w;) —0.125
E(ws) —0.075
E@,;)] | 0190

Note that the quantity of output consumed, E(¢”), and produced, E(q°),
declines by 6.0% while the price floor increases consumer prices, E(p”), by 10%.
The marginal cost of providing the lower quantity E(p®) decreases by 9%. The price
floor creates a price wedge between the amount that consumers pay for the prod-
uct and the marginal cost of producing this lower quantity. The difference equals
19% of the original equilibrium price. This is the shadow value indicated by E(6,,)
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and is also the sum of the absolute value of the change in the output demand
price and the output supply price. The quantity of input 1 used, E(x}) and E(x}),
decreases by 2.5% and its price, E(w?) and E(wy3), declines by 12.5%. The quantity
of input 2 used, E(x?) and E(x3), decreases by 7.5% and its price, E(w?) and (w3),
decreases by 7.5%.

A Price Floor in the Output Market: Government

Purchases of Surplus Production

The imposition of a price floor is modeled differently if a surplus is allowed to be
produced and a government removes it from the market. This was essentially an
approach for supporting grain prices in the United States through various nonre-
course loan policies until 1996. In many lower income economies, governments
often provide a minimum guaranteed price for agricultural commodities that is
above a market equilibrium price. Such policies represent a price floor. Further, it
is not uncommon for a government to purchase or auction surplus commodities.
Governments sometimes directly distribute commodities to processors and con-
sumers. For example, India’s Agricultural Produce Market Committee establishes
a minimum price for some agricultural commodities and auctions the surplus at
or above that price with a variety of restrictions on who can make purchases.

Price floors cause producers to increase production, but domestic and foreign
consumers are not willing to purchase the increased production at the higher floor
price. Therefore, governments often purchased surplus domestic agricultural com-
modities and exported them at lower prices to other countries. In some cases, gov-
ernments paid for commercial storage to remove production, at least temporarily,
from the market so that the floor price remained effective.

Figure 5.8 presents a situation in which a price floor is imposed at price pj. The
policy creates a quantity wedge between

the quantity demanded by consumers, output 2o
g}, and the quantity that producers are o

willing to supply, g3, at the higher floor pY=p; --w-%-{: _______
price. The quantity wedge represents a p,[-——-* Lo

surplus of size g".

For this example, the price floor is
modeled as an unknown quantity wedge
between q% and ¢i, with ¢4 < qf or ¢ = 0
qi: - 6,. Therefore, (5.24) is the appropri-
ate equation to alter with E(6,) becoming
an endogenous variable so that it is now
written as

D,

R S

oO|-—m e

fe)
s o

o qi Output Quantity

Figure 5.8. A Price Floor on Output with
Government Purchases
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(5.48) E(q®)—E(q®) +E(6,) = 0.

An additional equation is added to the EDM that represents the percentage
increase in the legislated price floor above the equilibrium price. This effect is
included in the model by adding the restriction

(549) E®°) = E(q).

The price floor signals producers to increase output from g, to g, as shown in
Figure 5.8. That result, however, only occurs if the domestic government agrees
to buy the surplus. Otherwise, the price floor is difficult to maintain in the face of
higher production because consumers will only purchase g? at this higher price.
The new system of equations is (5.18)-(5.23), (5.48), (5.25)-(5.29), and (5.49) such
that (5.31) becomes

1 - 0 0 0 0 0 0 0 0 0 0 O0][E@™] [E®)]
0 0 0 100 -K —K, 0 0 0 0 Of|E®™ E(6,)
0 0 -1 0 1 0 —Kyo, —Kyo, 0 0 0 0 O|lE@G E(63)
0 0 -1 0 0 1 —Kyop, —Ky0,, 0 0 0 0 Of|E®) E(64)
0 0 0 0 0 0 0 0 1 0 —g 0 O||ExD) E(65)
0 0 0 0 00 0 0 0 1 0 —-g OfEGD E(66)
(550) |11 o -1 000 0 0 0 0 0 0 1f|EwWDH|=| ©
0 0 0 0 1 0 0 0 -1 0 0 o0 Oo||[EwD| |E®s
0 0 0 00 1 0 0 0 -1 0 0 OoffExD E(85)
0 1 0 -1 0 0 0 0 0 0 0 0 OfEG)| |E®10)
0 0 0 0 0 0 1 0 0 0 -1 0 o]J|[EwD)| |E®61)
0 0 0 00 0 1 0 0 0 -1 Oo|J|[Emw)| |E®6:)
Lo 0 0 00 0 0 0 0 0 ollE@,)]1 LE@,)

Changes in the endogenous variables are obtained by entering the appropriate
values in vector b of (5.50). For a price floor established at 10% above the initial
equilibrium price, the policy is implemented by setting E(1;) = 0.10 as producer
prices will be 10% above the original equilibrium price. All other values in the
vector are set equal to 0. The following changes in the endogenous variables y are
obtained by solving (5.50) as shown in (5.32):
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"E(gP)] [—0.0607
E(p®) 0.100
E(g5) 0.067
E(»%) 0.100
E(xP) 0.028
E(xD) 0.083
(5.51) y=|EwP)[=]| 0.139(
EWwy) 0.083
E(x7) 0.028
E(x3) 0.083
E(wy) 0.139
E(w3) 0.083
LEGG,) 1 L 01271

Note that quantity, E(g"), declines by 6% because the price floor has increased
consumer prices, E(p”), by 10%. This is the same result as obtained in (5.50), in
which the same price floor was established. However, the remaining results dif-
fer as more production occurs given the government purchase of the surplus. The
quantity supplied, E(q°), increases by 6.7% because the price received by pro-
ducers, E(p®), has increased by 10%. The price floor creates a quantity wedge of
12.7% between the amount that consumers are willing to purchase at the higher
price and the amount that producers supply. This is the shadow value indicated by
E(6;) and is also equal to the sum of the absolute value of the change in the output
demand, E(g"), and supply, E(q°), quantities. The quantity of input 1 used, E(x%)
and E(x}), increases by 2.8% and its demand and supply price increases by 13.9%.
The quantity of input 2 used, E(x3) and E(x3), and its price increases by 8.3%.

A Price Ceiling in the Output Market with Quantity Clearing

The imposition of price ceilings is a common government policy used to lower the
market prices of goods and services. Rent controls in various U.S. cities are exam-
ples of price ceilings designed to lower the price of rental housing. Price ceilings
are often imposed on food or agricultural commodities in many lower income
countries.

Figure 5.9 depicts the impact of a price ceiling that is set below the equilibrium
price, p,. Consequently, the ceiling price represents the price, p3, that producers
receive for the good or service. At the ceiling price, the quantity demanded, ¢?,
exceeds the quantity supplied, g7, which creates a shortage. The shortage of goods
or services necessitates some type of rationing scheme because, at lower prices, the
quantity demanded for such goods and services exceeds the quantity supplied. If



FIVE: EDM POLICY APPLICATIONS: ONE OUTPUT, TWO INPUTS

prices are not allowed to allocate scarce
goods or resources, a nonprice alloca-
tion mechanism such as ration coupons,
queuing, nepotism, or favoritism must be
used as a rationing device.

Price ceilings cannot be modeled as a
wedge between the quantities demanded
and supplied of the good at the lower
ceiling price because, unless producers
are forced to supply more of the product
at the lower price, they are only willing to
supply q3. Therefore, the price ceiling is

So

Output
Price

Figure 5.9. A Price Ceiling in the
Output Market

I
1
I |
| | R
s q q ® Output Quantity
1 0 1

modeled as a wedge between the price consumers are willing to pay, p?, for the
lower quantity, g3, and the amount they actually pay, p$, in Figure 5.9. Therefore,

(5.27) is rewritten as

(552) E@P)—E@®S) —E(6,0) =0

so that the size of the price wedge E(6,,) becomes an endogenous variable. An
additional equation is added to the EDM to represent the percentage that the price

ceiling is below the equilibrium price:

(5.53) E(®°) = E@).

The new EDM system of equations now consists of (5.18)-(5.26), (5.52), (5.28),
(5.29), and (5.53) such that equation (5.31) becomes

1 —®> 0 0 00 0 0
0 0 0 100 -K -K,
0 0 -1 0 1 0 —Kioyy —Kyo1,
0o 0 -1 0 0 1 —-Ki0yy —K,0,,
0 0 0 000 © 0
00 0 000 © 0
(554) [r 0o -1 000 0 0
0 0 0 010 0 0
0 0 0 001 0 0
0 1 0 -100 0 0
0 0 0 000 1 0
00 0 000 © 1
o 0 0 00 0 0

S o

E(®)
E(q%)
E(p®)
E(x?)
E(x3)
E(wP)
E(wy)
E(x5)
E(xj

E(w?)
of[Ew:)
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E(66)

E,) |

E(8s)
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0
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Changes in the endogenous variables are obtained by entering the appropri-
ate values in vector b of (5.54). The price ceiling is implemented by setting E(1,)
=-0.10 in vector b because the ceiling reduces producer prices by 10% below the
original equilibrium price. All other values in the vector are set to 0. The following
changes in the endogenous variables are obtained by solving (5.54) as noted in
(5.32), giving

E(gP)1 [—0.067
E(pP) 0.111
E(g5) —0.067
E(»%) —0.100
E(xD) —-0.028
E(x? —0.083
(5.55) y=|EwWP)|=]-0.139]
E(w?) —0.083
E(x37) —-0.028
E(x3)| |-0.083
Ewd)| [-0.139
E(w3) —0.083
LE(0,0)] L 0.211-

Note that the quantity produced, E(g°), is reduced by 6.7% because the price
ceiling reduced the price that producers receive, E(p°), by 10%. Consequently,
quantity consumed, E(g"), also declines by 6.7%. The price that consumers would
be willing to pay for the lower output, E(p"), is 11.1% more than the original equi-
librium price. Hence, the price ceiling places a wedge of 21.1% between the price
that producers receive and the price that consumers who have access to the limited
output are willing to pay. This wedge is indicated by the shadow value E(6,,). The
price ceiling reduces the quantity of input 1 used, E(x}) and E(x{), by 2.8% and its
demand and supply price, E(w?) and E(w3), decreases by 13.9%. The use of input 2,
E(x%) and E(x3), and its price, E(w3) and E(w3), decreases by 8.3%.

Price Ceiling in the Output Market: Size of Shortages

A price ceiling creates a shortage in the output market. Some governments respond
to this shortage through actions such as building public housing in rent-controlled
areas or by purchasing goods from other countries and placing them into the
domestic market. It may be of interest to policy makers to have an estimate of the
size of these actions needed to offset the detrimental supply-side effects of a price
ceiling. The size of the shortage is endogenous and represented by 6 in Figure 5.9.
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For this problem, the shortage is modeled as the difference between the quan-
tity demanded and supplied of the good or service. An endogenous quantity
wedge is placed between these two variables as illustrated in Figure 5.9, and (5.24)
is the appropriate equation to model this market intervention as

(556) E(q°)—E(q®) —E(6,) =0,

such that E(6;) becomes an endogenous variable. A restriction is added to the
EDM to represent the price ceiling. Because the price ceiling is imposed on pro-
ducers, the restriction is written as

(557) E@®) = E(y).

The new system now consists of equations (5.18)-(5.23), (5.56), (5.25)-(5.29),
and (5.57) such that (5.31) becomes

1 - 0 0 0 0 0 0 0 0 0 0 OI[E(@™] [E®)]
0 0 0 1 00 -K —K, 0 0 0 0 OllE®™ E(6)
0 0 -1 0 1 0 —Koyy —Ke, 0 0 0 0 0||E@® E(63)
0 0 -1 0 0 1 —Kyy —Ke5, 0 0 0 0 O||E® E(6,)
0 0 0 000 0 0 1 0 — 0 O||EED) E(65)
0 0 0 000 0 0 0 1 0 —-s O|[EGD E(86)
(558 |1 o -1 000 o0 0 0 0 o0 o0 -1||EwD)|=[ o©
0 0 0 010 0 0 -1 0 0 0 O||EWw? E(8g)
0 0 0 0 0 1 0 0 0 -1 0 0 oOflEED) E(65)
0 1 0 -1 00 0 0 0 0 0 0 OflEE)]| |E6i)
0 0 0 000 1 0 0 0 -1 0 O||[EwDH| [E®.w)
0 0 0 000 0 1 0 0 0 -1 O||[EwH| [E®:)
lo 0 0 100 0 0 0 0 0 ollE(e)! LE@y)]

Changes in the endogenous variables are obtained by entering the appropriate
values in vector b of (5.58). The price ceiling is implemented by setting E(y,) =
-0.10 because the ceiling causes the producer price to be 10% less than the original
equilibrium price. All other values in the vector are set equal to 0. The following
changes in the endogenous variables y are obtained by solving (5.58) as noted
in (5.32):
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(E(q™)] - 0.0607
E®P)| |-0.100
E(g®) —0.067
E(»®) —0.100
ExP)| [-o0.028
E(x2)| |[-0.083
(559) y=|EWP)|=[-0.139].
Ew?)| |-0.083
E(x$) —0.028
E(x$) —0.083
Ewd)| |-0.139
Ewd)| |-0.083
LE(97)- 0.127.

Note that the quantity produced, E(q®), is reduced by 6.7% because of the price
ceiling, which is set 10% below the initial equilibrium price. This is the same result
as that generated in the previous example. The quantity that consumers would be
willing to purchase, E(g®), at the 10% lower price increases by 6.0%. Hence, a price
ceiling with an anticipated government production of goods or services places a
wedge of 12.7% between the amount that producers supply at the ceiling price and
the amount that consumers want to purchase at that price. The size of this short-
age is indicated by the shadow value, E(6;), which equals 12.7%. The remaining
endogenous variables are affected by amounts identical to those obtained in the
preceding example.

Price Floor on Input 1
It is common for governments to impose price floors in input markets to sup-
port various input prices. Minimum hourly wage laws provide a classic example
in which governments do not allow labor X
to be hired below a specific wage level Dot
(e.g., Hamilton et al., 2020). Assume that
a price floor on input 1 is legislated such | w,
that it is 10% above the equilibrium price, | wy,
as illustrated in Figure 5.10. The observed
market price, wj,, reflects the input users’ | wi,
willingness to pay for, and the marginal
value of, input 1. Because the input price R
is 10% higher than the initial equilibrium Xio o Kao o InputQuantity
price, w o, the quantity demanded of the Figure 5.10. A Price Floor on Input 1
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input is lower than the initial equilibrium quantity, x,,. Therefore, the marginal
cost, or willingness-to-receive price, wi,, is less than the initial equilibrium price.

A minimum wage policy places an unknown wedge between the demand price,
E(w?), for input 1 and the marginal cost of providing input 1, E(w7), because of the
reduction in quantity demanded. This wedge is included in the EDM by altering
(5.28) such that E(6,,) becomes an endogenous variable:

(5.60) EWw?)—EWw;) —E(8;1) = 0.

An additional restriction is added to the EDM to reflect the policy shock on the
demand price of the input and is the mechanism for imposing the price floor:

(5.61) EWw{) =EQpy).

The new EDM system consists of equations (5.18)-(5.27), (5.60), (5.29), and
(5.61) such that (5.31) becomes

1 - 0 0 0 0 0 0 0 0 0 0 O]E@™] [E®D]
0 0 0 100 -K —K, 0 0 0 o0 OffE®™ E(0,)
0 0 -1 010 —-Kyoy, —Keoi 0 0 0 0 O0||lE@D E(63)
0 0 -1 0 0 1 —Kyoy —Ky05,,b, 0 0 0 0 O||E® E(64)
0 0 0 0 00 0 0 1 0 —g 0 Of||E&D) E(65)
0 0 0 000 0 0 0 1 0 —-& O|[EGD ACH)!
(562 |t 0o -1 000 0 0 0 0 0 0 O|[EwWD)|=|E®)|
0 0 0 010 0 0 -1 0 0 0 Of|Ew))| |E®s)
0 0 0 001 © 0 0 -1 0 0 O||EGD E(65)
0 1 0 -1 00 0 0 0 0 0 0 O|lEED| [E®i)
0 0 0 000 1 0 0 0 -1 0 -1||Ewd 0
0 0 0 00 0 1 0 0 0 -1 O||Ew)| [E®i)
o 0 0 0 0 1 0 0 0 0 0llE@:)] LE®,)!

After parameterizing the A matrix using the values noted above, E(1,) is set
equal to 0.10 in vector b because the legislated value of w? is 10% larger than its
equilibrium value. All other entries are set equal to 0 in the vector. The solution to
(5.62) yields the following estimates of changes in the endogenous variables:
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"E(qP)]  [—0.0217
E(pP) 0.035
E(S)| |-0.021
E(®%) 0.035
ExP)| [-0.086
E(x2) 0.007
5.63) y=|EwP)[=| 0.100].
E(w3) 0.007
E(x| |-0.086
E(x3) 0.007
EwS| [-0.430
E(w$) 0.007
[E(6;,)] L 0.530-

The price floor placed on input 1 reduces its use, E(x}), by 8.6%. The price of
input 1, E(w?), increases by 10% because the imposed price floor was 10% above
the original equilibrium price. However, the supply price, E(w3), or marginal
cost of input 1 is reduced by 43% because the opportunity cost of the last unit of
input 1 used in the production process is 43% lower than its initial equilibrium
value. Therefore, the price ceiling places a price wedge, E(6;;), of 53% between the
demand and supply prices of input 1 relative to the initial equilibrium price. This
relatively large value results from the assumption that the own-price elasticity of
supply of input 1is relatively inelastic (g; = 0.20).

The quantity of output produced and consumed, E(q*) and E(g"), is reduced by
2.1% and the output demand and supply price, E(p”) and E(p°), increases by 3.5%.
Although output declines, the reduction in the use of input 1 causes more of its
substitute, input 2, to be used, as E(x5) and E(x;) increase by 0.7%. In addition, the
price of input 2, E(w3) and E(w3), increases by 0.7%.

Price Ceiling on Input 2
Government policies may limit the price at which a productive input can be sold.
For example, the prices of electricity and transportation services (e.g., the oper-
ating costs of buses or railroads) are limited by legislative actions in many coun-
tries. Figure 5.11 presents an example in which a price ceiling has been placed on
the suppliers of input 2 so that the supply price, w3, is 10% below its equilibrium
price of w,.

This policy places an unknown wedge between the input 2 demand price, wh,
and its supply price, w3, which represents the marginal cost (and value) of the
input to the economic system. Further, in the absence of coercion, input suppliers
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ultimately determine the amount of the
input supplied. Therefore, (5.29) is altered
so that E(6;;) becomes an endogenous
variable and is now written as

(5.64) EW3)—E(ws)—E(6;,) = 0.

An additional restriction is added to
the system of equations to represent the
reduction in the supply price imposed on
producers of the input:

(5.65) E(ws) = E(q),

Input

Price S:‘

D
Wy1

Wio

s
W1

0

X1 X20 Input Quantity

Figure 5.11. A Price Ceiling on Input 2

which represents the price ceiling. The new system of equations is (5.18)-(5.28),

(5.64), and (5.65) such that (5.31) becomes

1 -n, 0 000 0 0
o 0 0 100 -k  -K,
0 0 -1 0 1 0 —-Koy -Ko,
0 0 -1 0 0 1 —Kyay —K0
0 0 0 000 0 0
00 0 000 0 0
1 0 -1 000 0 0

(5.66) 0 0 0 010 0 0
0 0 0 001 0 0
01 0 -100 0 0
0o 0 0 000 1 0
0 0 0 000 0 1
o 0o 0 00 1 0

0 0 0 0 O0[E(@G™)]
0 0 0 o0 O|E®™
0 0 0o o OfE@G
0 0 0 o0 O|lE®
1 0 -5 0 O||E@D
0 1 0 —& O|ExD)
0 0 0 o0 OfEwP
-1 0 o0 o0 ollEw»
0 -1 0 0 OfEx
0 0 0 o0 O|lEx)
0 0 -1 o0 -1f|Ew
0 0 0 -1 oOfEw
0 0 0 ollE,)]

[ E(6,) ]

LE () ]

E(6,)
E(63)
E(6,)
E(65)
E(6)
E©;) |
E(6g)
E(65)
E(610)
E(611)
0

After parameterizing the A matrix and setting E(i;) = -0.10 and all other
E(6)) equal to 0 in b vector, the solution to (5.66) yields the following estimates of

changes in the endogenous variables:
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"E(q°)1 [—0.068
E(®P) 0.113
E(S)| [-0.068
E(®5) 0.113
E(xP) 0.008
EG2)| [-0.100
(5.67) y=|EWwP)|=]| 0.038]
E(wy) 0.145
E(x?) 0.008
E(x3)| [-0.100
Ewy) 0.038
EwS)| |-0.100
[E(6;,)] L 0.245!

The price ceiling on input 2 reduces its supply price, w3, by 10% relative to its
initial equilibrium price. The amount of input 2 used and produced, E(x3) and
E(x3), declines by 10%. The equivalency of the two results is caused by the use of
1.0 as the own-price elasticity of supply of input 2. The size of the wedge between
the demand and supply price of input 2, E(6,,), is 24.5% of the original equilib-
rium price. The input supply price actually received, E(w3), is 10% below the initial
equilibrium price, while the EDM system’s marginal value or willingness to pay for
the input is its demand price, E(w?3), which is 14.5% above the original equilibrium
price. Hence, the sum of the absolute value of these two estimates is equal to the
indicated shadow value, E(0,,), of 24.5%.

The reduction in the use of input 2 causes the amount of output produced and
consumed, E(q°) and E(g"), to decline by 6.8% while the price of output, E(p”) and
E(p®), increases by 11.3%. The legislated price ceiling on input 2 increases the use of
its substitute input even though overall production is reduced. The use of input 1,
E(x?), increases by 0.8%, while its price, E(w?}), increases by 3.8%.

Regulation of Output
Various policies have been legislated to limit the production of a good or service.
In many cases, these policies are imposed as a means for reducing negative exter-
nalities (e.g., a cap on greenhouse gases or other emissions). Assume that a 10%
reduction in the output of an industry has been legislated (the bold vertical dashed
line in Figure 5.12), which creates an unknown wedge between p” and p°.

Equation (5.27) is altered so that E(6,,) becomes an endogenous variable:

(5.68) E@®®)—E(@°) —E(61) = 0.
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An additional restriction is added to the | oupu
Price

system of equations to represent the reduc-

tion in the supply quantity that is imposed

on producers of the output: E?

(5.69) E(q%) = E@y). ’

The new system of equations is (5.18)- 0

(5.26), (5.68), (5.28), (5.29), and (5.69) such G o OutbetQuandy

that (5.31) becomes Figure 5.12. A Restriction on Output
1 -7 0 0 0 0 0 0 0 0 0 0 OJ[E@™] [E®D]
0 0 0 1 00 -K —K, 0 0 0 o0 OflflE®™ E(0,)
0 0 -1 0 10 —-Kyoyq Koy, 0 0 0 0 0||E@ E(63)
0 0 -1 0 0 1 —-Kyoy;, —Ky05, 0 0 0 0 Of[E®® E(64)
0 0 0 000 O 0 1 0 -5 0 O||E&D) E(65s)
0 0 0 000 O 0 0 1 0 —g O|[EGD E(6)

(5700 |1+ o -1 000 0 0 0 0 0 0 O||[EwWD|=]|E®) |
0 0 0 010 0 0 -1 0 0 0 Of|Ew))| |E®s
0 0 0 00 1 0 0 0 -1 0 off EGD) E(6)
0 1 0 -1 00 0 0 0 0 0 -1|[ E@3) 0
0 0 0 000 1 0 0 0 -1 o||[Ew?)| [E611)
00 0 000 0 1 0 0 0 -1 O|J|Ew)| [E®:)
o o 1 0 0 0 0 0 0 0 0llE(G )] LE@.)!

After parameterizing the A matrix and setting E(1;) = -0.10 and all other E(6)
entries in vector b equal to 0, the solution to (5.70) yields the following estimates
of changes in the endogenous variables:
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'E(gP)1 1—0.1007
E(p?) 0.167
E(q®) —-0.100
E(p®) —-0.150
E(xP) —0.042
E(x? —0.125
(5.71) y=|EwWP)|=]-0.208].
E(w?) —0.125
E(x) —0.042
E(x5) —0.125
E(w3) —0.208
E(ws) —0.125
[E(010)] L 0.317

The 10% legislated reduction in output is represented by 10% reductions in the
quantity of output produced, E(¢g°), and consumed, E(g"). The consumer price for
the output, E(p”), increases by 16.7% above the original equilibrium price while
the producer price, E(p°)—which represents the marginal cost of production
at the reduced output level—declines by 15%. The legislated reduction in output
places a price wedge of 31.7% of the original equilibrium price between these two
prices, which the model provides as the shadow value, E(0,,). The value of E(6,,)
can also be interpreted as the size of a per unit output tax (relative to the initial
equilibrium price) that would be needed to achieve the desired 10% reduction in
output. The restricted level of output reduces the use of input 1, E(x?), by 4.2% and
its price, E(w?), by 20.8%. The use of input 2, E(x5), declines by 12.5% and its price,
E(w?Y), decreases by an equal amount.

Restrictions on the Use of Input 1

Another approach to reducing negative oot
externalities is to legislate a reduction in price
the use of an input. For example, it is com-
mon to limit the use of certain crop pro-
tectants, land area, crop nutrients, water,
or other inputs in the production of agri-
cultural commodities. Assume that the
use of input 1 is legislatively restricted to
be 10% lower than its equilibrium level, Xi: Xy InputQuantity
which is illustrated in Figure 5.13 by the | Figure5.13. A Restriction on the Quantity
bold vertical dashed line. This policy cre- | °fInput1
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ates an unknown wedge between E(w?) and E(w?). Therefore, E(6,,) becomes an
endogenous variable in (5.28) such that

(5.72) EW?) —EW7;) — E(61,) = 0.
The quantity restriction that is added to the system of equations is given by
(573)  E(x7) = EQ@y).

The new system of equations now consists of (5.18)-(5.27), (5.72), (5.29), and
(5.73) such that (5.31) becomes:

1 - 0 0 00 0 0 0 0 0 0 O][EW@)][E®D]
0 0 0 1 0 0 -k —K, 0 0 0 0 OollE@™||E®Y
0 0 -1 0 1 0 —Kyo4 —Kyo;, 0 0 0 0 O||lE@)]|]|E®3)
0 0 -1 0 0 1 —Kjop; —Kyop, 0 0 0 0 OffE@D]||E®)
0 0 0 0 0 0 0 0 1 0 —g 0 O||E&D)||E®s)
0 0 0 0 00 0 0 0 1 0 —g O||EGD)||E®)
(5.74) |1t 0o -1 0 0 0 0 0 0 0 0 o0 O||EwWDHE®)]
0 0 0 010 0 0 -1 0 0 0 OfEW)||E®s
0 0 0 0 0 1 0 0 0 -1 0 0 O||EGD||E)
0 1 0 -100 0 0 0 0 0 0 O|[EG)]||E®10)
0 0 0 0 0 0 1 0 0 0 -1 0 -—1||EWw) 0
0 0 0 0 0 0 1 0 0 0 -1 O||EWw)|]|E®:2)
o o 0 10 0 0 0 0 0 O0lE®: )] LE®1)]

After parameterizing the A matrix, the 10% quantity restriction on input 1 is
introduced by setting E(i;) = -0.10 and all other E(6,) entries to 0 in vector b. The
solution to (5.74) yields the following changes in the endogenous variables:

[E(qP)1 1—0.0249
E([p®) 0.041
E(q®) —0.024
E(p°) 0.041
ExP)| [-o0.100
E(x2) 0.008
(5.75) y=|EwP)|=| o0.116|
E(w3) 0.008
EGH| [-0.100
E(x3) 0.008
EWwY) —0.500
E(ws3) 0.008
LE(6;1)] L 0.616-
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The legislated 10% reduction in the use of input 1 is represented by the value of
E(xD), and the restriction increases the demand price of input 1 by 11.6%. The mar-
ginal cost of supplying input 1 is reduced by 50% as indicated by E(w{). Note that
the sum of the absolute values of these two changes is identical to E(6;,) or 61.6%,
which represents the endogenously determined wedge between the demand price
and the supply price of input 1. The results show that the same 10% reduction in
the use of input 1, E(6,,), could have been obtained by imposing a 61.6% tax on
this input. However, this value would not be known prior to estimating the EDM.
The legislated 10% reduction in the use of input 1 reduces the quantity of output
produced and consumed, E(g°) and E(g"), by 2.4%. In addition, the price of the
output, E(p?) and E(p®), increases by 4.1%. The use of input 2, E(x3), increases by
0.8% and its price, E(w3), increases by 0.8%.

Policies Involving Two or More Simultaneous Restrictions

Most policy makers operate in a multidimensional policy and regulatory environ-
ment. For example, when the U.S. government implemented target price programs
(see Figure 5.6), it simultaneously required producers to reduce planted acreages
(i.e., a set-side requirement) if they wanted to receive the price subsidy. The pur-
pose of the restriction was to reduce production and avoid a surplus so that the
target price could be maintained with relatively low government outlays. The
set-aside provision can be modeled as an input restriction, as in Figure 5.13. An
EDM can be constructed to include both provisions by simultaneously adding two
wedges using two additional restrictions. The restrictions are imposed using equa-
tions (5.40), (5.60), and (5.41) and adding an equation that represents the restric-
tion on input I:

(5.76)  E(”) —E@®°) + E(619) = 0
(577) EWw?) —EW;) —E(6;1) =0
(5.78)  E(p*) = E()

(579)  E(x7) = E@2).

Equation (5.76) places an endogenous price wedge, E(6,,), between consumer
and producer prices, which represents the target price policy, while (5.77) places
an endogenous price wedge, E(6y;), between the demand and supply prices of
the restricted input. For our example, planted acreage is the restricted input that

is sufficient to reduce the use of input 1 by the targeted amount. Assume that
the producer target price, E(p®), is set 10% above the initial equilibrium price
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so that E(1,) = 0.10. Furthermore, assume that the program requires a concur-
rent 10% reduction in the use of input 1, E(x?). This is operationalized by setting
E(¥;) = -0.10. The new EDM system of equations is now (5.18)-(5.26), (5.76),
(5.77), (5.29), (5.78), and (5.79) such that (5.31) becomes

1 -n° 0 0 0 0 0 0 0 0 0 0 0 OIEW@)]ITEWG)]
0 0 0 100 -K —K, 0 0 0 0 0 O|E®™||E®)
0 0 -1 0 10 —-Koy, -Kyo, 0 0 0 0 0 OfE@)]||E®s)
0 0 -1 0 0 1 —Kyopy —Kyo,, 0 0 0 0 0 O||E®||E®)
0 0 0 000 0 0 1 0 -5 0 0 O||EGD)|]|EW®s)
0 0 0 000 0 0 0 1 0 —g 0 OfEGD]||E®s)
(5.80) 1 0 -1 0 0 0 0 0 0 0 0 0 0 0 E(wf)zE(&)'
00 0 010 0 0 -1 0 0 0 0 O|EwW)||E®
0 0 0 0 0 1 0 0 0 -1 0 0 0 O|llE&H]|]|EW®)
0 1 0 -1 00 0 0 0 0 0 0 1 OfE®x®) 0
0 0 0 000 1 0 0 0 -1 0 0 —1||Ew) 0
0 0 0 000 0 1 0 0 0 -1 0 Of|Ew)||EW®)
0 0 0 100 0 0 0 0 0 0 OfEBw)||E@)
o 0 0 010 0 0 0 0 0 0 O0lE®:)] LE@,)]

After parameterizing the A matrix, the 10% target price is introduced by setting
E(,) = 0.10 because the target price policy causes the output supply price to be
greater than the output demand price. The planted acreage quantity restriction on
input 1 is introduced by setting E(,) = -0.10. All other E(6;) entries in vector b
are set to 0. The solution to (5.80) yields the following changes in the endogenous
variables:

"E(qP)1 [ 0.008
E(P)| |-0.013
E(g5) 0.008
E(p%) 0.100
E(xP)| [-0.100
E(xD) 0.054
_|EwP)| | 0.208
G8D Y =1ewn)| =] 0054
E(x9) —0.100
E(x3) 0.054
EwS)| [-0.500
E(w3) 0.054
E(610) 0.113
LE(6;:)] L 0.708!
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The 10% target price coupled with a 10% reduction in planted acres increases the
quantity produced, E(¢q°), and consumed, E(g"), by 0.8%. Consumer price, E(p"),
declines by 1.3%, while the price received by producers, E(p*), increases by the man-
dated 10%. The target price policy creates a wedge between producer and consumer
prices of 11.3% relative to the initial equilibrium price. The sum of the increase in
producer price and the absolute value of the reduction in consumer price equals the
shadow value, E(6,,), of 11.3%. This represents the subsidy that would be paid by the
government on every bushel of grain produced if quantities were to clear the market.

The amount of planted acreage E(x?) declines by the legislated 10% reduction,
while its derived demand value or price, E(w?), increases by 20.8%. The marginal
cost or supply price, E(w7), decreases by 50% relative to its initial equilibrium price
and the sum of the absolute values of these two price changes equals 70.8% (50%
+20.8%) of the initial equilibrium price, which equals the shadow value, E(6,,), as
calculated by the EDM. The use of the substitute input, E(x5), increases by 5.4%
and its demand price, E(w3), and supply price, E(w3), increase by 5.4%.

Equation (5.43) illustrated the impact of a target price policy that was 10%
above the initial equilibrium price. In that example, the government would pay
producers 21.1% more than they receive in the market for every bushel of grain
produced. The target price policy would increase grain production by 6.7% rel-
ative to the initial equilibrium quantity. However, the simultaneously mandated
reduction in planted acreage results in only a 0.8% increase in the amount of
grain produced. In addition, the difference between the target price and the price
producers received for grain, E(6,,) = 11.3%, is lower than the difference that
occurred without the input restriction (21.1%) relative to the original equilibrium
price for all grain produced. Thus, coupling an acreage restriction with the target
price reduces government expenditures relative to a target price program that did
not include an acreage restriction.

Target Prices, Acreage Restrictions, and Yield Slippage

We conclude this discussion by adding an historical note. While planted-acreage
set-aside programs were relatively easy to enforce, the U.S. government was not
able to assess the quality of unplanted or, as termed, set-aside acreages. Producers
had incentives to use their least productive land to meet the set-aside rules. Hence,
while planted acreage declined by the legislated amount, grain production did not
decline by the expected amount because of yield slippage. That is, setting aside
lower-quality land did not reduce total production as much as had been antici-
pated. Coupled with the target price program, government expenditures on the
program exceeded expectations. Anticipating the acreage quality/production
quantity issue would have led to a more accurate assessment of the costs of the
program. The actual outcome of the program could have been partially addressed
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by realizing that a 10% acreage reduction was not going to achieve the desired
reduction in grain production.

One way to model this problem would be to assume that producers were likely
to set aside marginal land. Hence, the actual bushel-basis reduction was likely
to be similar to a reduction of planted acreage of only, say, 7.5%. To implement
this example, we operationalize (5.80) by introducing the 10% target price, E(i,)
= 0.10, and simultaneously impose a 7.5% restriction on planted acreage, E(,) =
-0.075. This smaller amount reflects yield or production slippage caused by setting
aside relatively marginal land. After setting all other E(6;) entries in vector b to 0,
the solution to (5.80) yields the following changes in the endogenous variables:

(E(qD)' [ 0.0191
E@®)| |-0.032
E(g%) 0.019
E(pS) 0.100
E(xP —0.075
E(xD) 0.060
(582) y= g(wlz) _| 0194|
(wP) 0.060
E$)| |-0.075
E(x$) 0.060
Ewd)| [-0.375
E(w$) 0.060
E(6,0) 0.132
E@D] L o560

The 10% target price, coupled with a 7.5% reduction in planted acreage,
increases the quantity produced, E(q°), and consumed, E(q"), by 1.9%, more
than double the 0.8% estimate in the previous example. Consumer price, E(p”),
declines by 3.2%, while the price received by producers, E(p®), increases by the
mandated 10%. The target price policy creates a wedge of 13.2% of the initial equi-
librium price between producer and consumer prices. The sum of the increase in
producer price and the absolute value of the reduction in consumer price is given
by the shadow value, E(6,,), of 13.2%. Note that the subsidy paid by the govern-
ment on every bushel of grain produced is larger in this example because yield
slippage caused production to be larger than anticipated.

The amount of planted acreage, E(x?) and E(x7), declined by the legislated 7.5%
amount, while its derived demand value or price, E(w?), increased by 19.4%. The
marginal cost or supply price, E(w?), decreased by 37.5% relative to its initial equi-
librium price and the sum of the absolute values of these two price changes is equal
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to 56.9%, which equals its shadow value, E(6,,), as calculated by the EDM. The
use of input 2, E(x%) and E(x3), increased by 6% and its demand and supply price,
E(w?%) and E(w3), also increased by 6%.

This example illustrates how government outlays could have been more real-
istically estimated had the issue of yield slippage been considered. Alternatively,
the policy could have increased the set-aside acreages beyond 10% to arrive at the
desired reduction in grain production. An EDM could have been used to evaluate
differing set-aside requirements and estimate government outlays.

Regulation of Relative Input Use
Concerns of environmental pollution or other negative externalities have led to
the regulation of input use, with many regulations altering the relative amounts of
inputs used to produce an output. For example, some European countries restrict
the amount of nitrogen fertilizer that can be applied to an acre of land and many
regions have restricted pesticide use. In the United States, Atwood and Helmers
(1998) examine the effects of a proposed per acre fertilizer restriction on the quan-
tity and quality of feed grain production. The restriction on the use of one input
alters the relative amounts of inputs used to produce an output.
Assume that a policy mandates a reduction in the use of input 2 relative to
input 1. For the case of two inputs, the policy can be modeled by defining
X2
r=2>2
X1
which is the ratio of amount of input 2 used relative to input 1. A policy that restricts
the amount of input 2 that can be applied to an input such as land is a restriction on
the size of r.
Figure 5.14 illustrates the effect of a relative input restriction. The relative input
use restriction places related price wedges in both input markets but in opposite

Input SZ‘ Input gx
Price Price 0

D
w 2,1

Xy
DO

X1,0 Xy, Input Quantity 0 X5 X50 Input Quantity

Figure 5.14. Regulation of Relative Input Use
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directions. That is, the supply price of input 1, wi,, is greater than its demand
price, w?,, while the demand price of input 2, w?,, is larger than its supply
price, w3 . By construction, a regulation that limits the use of input 2 relative to
input 1 necessarily increases the use of input 1 relative to input 2.

Figure 5.14 indicates that the effect of restricting the use of input 2 essentially
provides a subsidy for input 1 that increases its use. Figure 5.14 illustrates that the
resulting wedges between input prices are related. The wedge in the input 2 market
equals 6 and the wedge in the input 1 market equals r. Note that at the original
nonregulated equilibrium, the input demand and supply prices are equal (6 = 0)
and the original relative input use level is

X2,0

Ty = —.
X1,0

Restricting the relative input use to

X2

T =
R X1

is equivalent to requiring

(5.83) T‘Rx1 - x2 == 0

To obtain the correct specification of the related wedges, we construct a
Lagrangian of the producer’s profit function with the relative input use restriction

(5.84) L=p5f(x) —wix; —w5x, + 0[rrx; — X5],

where w;are the observed input prices.
Differentiating (5.84) with respect to x;, x,, and 6 gives the following first-order
conditions (FOCs):

(5.85) pSfi—wi+0rz=0
(5.86) pSfb—ws —0=0
(5.87) TRX1 —x, =0

where wi and w3 are the prices that producers pay for inputs 1 and 2, respectively.
However, (5.85) and (5.86) indicate that the constraint on input usage causes pro-
ducers to behave “as if” their input demand prices were w3 = wi - 6rg and w5 =
w; + 6. Therefore, the following system of equations models producer decision
making “as if” input demand prices were
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(5.88) p*fi—wi =0

(589) pSfr—wy =0

(5.90) wP =w; — 130

(591) wl=w;+6

(5.92) X =TRX;.

The resulting system indicates that the relative input use restriction has driven
wedges between input prices, as demonstrated in Figure 5.14, with the net effect
being equivalent to simultaneously providing a per unit subsidy of rz0 in the
input 1 market and imposing a per unit tax of 6 in the input 2 market. Conse-
quently, the resulting value of 6 is endogenous.

To convert (5.90)-(5.92) into a proportional elasticity form, we begin at the
original unregulated equilibrium, with

X2,0
’rO = —
X1,0

and w? = w;, or 6, = 0. Taking the total differential of (5.90) yields
(5.93) adwP =aw? —r,d8 — ydry.

At the initial equilibrium, (5.93) is

(5.94) dwP =dw’ — Z—:Zd@ — 0dry.

Multiplying (5.94) by ﬁ results in

dwp _awi  xp0 1

D — D ___Ddg'

Wio Wio  X10Wip

(5.95)

Multiplying the first term on the right-hand side of (5.95) by X—if’ and the second
term by % results in *

0

dWlD dwf Wf,o X2,0 Wig,o 1
(5.960) B =0 WS Ty ws wp 40

S S
Wio Wio Wio X1,0W32,0Wip

or, upon rearranging terms,

dWD Wio dWS WZS’O X2,0 a6
(597) SBL=iedui  VeoZse 47

D .S D S -
W10 W10 Wio W10 X1,0 W20
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At the initial equilibrium point, w% = wi,, (5.97) is

awP aws  wioxao 46
(5.98) —5 =gt ——F———

D S
W7o Wio  Wio0X1,0W2po

or, in proportional elasticity form,
(5.99) EwP) = EWP) = 2E(012),

where K; and K, are factor shares.
The total differential of (5.91) gives

(5100) dws =dw; + d8.

Multiplying (5.100) by @ results in

dWZD dWZ
: =—5 ——5-ab.
(5.101) W2 = WD T WD
Multiplying each term on the right-hand side of (5.101) by 7 wio * results in
(5.102) d"LV)Z = Md% wio df

D D .S *
W20 W20 W20  WzoW3o

Because w3, = w3, at the initial equilibrium point, (5.102) can be written in pro-
portional elasticity form as

(5.103) EW2) =EWs3) + E(8,).

To complete the model, the total differential of (5.92) is given by
(5.104) dx,; = rodxy + x10d71R.

Multiplying (5.104) by ;- yields

(5.105) L2=_1 X204y + 2 dry

X2,0 X2,0 X1,0
or

(5106) 2=

2,0 X1,0 To

In proportional elasticity form, (5.106) becomes
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(5.107) E(xz) = E(xl) + E(T‘R).

The EDM for this problem requires that E(6,;) in (5.99) and (5.103) be an
endogenous variable. Therefore, we move E(6;,) to the left-hand side of each equa-
tion such that

(5.108) E(WP)—EWw?) + %E(Glz) =0
1
and
(5109) EW?)—E(Ww;) — E(6;;) = 0.
Equations (5.108) and (5.109) replace (5.28) and (5.29) in the EDM. In addi-
tion, the following restriction requires that E(x;) be moved to the left-hand side of
(5.107) to operationalize the model as

(5.110) E(x,) — E(xy) = E(rg).

Therefore, the EDM for the relative input usage problem consists of (5.18)-
(5.27), (5.108), (5.109), and (5.110) which results in

1 -2 0 0 0 0 0 0 0 0 0 0 0 1[E@")] [E®)]
0 0 0 1 0 0 —K -K, 0 0 0 0 0 |[E®@™)| |E62
0 0 -1 0 1 0 —Kioyy Ko, 0 O 0 0 0 ||E@® E(65)
0 0 -1 0 0 1 —K, —Kyop, 0 0 0 0 0 [|E®S E(6,)
0 0 0 0 00 0 0 1 0 —g 0 0 ||EG&P E(6s)
0 0 0 0 00 0 0 0 1 0 -g 0 |[EGxD)| | E6e)
(5.111) |1+ o -1 0o 00 0 0 0 0 0 0 0 [|[EWD|=|E®)|
0 o0 0 0 10 0 0 -1 0 0 0 0 [[EmwD)]| |[E(6)
0 0 0 0 0 1 0 0 0 -1 0 0 0 || E(x) E(65)
0 1 0 -1 0 0 0 0 0 0 0 0 0 |[EG3)| |EBr0)
00 0 0 00 1 0 0 0 -1 0 Kpy/K|EWw) 0
0 0 0 0 00 0 1 0 0 0 -1 -1 ||[EWD 0
lo o 0 0 -1 1 0 0 0 0 0 0 0 1E61)] LE(r)!

A policy that reduces the use of input 2 by 10% relative to input 1 is evaluated in
the EDM by setting E(rz) equal to —0.10 in vector b, with all other elements set to 0.
The solution to (5.111) is
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E(g")] (—0.022‘
E(") 0.036
E(g%) —0.022
E(»%) 0.036
E(xP) 0.048
E(x? —0.052
(5112) y=|EwWP)|=[-0.034]
EWw?) 0.066
E(x3?) 0.048
E(x3) —0.052
Ewy) 0.241
E(ws) —0.052
£l | 0118

The EDM solution indicates that the use of input 1 increases by 4.8% and the
use of input 2 declines by 5.2%. Note that the sum of the absolute values of the two
changes is equal to the percentage change as dictated by the policy, E(x,) - E(x;) =

-0.10. The percentage change in relative input use,

1+E(xz) _ 0948 _ 0.0905

1+E(x;)  1.048

differs slightly from the expected value of 0.090 because of the EDM’s lin-
ear approximation of the system.” With the relative input restriction, the output
quantity, E(q°), decreases by 2.2% and output price, E(p®), increases by 3.6%. The
market price of input 1, E(w3), increases by 24.1% and the market price of input 2,
E(ws3), decreases by 5.2%.

Summary
This chapter expands the one-output, two-input model presented in Chapter 4 to
allow for the modeling of policy or regulatory shocks. Policy-related actions are
modeled within an EDM framework as price or quantity wedges added to the rel-
evant equilibrium equations. Initial wedges may be predetermined by a specific
legislative action, but the effects on other variables are endogenous to the system.
Some policy actions result in wedges between demand and supply prices or
quantities that are themselves endogenous to the system. To accommodate this
endogeneity, policy and regulatory actions must be modeled with one or more
additional restrictions. The process is analogous to the use of Lagrangian equa-

1+E(x3) = 0.99
1+E(x1) U

7 Using a smaller regulatory ratio shock of —0.01 on the right-hand side of (5.111) for E(r) results in
indicating that the EDM-estimated factor ratio declines by an amount quite close to 1%.
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tions as means for adding a constraint to an optimization process. The
addition of each restriction requires that a new parameter—a shadow
value—be added to the system for the purpose of system identification.
The restriction that is added is specific to the issue being addressed. It is
often useful to graphically illustrate the effects of policies on supply and
demand functions prior to specifying changes in EDM equilibrium equa-
tions or adding new restrictions.



Chapter Six

RELAXING THE ASSUMPTION OF
PERFECT COMPETITION

To this point, we have developed and implemented equilibrium displace-
ment models (EDMs) assuming that markets are perfectly competitive
(i.e., individual producers cannot influence prices received or paid). In this
chapter, we demonstrate how EDMs can be used to model market struc-
tures that vary from a single-seller monopoly to monopolistic competition.
We define market power as a situation in which prices paid or received for a
good or service differ from their marginal costs of production.® EDMs can
be used to model a monopolistically competitive environment in which
individual firms have a small degree of market power for their own prod-
ucts while facing a more inelastic own-price elasticity of demand in the
aggregate product market. This type of structure is common in the food
sector and often occurs in the form of brand name recognition.

Market Power in the Output Market

Given an EDM’s ability to accommodate differences between the prices
paid by consumers, p”, and the per unit marginal cost of production (i.e.,
producer price), p*, we demonstrate how an EDM can be used to model
market power. We use price wedges to show that market power can be
modeled as if consumers are being charged a per unit tax by a monopolist.
Similarly, monopsony market power could be modeled as a “tax” on input
purchases. We present a model in which a monopolist initially deter-
mines and sets its profit maximizing output and selling price, p®, given
the own-price elasticity of demand for its product. Further, we consider
the impact of regulatory actions on a monopolist by placing a ceiling on
its output price to move monopoly prices toward competitive equilib-
rium prices.

8 Monopsony power in input markets can be similarly defined using wedges between marginal values of
and prices paid for inputs.
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A Model of Market Power ]
If an output market is imperfectly com- | rce
petitive, the result is higher output prices p°
and/or lower input prices and reduced

industry output. Consequently, the mech- Po

anism used to model the impacts of mar-
ket power on price and quantity equilib-
ria is analogous to that used to estimate
changes in equilibria caused by a tax on
output. These effects can be estimated a, q, Output Quantity
by placjng a Wedge between consumer Figure 6.1. Imperfect Competition in the
and producer prices in the output mar- Output Market

ket. However, the interpretation of changes in equilibrium prices differs from the
tax example.

If market power is assumed to cause a 10% price wedge between output demand
and supply prices, then Figure 6.1 illustrates the impact of an imperfectly compet-
itive market.’ In a perfectly competitive market, the equilibrium price would be
po and the equilibrium quantity would be q,. Imperfect competition places a price
wedge between the price paid by consumers, pj, and the per unit costs incurred by
producers, p;,. In addition, the equilibrium quantity exchanged in the market, g,,,
is reduced from the initial equilibrium quantity, gq,.

The 10% price wedge would be entered in vector b of (5.31) as E(6,,) = 0.10 with
all other values set equal to 0. The change in endogenous variables are obtained by
solving (5.32):

[E(qP)]1 [—0.032]
E(p) 0.053
E@@S| |-0.032
E@S)| |[-0.047
EGP)| |-0.013
EGD)|[ |-0.039
©D Y =1pwr)| = | —0.066|
EwD)| [-0.039
Ex{)| [-0.013
E(x3)| [-0.039
E(w$ —0.066
[E(ws)] 1—0.039

9  We use a 10% wedge as an example. Little empirical work exists to indicate whether such a measure is representative
for any particular industry. For output markets, the wedge represents the difference between consumer prices and
the marginal costs of production, which are difficult to measure or estimate. New empirical industrial organization
techniques often estimate a Lerner index using own-price elasticities of demand as a proxy for this wedge (Bhuyan
and Lopez, 1997).



SIX: RELAXING THE ASSUMPTION OF PERFECT COMPETITION

Similar to the effects of a 10% tax, market power in this industry causes a
3.2% decrease in quantity of output produced, E(q°), and consumed, E(g”), and
consumers pay 5.3% more than the original equilibrium price, E(p”). However,
assuming that market power occurs in the processing sector, producers in that
sector receive the consumer price for their output and incur a 4.7% reduction
in their marginal costs of production, E(p®), relative to the original equilibrium
price. Note that the sum of the absolute values of these two changes represents the
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From: Student@UEconomics.edu

To: Professor Watson

Date: Thursday, 11 Nov 2021 at 12:01 p.m.
Subject: Chapter6

Dear Professor Watson,

I am a little confused when you refer to market power and monopoly. Aren’t those against the
law and, if they are hard to parameterize, then why are we doing them?

Ning

From: Professor Watson

To: Student@UEconomics.edu

Date: Thursday, 11 Nov 2021 at 14:08 p.m.
Re: Chapter 6

Dear Class,

This is a good question, Ning. We spoke about monopolistic or oligopolistic competition
because many industries in the food sector exhibit this form of market structure. Namely, firms
try to create differentiated products and services to acquire buyer loyalty. Essentially, thisis an
attempt to make the demand curve for a firm’s product more inelastic. There is nothing wrong
with these efforts because buyers value product differentiation. | used the example of prod-

uct branding in class. Not all brands are equal, right? Consider Interbrand’s annual list of the

100 most valuable brands, which can be found at https://interbrand.com/best-brands/. There are
a number of well-known food brands on that list. Those of you who have taken Professor Wang's
food marketing course have likely studied determinants of such brands.

Itis very difficult to create parameters that measure market power. The exercise of market
power can, however, harm consumers and producers if price manipulation occurs. And collu-
sion among firms to set market quantities and prices is illegal. However, we must recognize that
many industries in agriculture have only a few buyers for farm-gate commodities or that con-
centration exists in processing industries that supply restaurants, hospital, and other institutions
(including retail grocery outlets). Thus, an EDM model can be created to recognize the structure
of anindustry.

All the best,
Dr. Watson



https://interbrand.com/best-brands/
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assumed 10% wedge. In this example, market power reduces the use of input 1 by
1.3% with a concurrent decline of 6.6% in price. The use, E(x3), and price, E(w5), of
input 2 decline by 3.9%. Finally, note that the price consumers pay for the reduced
level of output is greater than the supply or marginal costs of producing the out-
put, as illustrated in Figure 6.1. This difference, coupled with the reduction in out-
put, represents the basis for deadweight losses that result from imperfect market
competition.

Monopoly Pricing and a Price Ceiling
The previous example assumed a known price wedge between the price consum-
ers pay for output and the per unit cost of producing that output that results from
market power. If we assume an unregulated monopoly, then the size of a monop-
olist’s profit-maximizing price wedge is a well-known function of the own-price
elasticity of demand for its product.

To develop an EDM that incorporates this issue, we begin with the monopolist’s
profit function,

(62) m=pu(@(x))q(x) —wx,

and differentiate it with respect to x to obtain the following first-order conditions:
(6.3) T = %fxq +pmfr—wP =0

or

d D
(64) .= (ph+2q) fr—wP =0.

If we define

d D
65 pi =pi + 14,

then we can write the monopolist's FOCs as
(6.6) pufy—wP=0

to obtain an expression that provides the monopoly relationship between per unit
cost, p;, and the price consumers pay for the monopoly output, p2, as noted in
(6.5). Before taking total differentials and constructing proportional elasticity
equations, we multiply the second term of the right-hand side of (6.5) by %:
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s _.p  40m 4 p
(6.7) py =py+ 4q oD PM

or
68) i =ph(1+75),

where 1" is the own-price elasticity of demand at the monopolist’s optimally chosen
output level, g,,. The well-known result is that a monopolist’s optimal output level
occurs on the elastic portion of the demand curve, where |7”| > 1. We assume that
a monopolist chooses their initial unregulated output level, g,,, and the resulting
prices, pb and pS, as indicated in (6.8) and in Figure 6.2.

If we divide (6.8) by pj), we obtain the J
market power initial equilibrium price | “pee So
ratio (RY), used in the following EDM i .
M
derivations: A }W
Pel=--
R 1
S p 1
M _ PM _ 1 [ = r
i e 0,
Sl ———-—
Assume a monopolist faces a regula- Pu P
tory price ceiling set at level p2 < p?, or bl
| | |
0 g
q.q q Output Quantity
6.10) pR =ph + v
( ) PR Py + 1, Figure 6.2. A Regulated Monopoly

where 1, is an exogenously mandated reduction in consumer price for the output.

To model the after-regulation price wedge, let 6, be an endogenous variable:
(6.11) pP? =pS+ 64,.

Taking the total differential of (6.11) results in

(6.12) dpP =dpS + db,,.

Multiplying (6.12) by é results in

dpP?  dpS | 46
1 — =—+—.

Multiplying the first term on the left-hand side of (6.13) by % yields

dp? _ dapSpy | db10
(6.14) —F5 =—F=<*+—
M Pm Pm Pm
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or, using (6.9),
dapP M aprS | déi,
. — = R¢p — .
(6.15) ) SD 38 + )

In proportional elasticity form, (6.15) becomes
(6.16)  E(py) = RspE (pa) + E(810)-

The necessary restriction to impose a regulatory price ceiling is obtained by dif-
ferentiating (6.10) given the initial monopoly price, which yields

(6.17)  dpP = diy,.

Multiplying (6.17) by $ results in

ap?  dy
18) 5 ==
(6.18) Py P

or

(6.19) E®P) =E@,),

with E(i,) < 0. After moving the endogenous variables to the left-hand side in
(6.16), the EDM for this problem consists of (5.18)-(5.26), (6.16), (5.28), (5.29), and
(6.19). With these changes, (5.31) becomes

1 - 0 0 0 0 O 0 0 0 0 0 OJ[E@)][E®)]
0 0 0 1 00 -K —K, 0 0 0 0 O||lE®™||E®
0 0 -1 0 1 0 —Kyo4 —-Keo,, 0 0 0 0 O0|lE@]||E®s)
0 0 -1 0 0 1 —-Koy —Ky5, 0 0 0 0 O||E®]||E®
0 0 0 0 00 O 0 1 0 —g 0 O||EGP)||E®s)
0 0 0 0 00 O 0 0 1 0 —& O||EGD||E®s
(620) [t 0 -1 0o 00 0 0 0 0 0 0 OffEW)E®)
0 0 0 0 10 0 0 -1 0 0 0 O|[EWD)|]|E®Bs
0 0 0 0 0 1 0 0 0 -1 0 Of[ EG) | | EC69)
0 1 0 —RY 0 0 0O 0 0 0 0 —1|| E@x) 0
0 0 0o 0 00 1 0 0 0 -1 O[[Ew) | |E(B11)
0 0 0 0 00 O 1 0 0 0 -1 O||Ew)|]|E®w)
0 1 0 0 00 0 0 0 0 0 0 OolE®GLE@W,)]

We assume that ” = -2.0, which results in
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(621) R =(1+ niD) = (1+-2)=050."

Setting E(1;) = -0.10 and all other E(6,) = 0 in vector b, the solution to (6.20) is

(E(qD)- ( 0.2001
E(p®) —0.100
IACR) 0.200
E(®) 0.300
E(xD) 0.083
E(xD) 0.250
6.22) y=|EwP)|=| 0.417]
E(w?) 0.250
E(x$) 0.083
E(x3) 0.250
EWwy) 0.417
Ew) 0.250
LE(Hlo)_ | 0.250-

The results in (6.22) indicate that the regulatory policy reduces consumer prices,
E(p®), by the expected 10% while monopoly output, E(q") and E(q°), increases by
20%. The per unit cost, E(p*), at the regulatory-induced output level increases by
30%. The increased output increases both input quantities and prices. The shadow
value, E(6,,), equals 25%, which is the difference between the after-regulation
demand and supply prices as a proportion of the monopoly original demand
price, pb.

To verify this result, we note that

(6.23) p? =pn(1+E@®D)

and
(624) pS=py(1+E®S)) =RMpH(1 + E(®)).

Subtracting (6.24) from (6.23) results in the Lerner index of

(6.25) ”25’5 = (1+E®") - R5 (1 + E(®%)).

Using the results presented in (6.22), expression (6.25) results in

10 It is common to choose numbers that might make sense theoretically in these types of models because actual values
are difficult to estimate empirically.
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e _ _
(6.26) —5—=(1-10.10) - (0.5(1 + 0.30)) = 0.90 — 0.65 = 0.25.
M

The implication of (6.26) is that imperfect competition causes the price that con-
sumers pay for the good or service to be 25% higher than the marginal cost of pro-
ducing the good or service.

Price Regulation Needed to Obtain the Competitive Equilibrium Result
The inverse of the A matrix presented in (6.20) is used to estimate the amount of
the price reduction, E(1;), that would be required to generate a competitive price
outcome such that p” = p. To identify this value, we use the multiplier values mp
and ms from the second (mp = 1.00) and fourth (ms = -3.00) rows of the last col-
umn of the A™" matrix presented in the accompanying Excel workbook.

The system implies that

(0.27)  p® = pu (1 +mpyy)

and

(6.28) pS =py(1+ mgy).
Substituting (6.9) into (6.28) for p; yields
(6.29)  p* = Rsppu (1 +mgihy).
Dividing (6.29) by (6.27) yields

(630) 25 =RY, (=),

The competitive price result is given by ﬁ—z = 1. Therefore, in the case of a competi-
tive equilibrium outcome, (6.30) would be

_ pM [1+msy,
(631) 1=RY, (—1+mD wl)'
Multiplying both sides of (6.31) by 1 + mp 1), results in
(6.32) (1 +mpy) = Rp (1 + mgihy).
Expanding (6.32) yields
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or
(6.34)  (Rspmsipy —mphy) =1 - R
and, upon solving for 1,

(6.35)  (Rspms —mp)Ppy = (1 — R§p)

or

_ 1-RM

(636) Y1 = g

Using our numerical example for which R%, = 0.5, mp = 1.00, and ms = -3.0,
(6.36) becomes

(1-0.5)

053D —0.20.

(6.37) P, =
Therefore, 0.20 (20%) represents the size of the regulatory price ceiling that
reduces consumer price to its competitive equilibrium. That is, placing a price
ceiling on the good or service that is 20% below the imperfectly competitive price
would generate a competitive price and quantity equilibrium. As a check on this
value, note that using (6.30) yields

(638) L5 = Rl (L) - 5 (U2C0200) _ g 5(26) — 1,

1+mp, (1+1(-0.20)) 0.8

Monopolistic Competition

The perfectly competitive model assumes that individual firms face infinitely elas-
tic demand curves while equilibria at the industry level could occur in the elastic
or inelastic range of the aggregate output demand curve. For monopolistic com-
petition, we relax the perfectly competitive assumption and allow firms to have
a small amount of market power. That is, an industry may function in an area of
the market demand curve that is in the elastic or inelastic range. However, firms
within that industry face a more elastic demand curve for their products relative
to the overall market demand curve. This is common for monopolistically com-
petitive firms for which brand recognition provides some small amount of market
power. While a brand allows a producer to trade off quantity and price to some
degree, the size of this trade-off is substantially influenced by the number and
quality of substitutes for each brand and the market demand elasticity.
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Assume that each firm within an industry faces an own-price elasticity of
demand for their branded product of ' = -20.0 and that the own-price elasticity of
demand for all products in the industry is n® = -0.60. In this case, the initial price
wedge in (6.9) uses the firm-level elasticity of demand:"

1
-20.0

Mc _ Phc _ 1) _ —
(6.39) RM _Pﬁc_(1+nf)_(1+ )_0.95.

In our general EDM system, if we replace (5.27) with
(6:40)  E(®") = Rsp E(p*) + E(610),

we can use the model to consider monopolistically competitive responses to pol-
icy changes.

Consequently, we have two ways to incorporate imperfect competition in
EDMs. One approach is to place a “tax” between demand and supply prices in a
market that represents the impact of imperfect competition. Alternatively, we can
directly include a Lerner index that represents market power in an EDM. The two
approaches yield similar results.

Summary

This chapter demonstrated that EDMs can be used to relax the assumption of per-
fectly competitive input or output markets. Imperfect competition places a wedge
between the prices that consumers pay for a product or service and its marginal
cost of production. Hence, imperfect competition can be modeled by EDMs as if
a tax has been placed on a good or service. Further, many economic sectors are
characterized by monopolistic competition. By including a Lerner index, EDMs
can also be used to model those situations.

11 Note that as n’ = oo, RUE — 1 and we obtain the original competitive result in expression (5.15)
as E(610) = 0.



Chapter Seven

EDM POLICY APPLICATIONS: MULTIPLE MARKETS

In Chapters 5 and 6, we considered an equilibrium displacement model
(EDM) for a one-output, two-input production process that occurred at a
single market stage. In this chapter, we expand that basic model to include
three inputs and consider both horizontal and vertical linkages in output
markets. We demonstrate that EDMs can accommodate a wide variety of
market linkages. For example, EDMs can be constructed to consider both
imports and exports or to incorporate product substitutes and vertically
connected market stages.

Product Imports and Exports

The following example represents a model of the U.S. beef industry. The
U.S. beef production sector uses cattle and other inputs to produce con-
sumer beef products. In addition, processing and fabrication companies
both import and export beef. Some processing firms operate across global
markets. We assume that the supply of imported beef, g3, is a function of
the price of imported beef, p', and that the demand for exported beef, g%,
is a function of the price of exported beef, p”. Therefore,

(7.1)  qi =q; (®";
(72) ap = qg(P").

Equation (7.1) represents the supply of imported beef offered to the
U.S. market by foreign suppliers. When the price of beef increases, foreign
suppliers of beef in countries such as Australia, New Zealand, Canada,
and Mexico are willing to increase their quantity supplied of beef to the
U.S. market. Given this upward-sloping supply function, decreases in the
price that foreign producers receive for beef in the United States reduce the
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quantity supplied of imported beef. Equation (7.2) represents the foreign demand
for U.S. beef exports. When the price of U.S. beef that is exported to other countries
increases, consumers in foreign countries reduce their quantity demanded. The
opposite scenario is also true. Converting (7.1) and (7.2) into proportional elasticity
forms under the assumption that quantities of imports and exports demanded are
equal to the quantity of imports and exports supplied, we obtain

(7.3) E(QI) = EIE(pI)
(7.4) E(qg) = ngE (%)

where & is the own-price elasticity of supply of imported beef and ng is the
own-price elasticity of demand for beef exports.

The amount of beef available in the domestic market, g°, is a combination
of domestic production, g°, plus the quantity of imports, q;, less the quantity of
exports, gz, which is illustrated by

(7.5 ¢° =q¢° + a1 = qs.
Totally differentiating (7.5) yields:
(7.6) dqP =dq5+dq, — dqg.

Dividing (7.6) by g” results in

aq® _ aq® | dar _ dgg
U7 =t e T
To convert to proportional elasticities, the first term on the right-hand side of
N
(7.7) is multiplied by £, the second term by Z, and the third term by 2£:
p Y 5 y Y
q qi qE

(7.8) 44° _ (q_s)d_qs N (ﬂ)ﬂ_ (@)@

qP qP/) ¢ qP/ q; qP/ qg’

or

(7.9) E(q°) = RsE(q@®) + RiE(q)) — ReE(qg),

where Rs represents a proportional quantity weight of domestic production, Z—Z,
R represents the proportional quantity weight of imports, :TI)’ and Ry represents
the proportional quantity weight of exports, Z—ﬁ. Note that in the absence of storage,
Rs + R; — Ry must sum to 1 (or 100% in percentage terms). For example, since 2010,
the United States has annually exported about 8% of its total beef supply, R, and
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imported about 12% of its total beef supply, R;. Consequently, Rs = 96%
(96% +12% — 8% =100%).

For simplicity of illustration, U.S. beef imports and exports are assumed
to be of similar quality. However, EDMs can easily accommodate product
differentiation by using differing prices. Two additional equilibrium equa-
tions are needed to identify the expanded system. In the absence of market
interventions and under the assumption of similar quality, we assume that
the price of imported beef, p/, and the price of exported beef, p*, are both
equal to the price of domestic beef, p, so that

(7.10) p'=p®
(711)  p® =p°.

To convert to proportional elasticity forms, we totally differentiate
(7.10) and (7.11) to yield

(7.12) dp' = dpP
(7.13) dp® =dp®.
Dividing (7.12) by p’and (7.13) by p” results in

1 D
(7.14) L 4P

p! p!

(7.15) @pZ _ dp
pE p

Multiplying the right-hand side of equations (7.14) and (7.15) by Z—g yields

@ - ()2
(716) = (B5) %%

@ ()
717) = (%)%

and converting to proportional elasticity forms

(718) E(p') = (’;—l,)) E(p”)

719 E@®) = (%) EG™).
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Note that ’;—l,) and Z_Z are equal to 1 if price wedges between domestic beef prices
and import and export prices do not exist. These values can be altered to reflect
differences in quality of imports and exports.

An EDM that includes imports and exports is developed using our base model
from Chapter 5, which includes (5.18)-(5.23) and (5.25)-(5.29), and adding the
terms representing horizontal linkages using (7.3), (7.4), (7.9), (7.18), and (7.19).
This results in

(720)  E(q") =n"E(®") + E(6,)

(7.21)  E(P%) = KiE(W?) + K,E(w?) + E(6,)

(7.22)  E(xP) = E(q°) + Kyo1.E(WP) + Ky00,E(W2) + E(65)
(7.23)  E(x?) = E(q°) + Ky0,3: EWD) + Koo, E(W2) + E(6,)
(7.24) E(x{) = 5EW}) + E(65)

(7.25) E(x3) = &gE(W3) + E(6¢)

(7.26) E(q;) = gE@") + E(6;)

(727)  E(qe) = neE®®) + E(6s)

(7.28) E(q) = RsE(q°) + R,E(q)) — ReE(qg)

(7.29) E(xP) = E(x{) + E(65)

(7.30) E(x2) =E(x5) + E(0,0)

(731)  E(") = E(p®) + E(611)

(7.32) Ew) = EWy) + E(612)

(7.33) E(w7) =EW3) + E(6;3)

739 E@) = (%) EQ) + E©1)

735 E@") = (%) EG™) + E(0:5).
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Moving the endogenous variables of (7.20)~(7.35) to the left-hand side yields
(7.36) E(q°) —nPE(p®) = E(61)
(737) E@®®) — K,EW?) — KE(w?) = E(6,)
(7.38)  E(x?) — E(q°) — Kyo1, EW?) — Ky01,E(W3) = E(65)
(739)  E(x3) — E(q@®) — K105 EW?) — Kp02,E(W3) = E(6,)
(7.40) E(x7) — & E(Wy) = E(65)
(741)  E(x3) — &,E(w3) = E(66)
(7.42) E(q) — gE@") = E(6;)
(7.43)  E(qe) —neE®®) = E(65)
(7.44) E(q") — RsE(q®) — R;E(qr) + RpE(qp) =0
(7.45) E(x?) — E(x7) = E(65)
(7.46) E(x7) — E(x3) = E(610)
(7.47) E@®) —E(®) = E(611)
(7.48) E(w{) — EWyi) = E(61,)

(7.49) Ew7) —Ew3) = E(6;3)
(750 E@") - (2)EG") = E@1,)
750 E@") - (2) E@P) = E(6ss).

The exogenous shocks represented by 0;-6,5 can be used to evaluate policies or
interventions to the system of equations. The choice of shock depends upon the
specific application. Using linear algebra, (7.36)—(7.51) can be written as

(752) Ay=b,
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where 4 is a 16 X 16 matrix of parameters, y is a 16 X 1 vector of endogenous vari-
ables, and b is a 16 X 1 vector of exogenous shocks such that

n -n° 0 000 0 0 00 0 0 0 0 0 071E@G)] [E®)
0 0 0 100 -k -K, 0 0 o0 0 o0 o0 0 o0]|EE)| [E®6Y
0 0 -1 010 —Koy K, 0 0 0 0 0 0 0 0|[E@)| |E®
0 0 -1 0 0 1 —Koy —Kyo, 0 0 0 0 0 0 0 o0||E@)| |E®Y
0 0 0 000 0 0 1 0 — 0 0 0 0 o0]|EaD| |E®
0 0 0 000 0 0 001 0 —5 0 0 0 o0 ||EGD| |E®
0 0 0 000 0 0 00 0 0 1 -g 0 o0|[EWD| |E®)
0 0 0 000 0 0 000 0 0 0 0 1 -n|lEwdH| |E®G
(7.53) 1 0 —Rg 0 0 0 0 0 0 0 0 0 -® 0 R o|lE@d| | o |
0 0 0 010 0 0 -1 0 0 0 0 0 0 0[E&H| |E®)
0 0 0 001 0 0 0 -1 0 0 0 0 0 o0||[Ew)H| |EG
0 1 0 -1 00 0 0 000 0o 0 0 0 o0 o]|EwH| |EG
0 0 0 000 1 0 00 -1 0 0 0 0 o0|E@]| |EG6
0 0 0 000 0 1 000 0 -1 0 0 0 0| E@)| |EG
0 —p®/p' 0 0 00 0 0 000 0 0 0 1 0 0|E@| |EGW
lo —p?/pE 0 0 0 0 0 0 oo o o o o o 1llEpH! lE®GY

After parameterizing the A matrix, the endogenous variables in (7.53) can be
solved for any exogenous shock b as

(754) y=A"1b.

As we have done throughout this book, we follow Gardner’s (1988) parameteriza-
tion and assume that the own-price elasticity of demand, n”, is —0.60. The own-price
elasticities of input supply, €, and &, are 0.20 and 1.0, respectively, while the factor
shares of x; (K;) and x, (K;) are 0.30 and 0.70. Assuming o;, = 0,; = 1.0, then

11 Ky 0.30 '
22 K, 0.70 ' :

In addition, we use the average import and export shares of the U.S. beef market
over the past decade so that Rg = 0.08 and R; = 0.12. Therefore, Rs = 0.96. The
United States is a major beef importer and foreign countries readily supply the
market with imports. In fact, the U.S. imposes tariff-rate quotas on beef imports
from Argentina, Australia, New Zealand, Uruguay, and others as a means of sup-
porting the domestic industry. Hence, we assume that the own-price elasticity of
beef import supply, ¢, is relatively elastic (2.0). Tani and Kusakari (2018) estimate
that consumers in Japan, a major importer of U.S. beef, have a relatively inelastic
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own-price elasticity of demand for imported beef of —0.27. Therefore, we use that
estimate for the own-price elasticity of demand for U.S. beef exports, 1.

Import Tariffs

Suppose that the United States decided to impose a 10% ad valorem tarift on
imported beef. This would be represented by setting E(6,,) = -0.10 in vector b of
(7.53) because the tariff causes the price received by foreign producers who export
beef to the United States to decline below the price received by U.S. producers. All
other entries in the vector are set equal to 0. The following changes in the endoge-
nous variables are obtained by solving (7.54) such that

"E(g”)] [—0-0101
E(pP) 0.016

E(qS) 0.011

E(»%) 0.016

E(xP) 0.004

E(xD) 0.013

E(wP? 0.022

_|Ewd)| _| 0.013

(755 ¥ = EG@H| | o.004f
E(x3) 0.013

E(w?) 0.022

E(w3) 0.013

E(qp) —0.168

E(" —0.084

E(qg) —0.004

LE@®)] L 0.016

The import tarift causes an 8.4% decline in the prices that foreign producers
receive for beef that they export to the United States, E(p'), and a 16.8% reduction
in beef imports, E(q;). The U.S. price of beef, E(p”) and E(p®), increases by 1.6%.
Note that the sum of the absolute values of these two price changes represents
the 10% tariff placed on U.S. beef imports (8.4% + 1.6% = 10%). Higher U.S.
beef prices reduce the domestic quantity demanded of beef, E(g"), by 1.0% and
U.S. beef producers increase output, E(q°), by 1.1%. In addition, U.S. beef export
prices, E(p®), increase by 1.6% because of the assumption that domestic, imported,
and exported beef are of similar quality. This assumption could be relaxed by
expanding the EDM. Although domestic production increases and export quan-
tities decline, as shown by E(qz) = -0.4%, the 16.8% reduction in beef imports
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causes the overall amount of beef available to consumers to decline which explains
the domestic price increase. The increase in domestic production increases the
quantities and prices of both inputs.

The EDM results indicate that the import tariff helps domestic beef producers.
The tarift reduces competition in the domestic market while increasing domestic
prices and the demand for inputs used to produce beef. Foreign beef producers are
harmed by the tariff as the price and quantity of beef supplied to the United States
declines, and U.S. consumers are harmed by the tariff as consumers pay a higher
price for beef and consume less beef. A further result is that consumers of U.S. beef
in export country destinations are harmed by the import tariff as the price they pay
for beef exported by the United States increases and their consumption declines.

Changes in an Existing Import Tariff

Suppose that a 30% import tariff on imported beef already exists. Using a domes-
tic price of $5.00/pound, a 30% tariff would result in a price of $6.50 per pound
for imported beef. Thus, the initial value of 2 —, in (7.34) would equal 0.77. Conse-
quently, the A matrix in (7.53) becomes

1 P 0 000 0 0 0 0 0 0 0 0 0 0]
0 0 0o 100 -K -K O 0O O O 0 0 0 0
0 0 -1 010 —Koy -Keoy, 0 0 0 0 0O 0 0 0
0 0 -1 0 0 1 —Kyopy —Kyo,, 0 0 0O 0 O 0 0 0
0 0 0 000 0 0 1 0 -5 0 0 0 0 0
0 0 0 000 0 0 0 1 0 -5 0 0 0 0
0 0 0 000 0 0 0 0 0 0 1 —g 0 0
(7.56) |° 0 0 000 0 0 00 0 0 0 0 1 -7
1 0 —~Rg 0 0 0 0 0 0 0 0 0 —-R 0 Rz O
0 0 0 010 0 0 -1 0 0 0 0 0 0 0
0 0 0 001 0 0 0 -1 0 0 0 0 0 0
0 1 0 -1 00 0 0 0 0 0 0 0 0 0 0
0 0 0 000 1 0 0 0 -1 0 0 0 0 0
0 0 0 000 0 1 0 0 0 -1 0 0 0 0
0 077 0 000 0 0 0o 0 0 0 0 1 0 0
[0 —pP/pf 0 0 0 0 O 0 o 0o 0o o0 o o o0 1]

Suppose the U.S. government decides to increase the import tariff by another
10 percentage points. After setting E(6,4) = -0.10 and all other exogenous shocks
to 0 in vector b in (7.54), the solution yields the following changes in the endoge-
nous variables:
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"E(g”)] [—0.0101
E(pP) 0.017
E(q%) 0.011
E(®S) 0.017
E(xP) 0.005
E(x2) 0.014
E(WwP) 0.023
(757) y= Ew)| _ 0.014
E(x5) 0.005
E(x$) 0.014
EWw?) 0.023
EW3) 0.014
E(q)) —0.174
E(p" —0.087
E(qg) —0.004
LE(®)] L 0.017]

Most of the results are similar to those in the previous section; changes in all
of the endogenous variables are only slightly larger because of the relatively small
increase in the import tariff from 30% to 40%.

Export Subsidies

Suppose that the United States decided to impose a 10% ad valorem export subsidy
on exported beef to support the domestic beef industry. This action would place a
price wedge between export and domestic prices and cause U.S. beef export prices
to be lower than U.S. domestic beef prices. Lower export prices would increase
the quantity demanded of U.S. beef in U.S. export markets. Hence, (7.51) is the
appropriate mechanism for including this price wedge. Note that setting E(6;s)
= -0.10 in (7.51) causes the beef export price to be 10% lower than the domestic
beef price. Therefore, E(0;5) is set equal to —0.10 in vector b of (7.53) and all other
entries are set equal to 0. The following changes in the endogenous variables y are
obtained by solving (7.54):
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"E(gP)1  [—0.001]
E(P) 0.001
E(q%) 0.001
E(p5) 0.001
E(xP) 0.001
E(x?) 0.001
E(wP) 0.002
_|EwH| | 0.001
(7.58) ¥ = ExS| | o.o01f
E(xS) 0.001
EWw?) 0.002
EWw3) 0.001
E(q)) 0.003
E(p" 0.001
E(qg) 0.027
LE(p®)] L0099

The results indicate that the domestic consumption of beef, E(g"), declines
by 0.1% because the price of beef, E(p”) and E(p®), increases by 0.1%. The quan-
tity of domestic beef produced, E(g°), increases by 0.1% because the export sub-
sidy increases export quantities, E(qr), by 2.7%. The subsidy reduces the price of
exports, E(pf), by 9.9%. Note that the difference between lower export prices and
higher domestic prices is equal to the size of the 10% export subsidy. The price of
beef imports, E(p"), increases by 0.1% in response to higher domestic prices, and
the quantity of beef imports, E(qi), increases by 0.3%. The increase in domestic
production increases the prices and quantities of both inputs.

Import Quantity Restrictions

The preceding examples were operationalized by shocking a single equation. This
approach can be used whenever the wedge being created between prices or quan-
tities is known with certainty. For example, a 10% tax applied to the output of an
industry places a 10% wedge between consumer and producer prices. The inci-
dence of the tax, however, is endogenous and depends upon relative supply and
demand elasticities. Some policy and economic shocks produce wedges between
prices or quantities that are themselves endogenous to the system. For example,
if a government institutes an import restriction in the form of a quota, then the
price impacts of this policy are endogenously determined. The European Union
has used various methods to restrict imports of beef products from many nations,
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including Argentina, Australia, Brazil, Canada, New Zealand, Paraguay, Uruguay;,
and the United States.

For an import quantity restriction, a new equation must be added to the
EDM modeled in (7.36)-(7.51). Because an import quantity restriction creates an
unknown price wedge between the price of domestic beef, E(p®), and the price of
imported beef, E(p'), E(6,4) becomes an endogenous variable such that (7.50) is
now written as

(759 E@) - (%) EG™) - E(,) = 0.

An additional equation is added to the system to represent the import quantity
restriction policy:

(7.60)  E(qr) = E(¥,).

If a 10% quantity import restriction is established, then E(i;) = -0.10. This
value indicates that while foreign producers receive the domestic price for
imported beef, the marginal cost of beef in foreign countries is reduced relative to
the price of beef in the United States. The new system of equations now consists of
(7.36)-(7.49), (7.59), (7.51), and (7.60). Using linear algebra, the system of equa-
tions is written as

1 P 0 000 0 0 0o 0 0 0 0 0 0 0 01[E(@™) E(6,)
0 0 0 10 0 -K —K, 0 0 o0 0 0 0 0 o0 0| E®™ E(6;)
0 0 -1 010 —-Kyo, —Ki, O O 0O 0 0O 0 0 0 o|| E(@®) E(65)
0 0 -1 0 0 1 —Koy; —Kyg5, 0O 0O 0O O O 0O 0 0 of| E@®) E(6,)
0 0 0 000 0 0 1 0 -5 0 0 0 0 0 of[E&xD) E(8s)
0 0 0 000 0 0 0 1 0 - 0 0 0 0 o||EGD) E(6)
0 0 0 000 0 0 0 0 0 0 1 —-g 0 0 of[EwD) E(87)
0 0 0 0 00 0 0 0 0 o0 0 0 0 1 -n O||EW) E(6g)
(761) [r o -» o000 0 0 00 0 0 -® 0 R 0 OfE&D|=[ 0
0 0 0 010 0 0 -1 0 0 0 0 0 0 0 of| EG3) E(8,)
0 0 0 0 0 1 0 0 0 -1 0 0 0 0 0 0 Of|EwW)| |E(610)
0 1 0 -10 0 0 0 0 0 0 0 0 0 0 © of[Ew)| |E®1)
0 0 0 000 1 0 0 0 -1 0 0 0 0 o0 0| E(an E(012)
0 0 0 000 0 1 0 0 0 -1 0 0 0 o0 of[ E®" E(6,3)
0 -pP/p' 0 0 0 0 0 0 00 o o0 o0 1 0 o0 -1)/E@ 0
0 —p°/pf 0 0 0 0 0 0 o0 0 0 0 0 o0 0 1 of|E@®) | |E(61s)
0 0 0 000 0 0 0o 0 0 0 1 0 0 0 01LE (614) E@1)

The model represented by (7.61) is used in place of (7.53). Thus, the solution to
(7.54) generates changes in the endogenous variables y for any exogenous shock b.
After parameterizing the A matrix using the values noted above, the 10% quantity
restriction on input 1 is introduced by setting E(i,) = -0.10 in vector b with all
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other entries set equal to 0. The solution to (7.61) yields the following changes in
the endogenous variables y:

E(gP)] [—0.006]
E(pP) 0.010
E(q5) 0.006
E(p%) 0.010
E(xP) 0.003
E(xD) 0.008
E(w?) 0.013
EWw?) 0.008
(7.62) y=|EQ$)|=| 0.003]
E(xS) 0.008
EWw?) 0.013
EW$) 0.008
E(q) —0.100
E(ph —0.050
E(qg) —0.003
E(p*) 0.010
LE(014)) 1—0.060-

The 10% import quantity restriction increases domestic prices, E(p”), by 1.0%
and reduces domestic beef consumption, E(q"), by 0.6%. The quantity of beef
imports, E(q:), declines by the legislated 10% amount. The price of imported beef,
E(p"), decreases by 5%, while the price of U.S. beef exports increases by 1%. The
shadow value, E(61,), of the price wedge is 6%, which is the sum of the decline
in the price of beef imports and the increase in domestic beef prices. The domes-
tic production of beef, E(g°), increases by 0.6% and the domestic producer price
of beef, E(p°), increases by 1%. The price of beef exports, E(pF), also increases
by 1% given the assumption that exported beef is of similar quality and price to
domestic beef. The increase in exported beef price decreases the consumption of
U.S. beef exports in other countries, E(qr), by 0.3%. Input demand quantities and
prices increase.

One Output with Three Inputs
In this section, we model a market in which three inputs are used to produce a sin-
gle output. The EDM is written as



(7.63)
(7.64)

(7.65)

(7.66)
(7.67)
(7.68)
(7.69)

(7.70)
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E(q”) =n"E®") + E(61)
E(S) = KKEWP) + K,E(w?) + KsE(wP) + E(6,)
E(xP?) = E(q%) + Kj01,E(WP) + K00, E(W?) + Kz003E(W2) + E(053)
E(x?) = E(q@®) + K10,1E(WD) + Ky05, E(WD) + K30, E(WD) + E(6,)
E(x?) = E(q°) + K103,.EW?) + K,05,E(W7) + K3053E(W3) + E(65)
E(x?) = e,E(w7) + E(6)
E(x3) = e,E(w3) + E(6;)

E(xéq) = €3E(W§9) + E(6s).

Allowing for potential price and quantity wedges between demand and supply
output quantities and prices, and between input demand and supply quantities
and prices, the following equilibrium conditions are assumed:

(7.71)
(7.72)
(7.73)
(7.74)
(7.75)
(7.76)
(7.77)

(7.78)

E(q") = E(q®) + E(,)

E(x?) = E(x7) + E(610)
E(x7) = E(x3) + E(611)
E(x3) = E(x3) + E(612)
E(p®) = E(p®) + E(613)
EW?) = EW7) + E(614)
EwZ) = Ew3) + E(6:5)

Ews) = EW3) + E(6;6)
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Moving the endogenous variables of (7.63)-(7.78) to the left-hand side yields

(7.79)
(7.80)
(7.81)
(7.82)
(7.83)
(7.84)
(7.85)
(7.86)
(7.87)
(7.88)
(7.89)
(7.90)
(7.91)
(7.92)
(7.93)

(7.94)

The exogenous shocks represented by 8,-6,4 can be used to evaluate many pol-
icy interventions or other exogenous shocks to the system. The choice of shock
depends upon the specific application. However, shocks to production technolo-

E(q”) —nE(®") = E(61)

E(p®) — KiEW?) — K.E(w3) — KzE(w?) = E(6;)

E(x{) — E(Q®) — Kyo1,E(W?) — K,01,E(W7) — K3013E(W5) = E(65)
E(x7) — E(Q®) — K105 EWY) — K505, E(W7) — K3023E(W3) = E(6,)
E(x3) — E(Q) — K105, EW?) — K03, E(W3) — K3033E(W3) = E(65)

E(x?) — etE(W?) = E(6)

E(x3) — &EW3) = E(6,)

E(x3) — esE(W3) = E(8g)

E(q”) — E(q°) = E(6o)

E(x?) — E(x7) = E(610)

E(x7) — E(x3) = E(611)

E(x3) — E(x3) = E(6:2)

E(®") — E(®) = E(613)

EwP) — E(wi) = E(614)

Ew;) —EWw3) = E(635)

Ews) —Ew3) = E(616).

gies 6,, 63, 6,, or 65 are not independent of each other. Putting (7.79)-(7.94) into
matrix notation yields

(7.95)

where A is a 16 X 16 matrix of parameters, y is a 16 X 1 vector of endogenous vari-

Ay =b,

ables, and b is a 16 X 1 vector of exogenous shocks such that
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m - 0 0 0 00 0 0 0 0 0 0 0 0 O0][EW@] [E®GD

0 0 0 1.0 0 0 -K -K, —Ks 0 0 0 0 0 0||E®™) E(6,)

0 0 -1 0 10 0 —Ky0,, —Kyoy, =Kz 0 0 0 0 0 0flE@ E(65)

0 -1 0 0 0 1 0 —Ky0p1 —Kp05p —Kzop3 0 0 0 0 0 0 || E@®) E(64)

0 -1 0 0 0 0 1 —Ky03; —Ky03, —Kso33 0 0 0 0 0 0| EGxD) E(65)

0 0 0 0000 0 0 0 1 0 0 —g O 0||ExD) E(66)

0 0 0 0000 0 0 0 0 1 0 0 —-& O|EGDH E(67)

(7 96) 0 0 0 0000 0 0 0 0 0 1 0 0 —g||EWD)| | E6s)
’ 1 0 -1 0000 0 0 0 0o 0 o o o of|Ew)| |E®6]|
0 0 0 0 10 0 0 0 0 -1 0 0 0 0 0||[EwWD)| [E610)

0 0 0 00 10 0 0 0 0 -1 0 0 0 0| EGD) E(611)

0 0 0 00 0 1 0 0 0 0 0 -1 0 0 0| ECxS E(6:12)

0 1 0 -1 00 0 0 0 0 0 0 0 0 0 0| EG3) E(6:3)

0 0 0 0000 1 0 0 0 0 0 -1 0 0|[EwD)| [E(614)

0 0 0 0000 0 1 0 0 1 0 0 -1 0||EMws) E(615)

Lo 0 0 0000 0 0 1 o 0o o o o -1lEW)H] LEG

After parameterizing the A matrix, the endogenous variables in (7.96) can be
solved for any exogenous shock b as

(7.97) y=A"1b.

For the following examples, the A matrix is parametrized using Gardner’s (1988,
p. 114) example with the own-price elasticity of demand, n”, equal to -0.40. The
own-price elasticities of input supply (&, &,, £5) are 2.0, 1.0, and 0.2, respectively, while
the factor shares of x; (K;), x, (K3), and x; (K;) are 0.20, 0.50, and 0.30 and sum to
1. Assuming oy, = 05, = 0.30, 013 = 03, = 1.0, and 0,3 = 03, = 0.50, the remaining AES
values are

0_11 P (K20-12)I:1(K3O-13) — _2.25
Opy = — (K10'21)I:'2(K3023) =042
O3 = — (K1031)I:'3(K2032) = —1.50.

Homogeneity of Degree 0
A useful exercise to test for the consistency of an EDM is to consider the homoge-
neity of the production technology. For example, if the production technology in
(7.79)-(7.94) is homogeneous of degree 0 (HDO) in input and output prices, then
equal percentage changes in input prices coupled with an identical percentage
change in output price should have no impact on equilibrium quantities.

The test involves increasing input prices by, for example 10%, with a concur-
rent and equal increase in output prices. Essentially, this is equivalent to taxing
the price of inputs and subsidizing the price of output. To implement the test, the
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values E(6,4) = 0.10, E(6;5) = 0.10, and E(6;¢) = 0.10 are entered into vector b in
(7.96). The input price wedges are entered as positive numbers because the “tax”
causes input supply prices to be lower than input demand prices. The increase
in output price is modeled as an output price subsidy to producers such that
E(0:3) = -0.10 is entered in vector b of (7.96). That is, the output price subsidy
would cause the supply price to be 10% larger than the output demand price. After
setting all other entries in the vector to 0, the following changes in the endogenous
variables y are obtained by solving (7.96) using (7.97):

E(@”)] [ 0 7
E(p®) 0
E(q®) 0
E(®) 0.10
E(x?) 0
E(x3) 0
E(x3) 0
EwD)| lo.10
798 Y =lgwp)| = o.10|
EwD)| lo.10
E(x7) 0
E(x3) 0
E(x3) 0
E(w; 0
Ew3) 0
LE(w3)] 0

The results show that a 10% increase in input demand prices and a concurrent
10% increase in the output supply price have not changed any other endogenous
variable. Note that no change in output has occurred, which is the expected result
for HDO production technologies. All three input supply prices are 10% higher
than input supply prices. But, as expected for HDO production technologies, no
change in the quantities of inputs used occurs.

An Exogenous Change in Demand

Consider a case in which demand for an output increases by 10%. In the case of
beef, this increase could be the result of an increase in per capita incomes. The
exogenous shock would be entered in the b vector of (7.96) as E(6;) = 0.10, and
all other entries would be set equal to 0. The following changes in the endogenous
variables are obtained by solving (7.96):
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E(gP)71 10.064
E@®) | |0.089
E(q®) 0.064
E@S| |0.089
EGxP)| |0.096
EGD)| ]0.073
EGD)| |o.028
Ew)| |0.048
(7.99) ¥ = EwD)| |o0.073]
Ew)| |o.142
E(x$)| 10.096
EG3) | ]0.073
E(x3)| |0.028
Ew{)| l0.048
Ews)| [0.073
LE(w3)]  Llo.142!

The results indicate that output demand quantity, E(g”), and supply quantity,
E(q®), increase by 6.4%, while the equilibrium output demand, E(p®), and supply
price, E(p®), increase by 8.9%. The use of input 1 increases by 9.6%, while its price
increases by 4.8%. The use of input 2 increases by 7.3%, while its price increases
by the same percentage because of the assumed unitary elasticity of demand for
input 2. The use of input 3 increases by 2.8%, while its price increases by 14.2%.

An Increase in Demand and Fixed Input Proportions

Suppose that fixed input proportions technologies exist between inputs 1 and 3, such
that 013 = 03, = 0. Assuming that 0,, = 0,; = 0.30 and 0,3 = 03, = 0.50, the remaining
AES values are calculated as

_ (Ko (5019) _ ) 76

011 = X,
Gy = — (K1021)I:2(K3023) = 042
Oa3 = — (K1031)I:'3(K2032) =083,

Once again, assume that an exogenous 10% increase in the demand for output
occurs. The exogenous shock is entered in vector b of (7.96) as E(6;) = 0.10, and all
other values in the vector are set equal to 0. The changes in the endogenous vari-
ables are obtained by solving (7.95) which results in
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(E(qD)' (0.061‘
E@®)| |0.097
E@S | |o0.061
E@S | [0.097
EGD)| ]0.067
EGD)| [o0.074
EG)| ]0.035
Ew?)| |0.034
(7.100) ¥y = EwD)| |o.074]
EwWD| lo177
E(x$)| |0.067
E(3) | ]0.074
E(x3)| [0.035
Ew?)| [0.034
Ews)| |0.074
E(w3). 0.177]

The results indicate that the output demand quantity, E(g"), and supply quan-
tity, E(q°), increase by 6.1%, while the equilibrium output demand price, E(p"),
and supply price, E(p*), increase by 9.7%. Because of the assumption of fixed
input proportions between inputs 1 and 3, the increase in output is smaller and
the increase in output price is larger compared to a 10% increase in demand
when variable input proportions exist. The use of input 1 increases by 6.7%, while
its price increases by 3.4%. The use of input 2 increases by 7.4%, while its price
increases by the same percentage because of the assumed unitary own-price elas-
ticity of supply for the input. The use of input 3 increases by 3.5%, while its price
increases by 17.7%.

Endogenous Wedges Caused by Policy Changes

As noted previously, many exogenous shocks are operationalized in EDMs by
shocking one or more behavioral equations. However, it is often the case that a
policy imposes unknown wedges between prices or quantities in a market. In
these cases, an additional restriction that reflects these endogenous effects must be
added to an EDM.

Restriction on Output

Consider the one-output, three-input model with variable input proportions pre-
sented above and assume that a policy is instituted that restricts output by 10%.
This policy would create an unknown wedge between the prices paid by consum-
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ers, E(p®), and the prices received by producers, E(p*). Although producers receive
the higher consumer price for their production, the reduction in quantity also
means that societal costs are below the willingness to pay for the reduced output.
These costs are represented by E(p*). Therefore, (7.91) is changed so that the exoge-
nous shock, E(6,3), becomes an endogenous variable,

(7.101) E®P) —E@®®) — E(613) =0,

and an additional equation is added that represents the policy-induced reduction
in output, such that

(7102)  E(q°) = E(¥y).

The new system of equations now consists of (7.79)-(7.90), (7.101), (7.92)-(7.94),
and (7.102) such that (7.96) becomes

1 -»®» 0 0 0 0 0 0 0 0 0 0 0 o0 0 0 0][E(@™ E(61)
0 0 0 1000 -K —K, —K; 0 0 0 0 0 o0 OffE®™ E(6,)
0 0 -1 010 0 —Koy —Ky0,, —Kza;z 0 0 0 0 0 0 0| E(@) E(65)
0 -1 0 0 0 1 0 —Kyop —-Ky0,, =Ko,z 0 0 0 0 0 0 O|lE®) E(64)
0 -1 0 0 0 0 1 —Ko3, —Kyo3, —Kza53 0 0 0 0 0 0 Of|EGD) ACH)
0 0 0 0000 0 0 0 1 0 0 — 0 0 Of|EGD E(66)
0 0 0 0000 0 0 0 0 1 0 0 -5 0 OfEGD E(67)
0 0 0 0000 0 0 0 0 0 1 0 0 -5 O||EWD) E(6s)
(7103) |1 o -1 0000 o 0 0 00 0 0 0 o0 OoflEwWDH|=[E®]

0 0 0 0100 0 0 0 -1 0 0 0 0 0 O||[EwW)| |E(6)
0 0 0 0010 0 0 0 0 -1 0 0 0 0 OfEGx) E(614)
0 0 0 0 0 0 1 0 0 0 0 0 -1 0 0 0 OfExD E(6:2)
0 1 0 -1 00 0 0 0 0 0 0 0 0 0 0 -1|Ex35 0

0 0 0 0000 1 0 0 0 0 0 -1 0 0 Of||EwD) E(614)
0 0 0 0000 0 1 0 0 1 0 0 -1 0 Ooff[Ew) E(6:5)
0 0 0 0000 0 0 1 0 0 0 0 0 -1 Of|Ews) E(616)
0 0 1 0000 0 0 0 0 0 0 0 0 0 0llE(6;3) EQ,)

Changes in the endogenous variables are obtained by entering the restriction
on output in vector b as E(3;) = -0.10 in (7.103), setting all other values in the
vector equal to 0, and parameterizing the A matrix as noted above. The changes in
the endogenous variables are obtained by solving (7.103), which results in
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(E(qD)‘ (—0.100‘
E(p®) 0.250
E(@@® —0.100
E(p%) -0.138
E(xP) —0.150
E(x2) -0.114
E(x2) —0.044
E(wP) —0.075
(7104) y=|EwW?)|=|-0.114
Ew?) —-0.221
E(x$) —0.150
E(x3)| |-0.114
E(x3) —0.044
EWwy) —0.075
E(ws) -0.114
E(ws) —0.221
E(613). | 0.388-

The 10% legislated reduction in output causes the quantity produced, E(g°),
and consumed, E(g"), to decline by 10%. The endogenously determined wedge
between consumer prices and producer prices is 38.8%, as indicated by the value
of E(6;3). The price that consumers pay, E(p”), and the price that producers actu-
ally receive for this restricted output level increase by 25%, while the marginal cost
of the output, E(p°), declines by 13.8%. The sum of the absolute values of these
two changes is equal to the shadow value, E(6;5), of 38.8%. The restricted level of
output reduces the use of input 1 by 15% and its price by 7.5%, the use of input
2 decreases by 11.4% and its price declines by the same percentage. The use of input
3 declines by 4.4% and its price declines by 22.1%.

Restriction on the Use of Input 1

Consider the one-output, three-input model, and assume that a policy is instituted
that restricts the use of input 1 by 10%. This policy creates an unknown wedge
between E(w?) and E(w?). To accommodate this endogeneity, (7.92) is written as

(7105) EWP) —EW}) —E(6,4) = 0.
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An additional equation must be added to the system to account for the addi-
tional endogenous variable, E(6,4), and to reflect the restriction on the use
of input I:

(7.106)  E(x7) = E(y).

The new EDM system of equations now consists of (7.79)-(7.91), (7.105), (7.93),
(7.94), and (7.106) such that

1 - 0 0 0 0 0 0 0 0 0 0 0 o0 0 0 O0[E(™) E(61)
0 0 0 100 0 -K, -K, —K, 0 0 0 0 0 0 Oof|E®@™ E(6,)
0 0 -1 0 10 0 -Ko,, Ko, —Kso;3 0 0 0 0 0 0 0fE@® E(65)
0 -1 0 0 0 1 0 —K;opy —Ky0p, —Kzop 0 0 0 0 0 0 O0|lE® E(64)
0 -1 0 0 0 0 1 —K;03y —Ky03, —Kzo3 0 0 0 0 0 0 OffEGD) E(65)
0 0 0 0000 0 0 0 1 0 0 -5 0 0 OfEGD E(86)
0 0 0 000 O 0 0 0 0 1 0 0 - 0 OfEGD E(67)
0 0 0 00O0O 0 0 0 0 0 1 0 0 —-& O|[EWP E(6s)
(7107) |1 o -1 o000 o 0 0 00 0 0o 0 0 ofEwD|=|E®)|
0 0 0 0100 0 0 0 -1 0 0 0 0 0 Of|EwW)| [E6i)
0 0 0 0010 0 0 0 0 -1 0 0 0 o0 OllE&H| |EG6L)
0 0 0 0001 0 0 0 0 0 -1 0 0 0 OfEx) E(61)
0 1 0 -1 00 0 0 0 0 0 0 0 0 0 0 OfEx) E(613)
0 0 0 0000 1 0 0 0 0 0 -1 0 0 -1||Ewd 0
0 0 0 0000 0 1 0 0 1 0 0 -1 0 O|llEw)| |E®:s)
0 0 0 0000 0 0 1 0 0 0 0 0 -1 O|[EmwH| |E®w)
0 0 0 0100 0 0 0 o o o o o o olle@ey! LEw)]

Changes in the endogenous variables are obtained by entering the restriction
on the use of input 1 in vector b as E(;) = -0.10 in (7.107), parameterizing the A
matrix as noted above, and setting all other values in the vector equal to 0. Changes
in the endogenous variables are obtained by solving (7.107), which results in
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E(qP)] [—0.019
E(pP) 0.048
E(@@S| [-0.019
E(®S) 0.048
ExP)| [-0.100
E(x? —0.002
E(x2) 0.006
Ew?) 0.199
(7.108) y =|Ew?)|=|-0.002|.
EWw?3) 0.031
E(x?) —-0.100
E(x3)| |[-0.002
E(x3) 0.006
Ew)| [-0.050
Ews)| |-0.002
E(ws3) 0.031
LE(0:4)] L 0.249.

The 10% legislated reduction in the use of input 1 is illustrated by the 10% reduc-
tion in E(x}) and E(x}). The quantity of output declines by 1.9% and output price
increases by 4.8%. The derived demand price of input 1 increases by 19.9%, while
its supply price declines by 5%. The sum of the absolute values of these two price
changes (19.9% + 5%) is equal to the shadow value (24.9%) as indicated by E(64,).
The use of input 2 declines by 0.2% and its price decreases by the same percentage.
Although the use of inputs 1 and 2 decline, the use of input 3 increases by 0.6% and
its price increases by 3.1%.

Financial Capital as an Input

Assume that input 3 represents financial capital or ownership equity in a produc-
tion system. Further, assume that there is no substitutability between financial cap-
ital and input 1 or input 2. If an exogenous policy increases production costs, some
of the impact will be absorbed by input providers in the form of lower input prices
because of decreased demand for inputs. In addition, some of the additional costs
are incurred by consumers in the form of higher output prices. In general, most
models assume that these two sectors absorb all the costs of such policies. How-
ever, it is also the case that owners of production assets may incur some of these
costs because they are residual claimants of both profits and losses in a competitive
market environment. As such, financial capital is a variable input that is influenced
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by the production process. This balance sheet financial element changes as busi-
ness activity either increases or reduces its value. Of course, financial capital can
also be added to a business activity at any time.

An example of the impacts on business owners can be modeled by using the
following parameterization: assume that the own-price elasticity of demand, n°,
is —0.40 while the own-price elasticities of input supply, €; and &,, are 2.0 and 1.0,
respectively. Goolsbee (1998) estimates short-run own-price elasticities of finan-
cial capital supply ranging from 1.14 to 1.74. We use the midpoint of this range
(1.44) for the own-price elasticity of supply, &3, for equity capital.

The factor shares of x; (K;), X, (K3), and x; (K3) are set equal to 0.20, 0.50, and 0.30,
respectively, and we assume 0, = 05, = 0.30 and 0,3 = 03, = 0,3 = 03, = 0. This results
in the following calculations for the remaining AES values:

_ _ %012+ (K3013) _ (e

011 = X,
Oy = — (K1021);2(K3Uz3) = _0.12
a3 = — (K1031)+(K2032) _ 0.

K3

These values are used to parameterize the one-output, three-input model
described in (7.96).

An Exogenous Shock to the Costs of Input 1
Consider a case where a government policy has increased the costs of using
input 1 by 10%. If input 1 was labor, such a policy could be a requirement that addi-
tional resources be spent on providing increased health or worker compensation
insurance premiums. This policy would increase the price of labor at every quan-
tity value, which would be indicated by a vertical upward shift in the inverse supply
function for input 1. However, the supply function for input 1 in (7.70) is written
as an ordinary supply function in which the quantity supplied of the input is the
dependent variable while the independent variable is the price of input 1. There-
fore, some algebraic manipulation is required to implement a 10% increase in the
cost of input 1.

We begin by writing the supply function for input 1 in its general inverse
form as

(7109)  w; =w;(x7) + 6.
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Totally differentiating (7.109) results in
s_owi g
0xy
Multiplying both sides of (7.110) by % and the first term on the right-hand side by
~ results in '

(7.111) aws _ aws x3 dx? n as
’ ws xS x5 w3

1X1 Wi

wp

Rearranging terms yields

dwi _ owj xf dxf | d8

(7.112) WS S .S s’

= 3.5
1 O0x3 wi X3 wi

or, in proportional elasticity form,
(7.113) E(w) = EiE(xf) + E(5),
1

where ¢, is the ordinary own-price elasticity of supply of input 1. A 10% increase
in the price of input 1 for all quantity levels would be represented by setting E(5) =
0.10 in (7.113). To implement this in the EDM, we solve (7.113) for E(x}) as

(7114) E(x{) = 5,EWY) — g E(6).

In the previous examples, we assumed that &, = 2.0. If E(6) = 0.10, the last term
in (7.114) is equal to —0.20. The policy of adding a 10% cost to the price of labor
is represented by setting E(6,) = -0.20 in vector b of (7.96), with all other values
equal to 0. Solving (7.96) for the endogenous variables y results in the following:
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'E(gP)1 1—0.0077
E(®®) 0.016
E(q®) —0.007
E(p®) 0.016
E(xP) —0.020
E(x?) —0.001
EGD)| |-0.007
E(w?) 0.090
715) y = EwD)| |-o0.001]
Ew3)| |[-0.005
E(x7) ~0.020
E(x3) —0.001
E(x3) ~0.007
E(w?) 0.090
Ews)| |-0.001
LE(ws)]  1—0.005

The results indicate that the output demand quantity, E(g"), and supply quan-
tity, E(q°), decrease by 0.70%, while the equilibrium output prices, E(p”) and E(p®),
increase by 1.6%. The use of input 1 declines by 2.0%, the use of input 2 decreases
by 0.10%, and the use of input 3 (i.e., financial capital) declines by 0.70%. The price
of input 1 increases by 9.0%, and the price of input 2 declines by 0.10%. Note that
the price of input 3, or the value of financial ownership capital, declines by 0.5%.

Summary

This chapter has shown that EDMs are sufficiently flexible to allow for a wide vari-
ety of modeling efforts. Trade policies can be incorporated into EDMs so that the
impacts of tariffs, quotas, and export enhancement programs can be evaluated
on domestic and international producers and consumers. Multiple output mar-
kets consisting of vertical or horizontal relationships can be included in EDMs. In
addition, EDMs can be used to include multiple input markets. It is often the case
that government policies are implemented in input markets to achieve a desired
result in output markets. We have presented a model in which financial capital or
owners’ equity is included as an input. In competitive markets, owners’ equity is
always affected by government policies and should be included wherever possible
when creating EDMs.
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From: Student@UEconomics.edu

To: Professor Watson

Date: Wednesday, 30 Oct 2021 at 2:42 p.m.
Subject: Complexity of EDMs

Dear Professor,

In Chapter 7, you introduce more complex EDM models. | was thinking back to our
initial discussion the first day of class about CGE vs EDM models. As EDMs get more
complex, at one point are we just better off using a CGE model?

Shirley

From: Professor Watson

To: Student@UEconomics.edu
Date: Thursday, 31 Oct 2021 at 7:15 a.m.
Re: Complexity of EDMs

Dear Class,

You are right in that the more complex we make an EDM model, the more one might
think about just using a CGE model. CGE models, however, can be more complex

than you may realize, as they often consist of hundreds of equations. Modifying or
building such models is very expensive, and error checking the programming is not
only tedious but often impossible. EDMs can evaluate the effects of specific polices on
vertical and/or horizontal sectors and in multiple input and output markets. The limita-
tion or constraint on EDMs is often linked with data availability, including estimates of
input supply elasticities, Allen elasticities of substitution, and factor shares. One of the
reasons EDMs have been widely used in agriculture and resource research is because
data are often available from sources such as the USDA. In addition, many trade policy
issues occur within the agricultural sector. | am giving you the tools to develop more
complex EDM models, which will help inform you as to the types of data that you need.
Obviously, one should use simpler models when possible. As you build EDMs, it is
important to think about the policy you are interested in modeling. As we have done
in class, it is often valuable to use supply and demand diagrams to fully understand
policy implications. This allows for the appropriate modeling of such shocks. Then, you
can consider data availability as you build an EDM.

All the best,
Dr. Watson




Chapter Eight

CONSUMER SURPLUS, PRODUCER
SURPLUS, AND DEADWEIGHT LOSSES

Equilibrium displacement models (EDMs) have a limited ability to esti-
mate changes in consumer surplus, producer surplus, and deadweight
losses. However, this is true for all partial equilibrium economic models
that use arbitrary demand and supply functions, rather than those obtained
from underlying utility functions, to estimate these changes. In addition,
such estimates can be obtained from EDMs only within the confines of the
sectors for which endogenous responses are specifically included in the
model. Although EDMs are used to estimate changes in price and quantity
equilibria caused by exogenous economic or policy shocks emanating from
outside of the sectors being modeled, one must be cautious when using
EDMs to evaluate changes in consumer or producer surplus induced by
shocks that are exogenous to the model’s behavioral equations.

Estimates of changes in producer and consumer surplus and,
when appropriate, deadweight losses generally have limited value as
stand-alone metrics. That is, these measures are usually most meaningful
when compared to a base or standard. Unless one uses functional forms
derived from a specific utility function, initial levels of total consumer
and producer surplus are unknown, which makes values (e.g., a percent-
age reduction in consumer surplus) nonestimable. Consequently, we
consider changes in surpluses or deadweight losses relative to the initial
size of an industry. We have chosen to use total revenue or total costs of
a sector at initial equilibrium prices and quantities as a base. Other stan-
dards could be used as well.

Surplus Measures and Partial Equilibrium Analyses
In partial equilibrium analyses, researchers must identify exogenous ver-
sus endogenous components of the economic system being modeled. As
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shown in previous chapters, EDMs specify endogenous elements of a system in a
general form and then approximate the effects of exogenous shocks to that system.
In general, partial equilibrium models and EDMs are only able to evaluate the sur-
plus effects of shocks that generate price-quantity movements along the model’s
internally determined equilibrium trajectories or total-response functions. As we
discuss below, an EDM cannot be used to estimate surplus effects for a “partially
external” sector whose given total-response function changes due to factors that
are external to the EDM.

For example, Figure 8.1 presents a schematic for an EDM that includes a sin-
gle endogenous supply and demand sector and three exogenous components:
demand shifters, supply shifters, and tax policies. The terms §” and §° represent
exogenous shocks to the demand and supply functions, respectively, while 7 rep-
resents an ad valorem tax. In equilibrium, the demand and supply prices and quan-
tities are represented by p,and gq,. Hence, own-price and quantities are endoge-
nous to the system.

Assume an exogenous shock in
demand, 6°, shifts D, downward to D, as
noted by the arrow in Figure 8.2. An EDM g
can be used to estimate p; and g, and
changes in producer surplus because these
values are endogenous to the system. How- & -
ever, the model cannot be used to estimate
changes in consumer surplus caused by
an exogenously induced demand shift.

That is, without endogenizing supply and |
- -
demand information for consumer sub-

. .. Figure 8.1. Exogenous and Endogenous
stitute goods, changes in income, or other | g2 ents of an EDM

potential sources of the exogenous demand
shock, we are unable to determine whether +
total consumer surplus has increased or *hee S,
decreased. Although the area under the
demand curve declines for the consumer
good illustrated in Figure 8.2, the lower
price for the good changes the areas under
the demand curves for other consumer
goods not included in the model. For
example, the decrease in demand indicated .
in Figure 8.2 could have been caused by 0 9 G OutpurQuantity
an increase in the demand for a substitute | Figure8.2.AnExogenous

good. Hence, it is unknown whether the Decrease in Demand

_Supplv: 9°=9°(p°6")
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reduction in consumer surplus associated with a decrease in demand presented in
Figure 8.2 is larger or smaller than changes in consumer surplus that result from
interactions among substitutes or complementary goods.

Total-Response Functions, Surplus Measures, and Equilibrium Trajectories

As discussed in previous chapters, an EDM’s endogenous supply and demand
relations are total-response functions that represent net quantity-price responses
after accounting for all interactions and feedback effects among an EDM’s internal
equations. For example, if a supply shock changes the price for the good in Fig-
ure 8.1, the demand relationship, Dy, is assumed to represent the net change in the
quantity demanded of that good after accounting for all interactions in the con-
sumer’s exogenous economic environment including changes in the prices of other
goods. The assumed inclusion of feedback effects in the system’s total-response
supply relations and total-response demand functions invokes the concepts of
total elasticities (Tomek and Robinson, 1990; Cochrane, 1955; Buse, 1958). An
EDM’s total-response supply and demand functions allow for the valid estimation
of changes in surplus provided that the changes are caused by factors included in
the system. Surplus changes are represented as areas under or above total-response
functions when changes in quantities and prices are induced by shocks endoge-
nous to the EDM system (Just, Hueth, and Schmitz, 2004).

Surplus Effects of a Tax or Subsidy in the Output Market
Equations  (5.2)-(5.8) presented a )
one-output, two-input EDM that allowed | b s,
for estimating the impact of a 10% excise
tax placed on the output market. The
total-response supply and demand func- Po
tions intersect at the initial pretax equilib-
rium point (p,, q,) as illustrated in Figure
8.3. The EDM shows that a tax on the out-
put market causes the prices that consum-
ers pay to increase to pPand the price that @ 9
producers receive for their production | Figure83.AnExciseTaxinthe
to decline to p;’. The difference between Output Market
these two values represents a tax wedge between the two prices. The new equi-
librium quantity declines to g.. Note that the new price and quantity equilibrium
occurs along the solid arrows, which represent the EDM’s estimated equilibrium
trajectories, rather than along the actual supply and demand curves.

The imposition of the output tax does not shift either the demand or supply
functions. The arrows represent the EDM linearly approximated equilibria trajec-

D

Pt

Output Quantity
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tories caused by the tax from the initial equilibrium point to the new price and
quantity levels. The EDM traces the price and quantity trajectories caused by the
tax while accounting for feedback effects among the endogenous prices and quan-
tities included in the model’s behavioral equations.

It is likely that most, if not all, total-response demand and supply func-
tions are nonlinear. An EDM represents a first-order linear approximation of
the true underlying price and quantity trajectories using assumed or estimated
total-response elasticities evaluated at the initial equilibrium point (Figure 8.3).
We cannot estimate changes in surplus by integrating the true total-response func-
tions without knowing their functional forms. However, we can obtain approxi-
mate changes in surplus by computing areas under or above the linear EDM
equilibria trajectories. Note that these areas geometrically consist of triangles or
rectangles. Nonetheless, we emphasize that the estimated areas are only as accu-
rate as the degree to which the linear approximations represent the true under-
lying, but unknown, nonlinear functions. As a result, EDM surplus estimates are
more accurate when calculated for small exogenous shocks.

With this caveat, EDMs can be used to estimate changes in consumer and pro-
ducer surplus that result from changes in equilibria. If appropriate, tax receipts and
deadweight losses or the incidence of both can be estimated from EDM results.
Because we cannot integrate the unknown total-response functions to obtain ini-
tial total consumer or producer surplus, we need a standardizing metric to make
comparisons. It seems reasonable to consider these changes in terms of the size of
an industry. We initially use the total revenue of the industry being modeled at the
initial equilibrium price and quantity levels as the standardizing metric. Of course,
this is not the only base with which to make relative comparisons. However, com-
paring surplus changes to the initial size of the industry is a convenient way of
measuring percentage changes in surplus that result from exogenous economic or
policy shocks.

New equilibria caused by a change in the demand or supply of a product can be
obtained from an EDM. However, changes in surplus are not estimable for exog-
enous shocks that shift demand or supply functions if those shocks emanate from
outside the modeling structure. Just, Hueth, and Schmitz (2004) note that the
concurrent aggregate or total change in producer surplus of input suppliers can
be obtained directly from changes in the output market. Alternatively, changes in
producer surplus for each of the input markets can be estimated and summed. If
the underlying functional forms of the system of supply and demand equations
are known with certainty, then the two approaches provide equivalent results. We
show that the two approaches to estimating changes in producer surplus are not
likely to be exact because of the EDM’s linear approximations. However, they are
reasonably close to each other in most circumstances.
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We present procedures for estimating surplus calculations for a single output
that is produced using two inputs. The results are generalizable to n inputs for cal-
culating changes in consumer surplus, producer surplus, and—where appropriate—
deadweight losses and tax receipts. We use total revenue, which is the product of
the initial price, p,, and quantity, q,, as a measure of industry size. Therefore, our
estimates of changes in producer and consumer surplus are proportional to this
value. However, we also provide procedures that allow for scaling based on the size
of each input sector. We note that homogeneity of degree 1 (HD1) in input and out-
put production functions are essential for the development of a theoretically consis-
tent EDM. In addition, the assumption of perfect competition in which producers
are price takers implies zero economic profits. Thus, total revenue of the industry
(poqo) equals the total costs of the inputs used by the industry, such that (p,q,) =
(WoXo) = (W10X10+ WaoXao+ " + WyoXp0)-

Changes in Consumer and Producer Surplus within the Output Market
Figure 8.4 illustrates an EDM’s linearly
approximated  equilibria  trajectories | °p2 ]
resulting from the imposition of an excise Y IO e

tax on the output market, which was a EN i}'dF’D'
more broadly illustrated in Figure 8.3. Py [-----mmmmmmbom $

The nonlinear supply and demand depic- }'dﬂ
tions intersect at the initial equilibrium
point. The EDM of (5.2)-(5.8) provides
new equilibrium consumer and producer 0
prices and output levels. For illustrative
clarity, Figure 8.4 is developed without | Figure8.4.EquilibriaTrajectories
the initial demand and supply curves Resulting from an Excise Tax
presented in Figure 8.3. Figure 8.4 shows that these new EDM equilibrium esti-
mates result from movements along the linear equilibrium trajectories, indicated
by the arrows. The price paid by consumers increases to p?, the price received by
producers declines to pS, and the quantity supplied and demanded declines to g,.
The absolute values of the size of these changes are given by |dp”|, |dp’|, and |dq|,
respectively. The absolute value of the change in consumer surplus can be approxi-
mated as area (a + b) in Figure 8.4, or

]
|
|
S

pl-------- Too hl
|
|
|
|
|
|
|

q, 0, Output Quantity

(8.1) |ACS| = (Idp®] * q0) — (%ldpPlldql),

= (leODl * Po%) - (1/2 %%) Poqo,

= [UE(@®)D{1 = LIE(@}] podo-
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In this example, the change in consumer surplus is negative because E(pp) > 0 and
E(q) <0, given that E(q) can never be larger (in absolute value) than —1 or —100%. Of
course, an EDM is probably an inappropriate approach for estimating changes that
would result in quantities being altered by such a large amount. Hence, ACS = -area
(a + b), such that

(82) ACS = —[(E(@™){1 - %(-DE@}]Poqo

or
(8.3) ACS = —[(E®™)){1 + %E(@)}]poqo-

Equation (8.3) measures the reduction in consumer surplus caused by the tax mea-
sured as a percentage of the total revenue of the output market valued at the initial
equilibrium point. Note that the change in consumer surplus would be positive
if the effects of an output subsidy are being evaluated because, in that case, E(pp)
<0andE(q) > 0.

The absolute value of the change in producer surplus caused by a tax on the out-
put market is approximated by area (c + d) in Figure 8.4:

(8.4) |APS,| = (Idp°| * q0) — (ldpSlldql)
or

(8.5) |APS,| = [UE®5)D{1 — LIE(@I} poqo-

with the subscript Q indicating that producer surplus is being calculated in the
output market. The tax on output causes E(ps) < 0 and E(q) < 0 so that the change
in producer surplus is negative. Therefore, APS, = -area (c + d) is

(8.6) APS, = —[-(E(@)){1 - %(—1DE(@)}]poqo

or
(8.7) APS, = [(E(®)){1 + %LE(@)}]poq0,

which measures the reduction in producer surplus as a proportion of the indus-
try’s initial total revenue. Note that for a tax, (8.7) is negative as E(p®) < 0, and the
largest negative value that E(g) could be is 100%. The change in producer surplus is
positive for a subsidy because both E(p®) and E(gq) would increase.
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Equations (8.3) and (8.7) are also used

Output

to approximate changes in consumer and price |dq
producer surplus that would result from 53 (RN

a subsidy in the output market. Figure c iVi}ldpsl
8.5 presents the equilibria trajectories for il . ?i‘_i}ldp"l
a subsidy. In this case, the price received ] LN

by producers increases to p’and the price
paid by consumers declines to p2 Because
E(p") < 0, E(p°) > 0, and E(q) > 0, the 0 o
change in consumer surplus (area a + ) S _

. . Figure 8.5. Equilibria Trajectories
area b) given by (8.3) and the change in Resulting from a Producer Subsidy
producer surplus (area c + area d) given
by (8.7) are both positive.

Output Quantity

Changes in Producer Surplus in Input Markets

Just, Hueth, and Schmitz (2004) note that changes in producer surplus caused by
an exogenous shock can be estimated in the output market, as noted above, or esti-
mated within input markets. Either approach can be used because an EDM traces
out the equilibria trajectories in input markets that are caused by an exogenous
shock to the output market. The left panel of Figure 8.6 reproduces the output
market tax wedge and equilibria trajectories from Figure 8.4. The remaining two
panels in Figure 8.6 present the equilibria trajectories for input markets 1 and 2 in
the one-output, two-input example.

The equilibrium trajectory for input 1 in the middle panel of Figure 8.6 indicates
that the tax on output causes the equilibrium price and quantity for input 1 (w,,
X1,) to decline to (wy, x;,). The absolute values of the changes in input 1 price and
quantity levels are denoted as |dw; | and |dx;|, respectively.

The right panel in Figure 8.6 illustrates the effect of a tax in the output market
on input 2. The equilibrium trajectory generated by the EDM indicates that the
initial equilibrium input price and quantity (w,, x,,) declines to (w,,, x,,). The
absolute values of the change in input 2 price and quantity are denoted as |dw;,|
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and |dx,|, respectively. Note that if only two inputs are used in a production pro-
cess, the quantities of both inputs are reduced by the tax in the output market.
However, if three or more inputs are considered along with variable input propor-
tions technologies, then it is possible that the use of one of the inputs may increase
even as the use of the others decline, as noted in Chapter 7 and Gardner (1988).

Following the procedures used to derive changes in producer surplus measured
at the output level, the total change in producer surplus in input market 1 is neg-
ative (Figure 8.6). The reduction in surplus is given by area (e + f) and, relative to
the initial size of the input 1 market, is

(8.8) APS,, = E(w){1 + E (x;)}w 0X10-

Figure 8.6 illustrates the change in producer surplus in input market 2, which is
also negative. The size of the reduction is given by area (g + h) and, relative to the
initial size of input 2 market, is

(8.9) APS,, = EW){1 + %E(x3)}w;0X50-

Just, Hueth, and Schmitz (2004) note that the sum of the changes in producer
surplus in input markets is a direct measure of the total change in producer sur-
plus as calculated in the output market. The connection is made by recalling that
EDMs must be HDO in all prices. In addition, entry and exit in competitive indus-
tries results in zero economic profits, such that the sum of all input expenditures is
equal to the total revenue created by the industry. Thus, at the initial equilibrium,

(8.10)  Poqo = W1,0X1,0 + W2,0X2,0-
Multiplying the right-hand side of (8.8) by % results in

W1,0X1,07W2,0X2,0

(811) APle = E(Wl){l + 1/2E(x1)} [W1,0x1,0+w2,0x2,0] Wl'oxlyo.

Using (8.10), expression (8.11) can be written as
(8.12) APS,, = [KiEw){1 + %E(x1)}poqo,
where K; is the initial factor share of input 1.

Likewise, the change in producer surplus of input 2 is related to the out-
put market by

(813) APS,, = [K,E(Wp){1 + Y2E (x2)Poqo ,
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where K; is the initial factor share of input 2. The equations are valid for increases
or decreases in the use of each input, but the policy shock that occurs when
assigning positive or negative changes to surplus measures must be considered.

Deadweight Losses and the Incidence of a Tax
In addition to estimating relative changes in consumer and producer surplus that
result from exogenous economic shocks, researchers are often interested in esti-
mating deadweight losses that result from market interventions and their inci-
dence on consumers and producers. This section develops these metrics for a tax
imposed in the output market.

Consider (8.1), which can be written as

(8.14) |ACS| = (ldp”| * qo) — (Y2ldp®|ldql)

or

(8.15) |ACS| = (Idp®| * q,) — (Idp®Ildql) + (V2ldp®lldql)
or

(816) |ACS| = [(E(®@®)){1 + E(@)}]|pogo — [E (PP)E(@)]1peqo-

The first term on the right-hand side of (8.16) represents the amount of the tax that
is borne by consumers (area a in Figures 8.4 and 8.6), for which we use the acro-
nym CTAX. The second term on the right-hand side of (8.16) represents consumers’
share of deadweight loss (area b in Figures 8.4 and 8.6) caused by the tax, denoted
as CDWL. Note that for a tax, E(p”) > 0 and E(q) < 0, such that CDWL > 0. The tax
causes ACS = - |ACS| so that (8.16) is written as

(8.17) ACS = —areaa —areab = —CTAX — CDWL.

A similar approach is used to develop an expression for the total change in pro-
ducer surplus, where PTAX, (area c in Figures 8.4 and 8.6) represents producers’
share of the tax and PDWL, (area d in Figures 8.4 and 8.6) is the producers’ share of
the deadweight loss generated by the tax:

(8.18) APS, = [E(*){1 + E(@)}poqo — [2E(@°)E(@)]podo

and
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(8.19) APS, = —areac —aread = —PTAX, — PDWL,,.

Note that changes in producer surplus in (8.19) are measured in the output
market and designated with the subscript Q. Just, Hueth, and Schmitz (2004)
show that the same calculation could be made in the input markets. Noting that
PTAX,> 0 and E(p®) < 0 such that PTAX, = [-(E(®*)){1 + E(@)}|poqo> we find that
the change in producer surplus for input 1 is

(8.20) APS,, = —[(K1E(W1)){1 + 1/2E(x1)}]po%
= _[(KlE(Wl)){l + E(xl)}]Po% — [%K, E(W1)E (x1)] poqo

or

(821) APS,, = —PTAX,, — PDWL

X1’

where PTAX,, = area e and PDWL, = areaf.
The change in producer surplus for input 2 is given by

(8.22) APS,, = [(KL.E(wy)){1 + YE (x)}]|poq0
= [(KZE(Wz)){l + E(xz)}]Po% — [¥2 KL E(W,)E (x2)1p0q0

or
(823) APS,, = —PTAX,, — PDWL,,

where PTAX,, = areag and PDWL,, = area h.

The values for PTAX,, are positive if input prices and quantities decline but nega-
tive for increases in input prices and quantities. In this case, a tax on one input can
be considered a negative tax or a subsidy on the second input.

Estimated changes in producer surplus using the output market in (8.19)
should equal the sum of changes in producer surplus calculated for each of the
input markets in (8.21) and (8.23) such that

(824) APS, = APS, +APS,,

or area (c + d) = (e + f) + (g + h). Just, Hueth, and Schmitz (2004) show that (8.24)
holds for an underlying nonlinear system. However, the equivalency of the two
approaches is not exact when using EDM linear approximations of such a system.
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Changes in Producer and Consumer Surplus Caused by an OQutput Tax

We use a numerical example to illustrate the differences in producer surplus cal-
culations when calculating changes in the output market versus the input mar-
kets. For the following numerical examples, we increase the accuracy of the results
by reporting values to six decimal places to allow for more precise comparisons
between the two methods.

Consider the one-output, two-input market presented in Chapter 5 with a 10%

excise tax imposed in the output market. Our previous EDM results in (5.11) gen-
erated E(q) = -0.031579, E(p”) = 0.052632, E(ps) = -0.047368, E(x,) = -0.013158,
E(x,) =-0.039474, E(w,) = -0.065789, and E(w,) = -0.039474. To generate these
results, it was assumed that K; = 0.30 and K, = 0.70. Consequently, K;E(w,) =
-0.197367, and K,E(w,) = -0.27632. For this example, we assume that the size of
the industry, or its total revenue (p, qo), is equal to $1,000. Because of the excise tax,
both consumer and producer surplus are reduced. From (8.3), the change in con-
sumer surplus is calculated as

(8.25) ACS = —[0.052632 {1 + %(—0.031579)}] x 1,000
= [-0.051801] x $1,000 = —$51.80.

Note that consumer surplus has declined by 5.18% relative to the initial $1,000 of
the industry’s total revenue, or $51.80 divided by $1,000.

Next, consider the total change in producer surplus calculated in the output
market using (8.7), which results in

(8.26) APS, = [-0.047368 {1 + %2(—0.031579)}] x 1,000
= [-0.046620] x $1,000 = —$46.62.

The change in producer surplus calculated at the output market level represents a
4.66% decline from the initial size of the industry.

As noted above, an alternative method for calculating changes in producer sur-
plus involves calculating individual changes in producer surplus for each input
market. This approach would be used if researchers are interested in the incidence
of surplus changes on each factor of production caused by an output tax. For
input 1, (8.12) yields

(827) APS,, = [0.30 (—0.065789) {1 + %(—0.013158)}] x 1,000

= [-0.01961] x $1,000 = —$19.61.
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The tax at the output market level reduced producer surplus of input 1 by 1.96% of
the original output market size. One could also calculate percentage changes in
surplus relative to the original size of the input market. We continue using the size
of the output market as the base to facilitate comparisons between the two meth-
ods of calculating changes in producer surplus.

Likewise, (8.13) is used to estimate changes in surplus that occur to the pro-
ducer of input 2:

(8.28) APS,, = [0.70 (=0.039474){1 + ¥2(-0.039474)}] x 1,000
= [-0.027086] x $1,000 = —$27.09.

Producer surplus of input 2 has declined by 2.71% of the size of the output mar-
ket. For comparison purposes, the process of calculating changes in producer
surplus using (8.27) and (8.28) results in a measure of the loss of producer sur-
plus of $46.70. When calculated at the output level in (8.26), the estimated loss of
producer surplus was $46.62. The difference between the two is $0.08 and is only
0.005% of the original amount of total revenue in the output market.

A Numerical Example of the Level and Incidence of an Qutput Tax

The level and incidence of a tax can be calculated using the market in which the
price wedge was imposed. Hence, for an output tax, total tax receipts can be calcu-
lated using area (a + ¢) in Figure 8.4, or

(8.29) TAXy, = CTAX + PTAX,.

The value for CTAX is obtained from the first term on the right-hand side
of (8.16) as

(830) CTAX = [(E®®)){1 + E(@)}]podo
= [0.052632{1 + (—0.031579)}] x $1,000

= 0.05097 x $1,000 = $50.97.

Thus, the consumer share of tax payments, CTAX, totals $50.97.

The producer share of the tax, PTAX,, can also be estimated in the market in
which the tax was imposed. Using the first term of the right-hand side of (8.18),
PTAX, is calculated as
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(831) PTAX, = [-(E®@)){1 + E(@}] Poqo

=[0.047368 {1 + (—0.031579)}] x $1,000

= 0.045873 x $1,000 = $45.87.

Consequently, total tax receipts generated by a 10% tax on the output of the indus-
try is given by the sum of (8.30) and (8.31) as

(8.32) TAX, = CTAX + PTAX, = $50.97 + $45.87 = $96.84.

Therefore, the tax generates 9.68% of the initial $1,000 revenue of the industry.

The amount of tax paid by producers can also be calculated at the input level
even though the tax was imposed at the output level. Note that summing the tax
receipts, surplus, or deadweight losses from calculations made at the output mar-
ket level and the input market level would double count the effect. Nonetheless,
calculating producer tax payments at the input level allows for measuring the tax
incidence on the producers of each input as opposed to only the total size of pro-
ducer tax payments. The first term on the right-hand side of (8.20) provides the
amount of tax paid by the producers of input 1, which is area e in Figure 8.6, or

(833) PTAX,, = —[(KaEw)){1 + E(x1)}] pogo
= —[(0.30)(—0.065789){1 + (—0.039474)}] x $1,000

= 0.019477 x $1,000 = $19.48.

The first term on the right-hand side of (8.22) provides the amount of tax paid by
the producers of input 2, which is area g in Figure 8.6, or

(8.34) PTAX,, = —[(K2EW2)){1 + E(x2)}] pogo
= —[(0.70)(—0.039474){1 + (—0.039474)}] x $1,000

= 0.026541 x $1,000 = $26.54.

Thus, the sum of (8.33) and (8.34) indicates that the total amount of tax paid by
the producers of inputs 1 and 2, area (e + g), equals $46.02. Theoretically, the esti-
mated sum of taxes paid by producers in the input markets (8.33 and 8.34) should
equal the estimate of producer taxes calculated at the output level (8.31). However,
the values differ by $0.15 ($46.02 — $45.07). We show below that this difference
can also be calculated by defining KEW = [K,E(w,), K,E(W,), ..., K.E(w,)] and Q2 =
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[03] as the matrix of Allen elasticities of substitution. Consequently, the difference
between the two measures is given by

—2.333333 1.00 ] [—0.197367

(8.35) KEW'QKEW =[-0.197367 —0.027632] | “ 0" 00 oco || 0027632

= $0.15.

Thus, calculating the incidence of the tax at the input level generates an estimate
of tax collections that is 0.33% larger (($46.02/$45.87) - 1) than that calculated at
the output level. This difference is relatively small, and we conclude that the use of
either method is reasonable for developing these estimates."

A Numerical Example of the Incidence of Deadweight
Losses Generated by an Output Tax
A tax imposed in the output market reduces economic activity and lowers the pro-
ducer price of a good or service, while consumers pay a price for the good or ser-
vice that is above its marginal cost of production. The combination of these two
effects generates deadweight losses. Researchers are often interested in the total
size of deadweight losses and their incidence among consumers and producers.
These impacts can be calculated at the output level for a tax placed at that level.
However, just as producer surplus and tax receipts can be calculated at either the
output or input levels, deadweight losses can also be calculated at either level. The
choice depends upon whether interest is in estimates of total deadweight producer
losses or in the incidence of deadweight losses among input producers.

Equation (8.17) shows that the consumer portion of deadweight losses caused
by the output tax, area b in Figure 8.4, is the second term of the right-hand side in
(8.16), such that

(8.36) CDWL = —[W%E®?)E(Q)]poqo.

Using the above numerical example, the consumer portion of deadweight loss is
calculated as

(8.37) CDWL = —[%2(0.052632)(—0.031579)] x $1,000

0.000831 x $1,000 = $0.83.

12 This difference occurs because an EDM linearly approximates a nonlinear system. For fixed input proportion
technologies, however, Allen elasticities of substitution are 0 and there would be no difference between the two
approaches. Also, if the underlying system of equations were truly linear, then the Allen elasticities of substitution
would approach infinity and there would again be no difference between the two approaches.
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The tax placed in the output market, therefore, generated a deadweight loss to con-
sumers of $0.83.

The producer component of deadweight losses can be calculated either at the
output level or the input level. If the calculation is made at the output level, area d in
Figure 8.4, the second term of (8.18) is used, such that

(8.38) PDWLy = [YAE (p*)E(@)]Poqo-

Using our numerical example, (8.38) becomes

(8.39) PDWLgy = [¥2(—0.047368)(—0.03115791)] x $1,000
= [0.000748] x $1,000 = $0.75.

Hence, total producer deadweight loss calculated at the output level is $0.75.
Adding CDWL to PDWL, generates a total deadweight loss from the tax imposed
at the output market of $1.58 ($0.83 + $0.75), which represents 0.16% of the initial
total revenue of the industry.

Producer deadweight losses can also be calculated at the input level if one
desires to measure the incidence of producer deadweight losses among the input
markets. In this case, the share of deadweight loss, area f in Figure 8.6, borne by
the producer of input 1 (PDWL,,) is provided by the second term of the right-hand
side of (8.20), such that

(8.40) PDWL, = [Y%2K\Ew,;)E(x1)]poqo.
Numerically, (8.40) becomes
(8.41) PDWL,, =[%(0.30)(—0.065789)(—0.013158)] x $1,000

= [0.000130] x $1,000 = $0.13.
Therefore, the producer of input 1 incurs $0.13 of deadweight loss. Likewise, the
producer of input 2 incurs a deadweight loss, area h in Figure 8.6, estimated by the
second term of the right-hand side of (8.22), such that

(8.42) PDWL,, = [V2K,E(W,)E (x3)]po 0.

Numerically, (8.42) becomes
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(8.43) PDWL,, = [%(0.70)(—0.039474)(—0.039474)] x $1,000
= [0.000545] x $1,000 = $0.55.

Hence, the producer of input 2 incurs a deadweight loss of $0.55. The total PDWL
as calculated in the input markets is the sum of (8.42) and (8.43), or $0.68.

Note that total producer deadweight loss calculated at the output level is
$0.07 larger than that calculated at the input level. The quadratic expression that
accounts for this difference is given by

(8.44) %KEW' 0 KEW = %[-0.197368 —0.027632) [ 23333 100 11=0.197368]

1.00 —0.4286711-0.027632] —

= —$0.07.

The difference between the two approaches is relatively small.

An Application to the Beef Market
Equations (5.2)-(5.8) present an EDM that allowed for the estimation of the
impacts of a 10% excise (or sales) tax on output. We estimated changes and inci-
dence of surplus, tax receipts, and deadweight losses caused by the tax for a hypo-
thetical market. However, suppose the product of interest is retail beef products
for which (5.11) indicates that a 10% excise tax on beef production would reduce
output by 3.2%. Assuming an initial equilibrium beef consumption quantity of
60 pounds per capita, as illustrated in Figure 8.7, the EDM calculates the equilib-
rium trajectory caused by the excise tax. The 3.2% reduction in output from the
initial equilibrium represents a decline of 1.89 pounds per capita resulting in a new
equilibrium quantity of 58.11 pounds per capita.

In addition, the excise tax drives a wedge between consumer and producer

prices, as noted in (5.11). The consumer

price of beef, E(p”), increases by 5.3%. Output

Using $5.00 per pound as the initial equi-

librium price, the new equilibrium price 5.27| -===- ST !

that consumers pay is $5.00 * (1 + 0.053) 5.00| === == Pl % S---- !

or $5.27 per pound. In addition, (5.11) 477 [ ===mmm o | i

indicates that producer prices, E(p®), fall | |

by 4.7%, such that the new equilibrium ! !

price received by producers is $4.77 per 0 qt:5I8,11 qozf;o,o Output Quantity

pound, or $5.00 * (1 - 0.047). Figure 8.7. Consumer and Producer
Note that the 10% tax generates a | Surplusand DeadweightLossfroman

wedge between consumer and producer | PXiseTex
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prices of $0.50 per pound, which is 10% of the initial equilibrium price. Equation
(5.11) indicates that the implied own-price elasticity of supply, E(q)/E(p®), is equal
to (—0.032/-0.047), or 0.68. Consequently, consumers bear a larger portion of the
excise tax relative to producers because the assumed own-price elasticity of beef
demand (-0.60) is more inelastic than the EDM-implied own-price elasticity of
beef supply (0.68).

The price and quantities noted above and in (8.3) are used to estimate the
change in consumer surplus caused by the excise tax. The calculation measures
area (a + b) in Figure 8.7:

(8.45)  ACS = —[(E(@™)){1 + %E(@)}]podo
= [-0.052332{1 + %(—0.0315679)}]($5.00 X 60).
= [-0.051801] x $300

= —$15.54.

An average beef consumer has lost $15.54 of consumer surplus, which is 5.2% of
their total expenditures of $300 (60 pounds per capita * $5.00 per pound on beef
prior to the excise tax). The estimated change is easily expanded to include the
entire beef market by multiplying the result by the U.S. population.

The excise tax reduces producer surplus, which is calculated at the output level
using (8.7) and the results from (5.11). Specifically, the impact of the 10% excise tax
on producer surplus is calculated as area (¢ + d) in Figure 8.7:

(8.46) APS, = [—0.047868 {1 + %(—0.031579)}]1($5.00 x 60)

= [—0.046621] x $300

= —$13.99.

Producer surplus has declined by $13.99, or 4.7% of the initial $300 per capita
expenditures on beef. The change in producer surplus could be calculated at the
input levels, and the result would be only slightly different from that in (8.46).

The total amount of excise tax receipts is calculated using (8.29), which indi-
cates that both consumers and producers pay some of the tax. The per capita
consumer share of the tax is represented by area a in Figure 8.7, and is calculated
using (8.30):

195
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(8.47) CTAX =[(E®@®)){1 + E(@}]Poqo

= [0.052632 {1 + (—0.0315791)}]($5.00 x 60)

= [0.050970] x $300 = $15.29.

The amount of tax paid by producers, area c in Figure 8.7, is calculated using (8.31):

(8.48) PTAX, = [-(E(@){1 + E(@)}]poq0
=[0.047368 {1 + (—0.0315791)}] ($5.00 x 60)

= [0.045873] x $300 = $13.76.

The producers’ share of the tax is $13.76 per capita, and the combination of con-
sumer and producer tax receipts sums to $29.05 per capita ($15.29 + $13.76).
The deadweight loss caused by the excise tax consists of a consumer compo-

nent and a producer component. Consumer deadweight losses are represented by
area b in Figure 8.7 and calculated using (8.36):

(8.49) CDWL = [-%E(PP)E(Q)]pogs.

= [-%(0.0526321)(—0.0315791)]($5.00 x 60)

=[0.000831] x $300 = $0.25.

Producer deadweight losses are represented by area d in Figure 8.7 and calcu-
lated at the output level using (8.38):

(8.50) PDWL, = [%E(PS)E(Q)]peqo

= [14(—0.047368)(—0.0315791)]($5.00 x 60)

= [0.000748] x $300 = $0.22.

Summing (8.49) and (8.50) results in a total deadweight loss estimate of
$0.47 per capita.

Note that total deadweight losses are also equal to the sum of the change in con-
sumer surplus, the change in producer surplus, and total tax receipts per capita:
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(851) DWLy =ACS + APS, + ATAX,.

In our numerical application, (8.51) is

(8.52) DWLy =—15.54—13.99 + 29.05 = $0.47

which is the same value as that obtained by summing (8.49) and (8.50).

Difference between the Two Approaches for

Calculating Changes in Producer Surplus

As noted earlier, we have developed an expression that compares the calculations
of producer surplus using the output market to those obtained by summing pro-
ducer surplus changes across n input markets. The comparison is developed by
first substituting (4.26) into (8.7) to obtain a measure of producer surplus changes
at the output level:

(8.53) APS, = [(E(@)){1 + %E(@)}]|Poqs
= [, K;Ew)){1 + %[E(@)}Ppoqo-

To calculate changes in producer surplus at the input level, PS,, (8.11) and (4.28)
are substituted into (8.24):

(8.54) APSy =X, APS,,
= |, KEwD) {1+ % (E@@) + iy 0 KE(w)))}] podo-
The difference between (8.53) and (8.54) in the multiple input case becomes
(8.55) APSy — APSg = Y Xy Xy KiEE(W))oy K;E(w))
=% KEW' Q KEW.

Surplus and Deadweight Losses from a Tax on an Input

Imposing an excise tax on a input drives a wedge between the input’s demand and
supply price. In addition, the use of that input and the output produced by the
production process declines. If only two inputs are used in the production pro-
cess, then the use of both decline. However, if more than two inputs are involved in
the production of an output, then the use of the taxed input declines but it is pos-
sible for the use of other inputs to increase even though overall output is always
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reduced. For example, Gardner’s (1988, p. 114) three-input example shows that
imposing a tax on input 1 causes a reduction in the use of that input as well as the
use of input 2. However, the use of input 3 increases, even though total output is
reduced. We present this outcome using stylized equilibrium trajectory plots.

The upper right panel of Figure 8.8 shows the equilibrium trajectories for the
price and use of input 1 after the imposition of a tax on that input. Note that the
tax places a wedge between the input supply price, wi,, and the input demand
price, wf,. In the output market (the upper left panel of Figure 8.8), the tax on
input 1 causes the quantity of output to decline while increasing the price of the
output. The price of output increases from p, to p;, while the quantity consumed in
the output market declines from g, to g..

The tax on input 1 causes the amount of input 1 used in the production process
to decline from x; , to Xy, as shown in the upper right panel of Figure 8.8. The tax
on input 1 in Gardner’s example also caused the price and use of input 2 to decline.
The EDM provides the equilibrium trajectory for this decline, as illustrated by
the arrow in the lower left panel in Figure 8.8. The figure indicates that the tax on
input 1 results in the price of input 2 declining from w,, to w,, and the use of the
input declining from x, to x,,.

Conversely, the tax on input 1 increases the use and price of input 3. The lower
right panel in Figure 8.8 shows the equilibrium trajectory that is estimated by the

Output‘ Input
Price Price
|dal
1 w,
pt ___________ N ' D
- ’N |dpl |dw?
po ___________ ':' _____ | w 1,0
1 1 ]4dwg
1 1
1 1 s
I I Wi
1 1
1 1
I I
1 1
1 1
I I
| | R
0 A , 0 ,
q, (o} utput Quantity 10 Input Quantity
Input Input
Price Price
[dx,| |dx,|

3,0

———---A

0 0

Figure 8.8. ATaxon Input 1




EIGHT: CONSUMER SURPLUS, PRODUCER SURPLUS, AND DEADWEIGHT LOSSES 199

EDM for input 3. The price of input 3 increases from w3 to ws,, and the use of the
input increases from x; to xs,.

Changes in Consumer Surplus, Producer Surplus, Tax

Incidence, and Deadweight Losses from a Tax on an Input

The tax wedge imposed in the input 1 market causes changes in producer and con-
sumer surplus, deadweight losses, and generates tax receipts. The change in con-
sumer surplus is shown as area (a + b) in Figure 8.8 and calculated in the output
market using the EDM equilibrium trajectories. However, changes and their inci-
dence in producer surplus, deadweight losses, and tax receipts must be calculated
at the input level because there is no mechanism in the output market to facilitate
those calculations when a tax is imposed on an input.

Using the Output Market to Measure the Effects of a Tax on an Input
Consider changes in consumer surplus as indicated in Figure 8.8, where areas a
and b represent a loss of consumer surplus and can be calculated using (8.3):

(8.56) ACS = —area (a + b) = —[(E(@®)){1 + %E(q)}]|poqo-

Note that part of this loss, area g, is in the form of taxes effectively paid by consum-
ers. Thus CTAX is calculated as shown in (8.30):

(857) CTAX =area (a) = [(E(@™)){1 + E(@)}]poqo-

The CDWL (area b) is the difference between the change in consumer surplus
shown in (8.56) and the amount of the tax paid by consumers (8.57):

(8.58) CDWL = —[%E (p”)E(q@)]poqo-

Measuring Effects in the Input Markets of a Tax on an Input
Changes in producer surplus caused by a tax on an input must be measured in
the input markets. Although an EDM provides the necessary results to calculate
changes in consumer surplus caused by a tax in the input markets, it does not pro-
vide a mechanism for measuring changes in producer surplus at the output level.
When a tax is placed on an input, changes in producer surplus are calculated
by measuring the effects across all input markets. The change in producer sur-
plus in input market 1 is given by the negative of area (e + f) in Figure 8.8 and is
calculated as
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(8.59) APS,, = —area (e + f) = [K,EW){1 + %E (x1)}podo

= [E(w){1 + %E (%)} lwy g X1 0,

using the perfectly competetive assumption that K;p,q, = wyx1. Because the tax
reduces the use of input 1, the change in producer surplus is negative. Likewise,
the change in producer surplus of input 2 caused by the imposition of a tax on
input 1 is represented by the negative of area (g + h) in Figure 8.8 and calculated as

(8.60) APS,, = —area (g +h) = [KEW){1 + %2E(x3)}Ipoqo
= [Ew){1 + YE(x2)}wy0%2.

This value is negative because a smaller amount of input 2 is used and the price of
the input is lowered because of the tax.

However, in this example, the use of input 3 increases as a result of the tax on
input 1. The suppliers of input 3 experience an increase in producer surplus of area
(i +j), which is calculated as

(8.61) APS,, = area (i +j) = [KsE(wW3){1 + Y%E (x3)}]poqo

= [E(W3){1 + %2E (x3)}lw3 ox3.

Note that this positive value indicates that the tax imposed on input 1 essentially
subsidizes the producers of input 3. That is, the tax on input 1 has caused more of
input 3 to be used. The sum of (8.59), (8.60), and (8.61) is the net loss of producer
surplus, (i +j) —area (e+f+g+h), or

(8.62) APSy = APS,_ +APS, + APS,..

Deadweight Losses in the Input Markets from a Tax on an Input

The imposition of a tax on an input requires that producer deadweight losses
be calculated in the input markets, although consumer deadweight losses con-
tinue to be calculated in the output market. The deadweight loss in input market
1is given by

(8.63) PDWL,, =area(f) = [YK,EW;)E(x1)]podo

= [1/ZE(W1S)E(x1)]W1,0x1,o-
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Similarly, the deadweight loss incurred by the producers of input 2 is given by

(8.64) PDWL,, = area (h) = [¥% K;E(W,)E(x3)]poqo

= [% E(Wz)E(xz)]Wz,oxz,o-

While the producers of input 3 benefit from the tax on input 1, societal dead-
weight losses occur in the input 3 market (area j). We denote this as

(8.65) PDWL,, = area () = [V KzE(w3)E (x3)]poqo

= [V2 E(w3)E (x3)]ws 0x3,0-
Incidence of a Tax on an Input Measured in the Input Markets
Although a tax was placed on input 1, consumers share in the payment of this tax.
The amount of the tax borne by consumers is given by (8.57) and is calculated at
the output level. However, because the tax was placed on an input, the producers’

share of the tax can only be calculated at the input level. The amount of the excise
tax paid by the producer of input 1 is given by

(8.66) PTAX,, = area(e) = [-K:E(W;){1 + E(x1)}Ppoqo

= [-EW{{1 + E(x1)}wy 0X10.

Although the tax is applied on input 1, the producers of the second input incur
some of the burden of the tax, which is calculated as

(8.67)  PTAX,, = area (g9) = [=K;E(W){1 + E(x2)}]poqo

= [=EW){1 + E(x2)}w, 0x2.

Conversely, the producers of input 3 receive, rather than pay, a portion
of the tax paid by others because both the price and the quantity supplied of
input 3 increase. The size of this gain, which is essentially a negative tax, is pro-
vided by area i:

(8.68) PTAX,, = —area (i) = —[-K3;E(w3){1 + E(x3)}]poqo

= —[-EW3){1 + E(x3)}lws 9x3,.
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Total tax revenues paid to the government that result from the tax on input 1 are
equal to the sum of taxes paid by consumers and producers:

(8.69) TTAX =area(a+e+g—1i)

= CTAX + PTAX,, + PTAX,, + PTAX,,.

Derived Demand and the Marginal Value of an Input

The previous sections described the measurement of changes in consumer and
producer surplus, tax receipts, and deadweight losses when a tax is placed on an
input. Interestingly, aggregate consumer and producer surplus, tax receipts, and
deadweight losses can also be calculated using only the information contained
in the input market being taxed. In some cases, one may only be interested in
aggregate surplus, tax, and deadweight loss estimates of an exogenous policy that
imposes a price wedge in an input market. In addition, it could be that several
input markets are being modeled, and a researcher might not be particularly inter-
ested in the incidence of the tax on each.

In the preceding example, the excise placed on input 1 is illustrated in the upper
right panel of Figure 8.8. The impact on producer surplus for input 1 is indicated
by area (e + f). Area (c + d) contains the aggregate measure of consumer surplus
plus the net changes in producer surplus that occur in input markets 2 and 3. Con-
sequently, the aggregate change in surplus can be obtained by summing area (c +
d) and area (e + f).

We define area (c + d) as the derived demand surplus (DDS) of the economic
system illustrated in Figure 8.8. We use this term because we are measuring
surplus changes in the derived demand input sector of the market in which the
tax was placed. The DDS, area (¢ + d) in Figure 8.8, is subject to the previously
discussed small EDM curvature errors. Area (¢ + d) approximately equals the
sum of the output market consumer surplus loss shown as area (a + b) plus the
input 2 producer surplus loss in area (g + h), less the increase in input 3 producer
surplus, which is area (i +j). Thus, area (c + d) in the upper right panel of Figure
8.8 represents the change in consumer surplus plus the net changes in producer
surplus that occur in input markets 2 and 3 resulting from the tax on input 1. In
addition, if area (¢ + d) is added to area (e + f ), the sum provides an estimate of the
total net change in surplus within the entire system caused by the tax on input 1.
This outcome occurs because area (e + f) represents the loss of producer surplus
in input market 1 while area (c + d) provides an estimate of the total net change in
surplus in the other input and output markets included in the EDM. Therefore, the
derived demand price, w?, represents the marginal value of input 1 with respect
to the entire system. We show that area (¢ + d) is equivalent to the sum of area
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(a + b) and area (g + h) less area (i + j) within a small approximation error caused
by the inability of EDMs to model curvature.

Derived Demand Surplus and Changes in Total

Surplus from a Tax on an Input

Using similar procedures to those of previous derivations, the derived demand
surplus calculation at the input level is given by

(8.70) ADDS,, = —area (c + d) = [-K;E(WP){1 + %E (x1)}]poqo

= [EWD){1 + %E (x1)}lw 0X1.0-

As noted above, this area is, within a generally small approximation error, equiva-
lenttothearea(a+b+g+h-i-j):

(8.71) ADDS, =~ —area[(a+b)+(g+h)—(+))]

= ACS + Y3_, APS;.

To illustrate, we derive an expression for the difference between (8.70) and
(8.71). We use the result that E(w?) = E(w{) fori =2, ..., n so that (8.71) becomes

(8.72) ADDS,, = [-KiEW){1 + %E (x1)}poqo

= [-K EwP){1 + (HE(Q) + T Kjo,E(wP )} Podo
or
(8.73) ADDS,, = [-KiEw){1 + %E(q)}

— VoK, E(wP) 31 Koy E (W7 )1poqo-

Noting that E(p”) = E(p®) and using the results from (8.3), (8.12), and (8.13), the
right-hand side of (8.71) can be written as

(874)  [-E(@s){1+ % E(q)}]
+ % Y3 [KEEWP){1 + YE (%)} poqo-

203
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We note that

(8.75) E(p*) = KiEWP) + Xi_, KiE(wW)
and

(8.76) E(x;) = E(q) + X3., Ko, E(W}).

Substituting (8.74) and (8.75) into (8.76) results in a function that represents the
right-hand side of (8.72):

8.77)  [~KEWP){1 + %E ()}

+ %27, KEEWP) X3, Ko E(W)) | pogo.
Subtracting (8.77) from (8.72) yields
(8.78) —%YiiKEWP) Y3 Ko E(wP)
or
(8.79) =% ¥i, Xio  KEW )0y KEw)
or
(8.80) —WLKEW'QKEW.
so that
(8.81) ADDS,, — (ACS + X3, APS;) ~ —VsKEW'QKEW.

Derived Demand and the Incidence of a Tax on Input 1

Total tax receipts from all market participants can be calculated by considering
only the input market on which the tax was imposed. Area c in Figure 8.8 is almost
equivalent to the tax paid by consumers, area a in Figure 8.8, plus the tax paid by
the producer of input 2, area g, less the subsidy gained by the producer of input 3,
area i. Hence, total tax receipts can be calculated by summing area c with the taxes
paid by the producer of input 1 (area e).

To illustrate, we define derived demand tax receipts (DDTAX) as
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(8.82) DDTAX,, = area (c) = [K;EwWP){1 + E(x1)}Ppodo

= [EwWD){1 + E(x1)}wy 0x1-

The term derived demand is used to indicate that tax receipts are being calculated
in the input market in which the tax was imposed. This value is approximately
equivalent to CTAX in (8.57) and the sum of taxes, including negative taxes, paid by
PTAX,,and the input 3 market, PTAX,,, as shown in (8.67) and (8.68):"

(8.83) DDTAX,, ~area(a+ g —i) = (CTAX + X}_, PTAX,,).

The values calculated in (8.82) and (8.83) are not identical, and the generally
small difference between the two is equal to

(8.84) DDTAX,, — (CTAX + ¥} ,PTAX,,) ~ KEW' QKEW.

Given that this error is usually small, total tax receipts can be calculated using
only the market in which the tax was imposed:

(8.85) TTAX,, = area(c+e) = DDTAX, + PTAX,..

Derived Demand and Deadweight Losses from a Tax on Input 1
The total deadweight loss across all market participants can be calculated by con-
sidering only the input market on which the tax was imposed. Area d in Figure
8.8 is approximately equivalent to the deadweight loss incurred by consumers
(area b) in Figure 8.8 and area (h + j), with total deadweight losses calculated by
summing area d with area f.

To illustrate, using procedures similar to those in expressions (8.8)-(8.12), we
define derived demand deadweight loss (DDDWL) as

(8.86) DDDWL,, = area (d) = [-%K,EWP)E (x1)]poqo

= [—%E(Wf)E(M)]WLoxLO

with the term “derived demand” used to indicate that the calculation is being
made at the input level. This value is approximately equivalent to COWL in (8.58)
and the sum of deadweight losses in the input 2 market, PDWL,, from (8.63) and
the input 3 market, PDWL,,:

13 Note that PTAX,, can be negative if the equilibrium quantity and price increase for input i.

205



206

EQUILIBRIUM DISPLACEMENT MODELS
(8.87) DDDWL,, ~ area(b+h+j)=CDWL+ Y3 ,PDWL,..

The values calculated in (8.86) and (8.87) are not identical, but the difference
between the two is given by:

(8.88) DDDWL, — (CDWL+ Y7 ,PDWL,,) ~ —AKEW'QKEW.
Given that this error is usually small, total deadweight losses can be calculated as

(8.89) DWL = area (d + f) = DDDWL,, + PDWL,,.

Thus, aggregate system deadweight losses can be calculated using only the changes
in the input market that incurred the tax.

A Numerical Example of an Input Tax

We use the one-output, three-input EDM example from (7.79)-(7.94) and impose
a10% excise tax on input 1. For the following numerical example, we again use val-
ues to the sixth decimal place to improve precision. The tax is entered in vector b of
(7.96) as E(61,) = 0.10 with all other values of the vector set equal to 0. The A matrix
in (7.96) is populated using an own-price elasticity of demand, n”, of —0.40 while
the own-price elasticities of input supply (&, &, €;) are 2.0, 1.0, and 0.20, respec-
tively, and the factor shares of x; (K1), x, (K>), and x; (K3) are 0.20, 0.50, and 0.30.
The Allen elasticities of substitution (AES) are 0, = 0,; = 0.30, 043 = 03; = 1.0, 055 =
03, =0.50. Hence,

0y = — (K2012)I:'1(K3013) — 295
Opp = — (K1021)I:'2(K3023) = —0.42
a3 = — (K1031)+(K2032) _ —1.50.

K3

The solution to (7.96) yields the following changes in the endogenous variables:
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"E(qP)] [—0.0077107
E(”) 0.019276
E@5| |-0.007710
E(®5) 0.019276
E(xP)| |[-0.040098
EG2)| |-0.000870
E(xP) 0.002481
Ew?P) 0.079951
®90) y= Ew$)| |-0.000870]
E(w3) 0.012403
E(x{)| |-0.040098
E(x3)| |-0.000870
E(x3) 0.002481
E(w; —0.020049
Ews)| |-0.000870
[E(w3)l L 0.012403/

The 10% tax placed on input 1 causes the demand output price, E(p®), and supply
price, E(p®), to increase by 1.93% as the demand quantity, E(q"), and supply quan-
tity, E(q°), decline by 0.77%. The amount of input 1 used in the production process,
E(x?) and E(x7), declines by 4.01%. Note that the demand price of input 1, E(w?),
has increased by 8.0% while its supply price, E(w3), has declined by 2.0%. The
sum of the absolute values of these changes is equal to the 10% tax imposed on the
input 1 market. Because of the decline in output, the amount of input 2, E(x3) and
E(x3), declines by 0.09% and its price declines by the same amount. Although out-
put has declined, the use of input 3, E(x3) and E(x3), increases by 0.25% while its
price, E(w?%) and E(w3), increases by 1.24%.

Measuring Changes in Consumer Surplus, Tax Receipts,
and Deadweight Loss at the Output Level

We assume that the initial total revenue of the industry (pyq,) is equal to $1,000.
Using the above values, the change in consumer surplus is given by

(891) ACS = —area(a+b) = —[(E(pD)){l + 1/zE(q)}]qu(;,
= —[0.019276 {1 + %(—0.007710)}] x $1,000

= —0.019202 x $1,000 = —$19.20.
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The amount of the tax paid by consumers is

(8.92) CTAX = area (a) = [(E(pD)){l + E(q)}]poqo

=[0.019276 {1 + (—0.007710)}] x $1,000

= 0.019128 x $1,000 = $19.13.

The consumer share of the deadweight loss caused by the tax is calculated as
(8.93) CDWL = area (b) = [-%E®P)E(Q)]poqo-
= [-%4((0.019276)(—0.007710))] x $1,000

= 0.000074 x $1,000 = $0.07.

Note that changes in producer surplus, producer deadweight losses, and taxes paid
by producers cannot be calculated in the output market because the tax and the
resulting price wedge occurred in an input market.

Measuring Changes in Producer Surplus at the

Input Level Caused by a Tax on an Input

Changes in producer surplus are calculated at the input level when a tax is
imposed in the input markets. Losses of producer surplus are represented by areas
e and fin input market 1, areas g and h in input market 2, and surplus gains in
input market 3 as indicated by areas i and j (Figure 8.8). Thus, the total net change
in producer surplus is given by

(8.94) APSy = APS, + APS, +APS, ..

Using (8.59), (8.60), and (8.61), expression (8.94) becomes
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(8.95) APS, = {[(0.2)(—0.012403){1 + %4(—0.040098)}] x $1,000}
+ {[(0.5)(=0.000870){1 + %(—0.000870)}] x $1,000}
+ {[(0.3)(0.012403){1 + %(0.002481)}] x $1,000}
= (—0.003929 x $1,000) + (—0.000435 x $1,000)
+(0.003726 x $1,000)

= —$3.93 — $0.43 + $3.73 = —$0.64.

Tax Receipts Paid at the Input Level Caused by a Tax on an Input
Total net tax receipts paid by the three input markets are calculated by summing
the net taxes paid by each:

(8.96) PTAXy = PTAX, + PTAX,, + PTAX,,.

Note that the third input market is not incurring a tax payment but is the recipient
of a tax “subsidy” given that the output and price of input 3 has increased. Numeri-
cally, (8.96) becomes

(8.97) PTAXy = {[—(0.2)(—0.020049){1 + (—0.040098)}] x $1,000}
+ {[—(0.5)(—0.000870){1 + (—0.000870)}] x $1,000}
+ {[-(0.3)(0.012403){1 + 0.002481}] x $1,000}
= (0.003849 x $1,000) + (0.000435 x $1,000)
+ (—0.003730 x $1,000)

= $3.85 + $0.43 — $3.73 = $0.55.

Deadweight Losses at the Input Level Caused by a Tax on an Input
Total net deadweight losses at the factor level are obtained by summing the net
deadweight losses incurred by each of the three inputs:

(898) PDWLy=PDWL, + PDWL,, + PDWL,,.
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Numerically, (8.98) becomes

(8.99) PDWLy = {[%:(0.2)(—0.020049)(—0.040098)] x $1,000}
+ {[%:(0.5)(—0.000870) (—0.000870)] x $1,000}
+ {[%(0.3)(0.012403)(0.002481)] x $1,000}
= (0.0000804 x $1,000) + (0.0000002 X $1,000)
+ (0.0000046 X $1,000)

= $0.0804 + $0.0002 + $0.0046 = $0.085.

Total Changes in Surplus Caused by a Tax on an Input

The change in consumer surplus as indicated by (8.91) is —$19.20. The total change
in producer surplus given by (8.95) is —$0.64, and the change in total surplus
(ATS) is

(8.100) ATS = ACS + APSy = —$19.20 — $0.64 = —$19.84.

These values were calculated by considering changes in consumer surplus at
the output level and summing the changes in producer surplus across the three
input markets. This approach allows for calculating the incidence of changes in
surplus across all market participants. However, it is possible to approximate
changes in net total surplus using only the input market in which the tax was
imposed. To illustrate, we use the concept of derived demand surplus as noted in
(8.70), such that

(8.101) ADDS, = [—(0.2)(0.079951){1 + %2(—0.040098)}] x $1,000
= (—0.015670 x $1,000) = —$15.67.

Equation (8.71) indicates that ADDS,, is also approximately equal to

(8.102) ADDS,, ~ ACS + ¥;_, APS,,
= —$19.20 — $0.43 + $3.73 = —$15.91.

Note that the values in (8.101) and (8.102) are not identical, in that
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(8103) ADDS, —ACS + Y7, APS,, = $0.24.
The difference between the two measures is represented by (8.80), such that

(8.104) WLKEW' QKEW =

—2.25 0.30 1.007[ 0.015990
%[0.015990 —0.000435 0.003721]| 0.30—0.42 0.50(|—0.000435
1.00 0.50-1.501L 0.003721

= $0.24.

Thus, subject to this small error, the derived demand surplus calculated in
market for which the tax was imposed is approximately equal to the net changes
in producer and consumer surpluses in the nontaxed factor and output markets.
Hence, the total net change in surplus for the market is calculated using (8.101)
and (8.95) as

(8.105) ATS =~ ADDS, + APS, = —$15.67 — $3.93 = —$19.60.

Note that this is very close to the value calculated in (8.100), with the difference
being equal to that indicated in (8.104).

Total Net Tax Receipts from a Tax on an Input

Total net tax receipts are calculated by summing those paid by consumers and
those paid by input suppliers. Input market 3 is a recipient of an implicit tax sub-
sidy caused by the excise tax imposed on input 1. Total tax receipts (TTAX) are cal-
culated using (8.92) and (8.97):

(8.106) TTAX = CTAX + PTAXy = $19.13 + $0.55 = $19.68.

Total net tax receipts can be approximated by considering only the input market
for which the tax was imposed. However, this approach cannot be used to calcu-
late the incidence of the tax burden among the input markets. Using only the input
market in which the tax was imposed, derived demand tax (DDTAX) receipts are
calculated as

(8.107) DDTAX,, = [(0.2)(0.079951){1 + (—0.040098)}] x $1,000

= 0.015349 x $1,000 = $15.35.
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The value indicated in (8.107) is approximately equal to the net taxes paid and
received by consumers and the producers of inputs 2 and 3 in (8.83), which
results in

(8.108) DDTAX,, ~ CTAX + ¥3, PTAX,,

= $19.13 + $0.43 — $3.73 = $15.83.

The wvalues calculated in (8.107) and (8.108) are not identical, and the
$0.48 difference is equal to

(8109) DDTAX,, — (CTAX + ¥, PTAX,) ~ KEW' QKEW =
—2.25 030 1.00[ 0.015990
[0.015990 —0.000435 0.003721]| 0.30 —0.42 0.50[[-0.000435
1.00  0.50—1.5011 0.001372

= $0.48

Subject to this small error, net tax receipts can be calculated by considering only
the input market to which the tax was applied.

Total Net Deadweight Losses Caused by a Tax on an Input
Total net deadweight losses (DWL) are calculated by summing those incurred by
consumers and all input suppliers using (8.93) and (8.99):

(8.110) DWL = CDWL + PDW Ly = $0.074 + $0.085 = $0.16.

Total net deadweight losses can also be approximated by considering only the
input market for which the tax was imposed. However, this approach cannot be
used to calculate the incidence of deadweight losses. Equation (8.86) shows that
the calculation is given by

(8.111) DDDWL,, = [—~%K,EWP)E(x1)Ipoqe
= [-14(0.20)(0.079951) (—0.040098)] x $1,000

= 0.000321 x $1,000 = $0.32.

The value indicated in (8.111) is approximately equal to the net deadweight loss
(or gain) incurred by consumers and the producers of inputs 2 and 3 using (8.87):
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(8112) DDDWL,, ~ CDWL + ¥}, PDWL,,
= $0.0743 + $0.0002 + $0.0046 = $0.08.

Note that the values in (8.111) and (8.112) differ by $0.24, which is explained
by (8.88):

(8113) DDDWL,, — (CDWL + ¥}, PDWL,) ~ =2 KEW' QOKEW =

—2.25 0.30 1.00 0.015990
%[0.015990 —0.000435 0.003721]| 0.30—0.42 0.50||—0.000435
1.00 0.50-1.50 0.003721

= $0.24.

Thus, the net change in deadweight losses calculated in the factor market in which
the tax was imposed is given by

(8114) DWL ~ DDDWL,, + PDWL,, = $0.32 + $0.08 = $0.40.

A Two-Output, Three-Input Model

We expand the previous EDMs by considering an economic system that includes
the production of two wholesale commodities such as beef and pork. We assume
that both wholesale products are produced using a raw agricultural commodity—
cattle in the case of beef and hogs in the case of pork. In addition, we assume that
labor is required to produce wholesale beef and pork products, that labor is not
specialized in terms of beef or pork production, and that substitution possibilities
exist between labor and the two agricultural commodities. In addition, cattle can-
not be substituted for hogs in the production of pork and hogs cannot be substi-
tuted for cattle in the production of beef.

For the beef sector, the wholesale demand and supply functions are given by

(8115) qP =qP(®P)  wholesale beef derived demand

(8.116) g3 = f(x2,xf) wholesale beef production

where q? is the quantity demanded of wholesale beef, p? is the wholesale price of
beef, q; is the quantity supplied of beef, x"is the quantity demanded of cattle used

to produce beef, and x? is the quantity demanded of labor used to process cattle into
beef products. The first-order conditions (FOCs) for beef production are given by
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8.117) ppfe—wPl =0
(8.118) ppfy —wl =0,

where p? is the supply price of beef, f: is the partial derivative of the production
function (8.116) with respect to x”, w?” is the demand price of cattle inputs, f; is the
partial derivative of the production function (8.116) with respect to x, and w} is
the demand price of labor.

For the pork sector, the general demand and supply functions are given by

(8.119) qB = qB(p?) wholesale pork derived demand
(8.120) gqp = g(xp, xle), wholesale pork production
where g7 is the quantity demanded of pork, p} is the wholesale price of pork, g3 is the
quantity supplied of pork, x? is the quantity demanded of hogs used to produce pork,
and x) is the quantity demanded of labor used to process hogs into pork products.
The FOCs for pork production are given by
(8121) pygn—wp =0
(8122) ppgi—wi =0,
where p? is the supply price of pork, gn is the partial derivative of the production
function (8.120) with respect to x7, w} is the demand price of hog inputs, g; is the
partial derivative of the production function (8.120) with respect to xp, and w} is
the demand price of labor.

The total amount of labor used by the two sectors is the sum of the amount used
to produce beef and the amount used to produce pork:

(8123) x{ = xp, + xp,.

The supplies of cattle, x*, hogs, x§, and labor, x;, are assumed to be functions of only
their respective prices, w?, w;, and w;*:

(8.124) x& =x3(wS) supplyof cattle
(8.125) xj, =x5(wj)  supply of hogs

(8.126) x{ =x;(W). supply oflabor
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The EDM for this problem is written as

(8127) E(qp) =n"E(py) +E(6,)

(8.128) E(q2) =nPE(pp) + E(6,)

(8129) E(py) = KPEW2) + KPEW) + E(63)

(8130) E(p3) = KYE(wP) + KPE(WP) + E(8,)

(8.131)  E(x2) = E(q3) + K2 occEWP) + K o EWP) + E(65)

(8.132) E(xP) =E(q)) + Klo,. EWP) + KPolE(WP) + E(8,)

8133) E(xf) =E(q3) + K opnEWP) + K o E(wWP) + E(6)

(8.134) E(x)) =E(qy) + KYonEWR) + K ol E(wP) + E(6g)
b D

(8.135) E(xP) = (%) E(xp) + (%) E(x{)

(8.136) E(x3) =¢e . EwWS) + E(6,)

(8137) E(x;) = enE(w;) + E(6,0)

(8.138) E(x;) = EW}) + E(611),

where n? is the own-price elasticity of demand for wholesale beef, n” is the
own-price elasticity of demand for wholesale pork, K” is the factor share of cattle
used to produce beef, K is the factor share of labor used to produce beef, K?is the
factor share of hogs used to produce pork, K? is the factor share of labor used to
produce pork, o is the AES between cattle and labor used to produce beef (which
is equal to oi), and oy is the AES between hogs and labor used to produce pork
(which is equal to o). The term x4, / x? represents the proportion of labor used by
the beef production sector and x} / x7represents the proportion of labor used by
the pork production sector.

The following equilibrium equations are added to the EDM so policy actions
that cause wedges to occur between output and input demand and supply quanti-
ties and prices can be considered:
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(8.139)  E(qp) = E(q5) + E(612)
(8.140) E(q2) =E(q3) + E(613)
(8.141)  E(py) = E(py) + E(614)
(8.142) E(pR) = E(p3) + E(6;5)
(8.143) E(xP) = E(x5) + E(646)
(8.144) E(xP) = E(x3) + E(64,)
(8.145) E(xP) = E(x{) + E(615)
(8.146) E(w?) =EW?) + E(6,9)
(8147) EWpg) = E(wp) + E(64)
(8.148) EWP) = EW{) + E(62,).

Moving the endogenous variables in (8.127)-(8.148) to the left-hand side
results in

(8149)  E(qp) —n°E(py) = E(61)

(8.150) E(q)—nPE(pp) = E(6,)

(8.151)  E(py)— K2EW®) — K EW{) = E(65)

(8152) E(p) — KNEwR) — KE(w{) = E(6,)

(8.153)  E(x2) = E(q3) — K20 EWP) — Ko, E(w() = E(65)
(8.154) E(xP)—E(q)) — Klo, E(WP) — KPolE(WP) = E(8)

(8.155) E(xp) —E(q3) — Ky onnEwP) — KP o EwWp) = E(6;)

(8.156) E(xp)—E(q3) — Ky omE(wp) — KF ol E(w() = E(6%)



(8.157)

(8.158)
(8.159)
(8.160)
(8.161)
(8.162)
(8.163)
(8.164)
(8.165)
(8.166)
(8.167)
(8.168)
(8.169)

(8.170)
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EGP) - (25) ECeB) - (25) E(ch) = 0
E(xf) — e.EWE) = E ()

E(xy) — enE(Wi) = E(810)
E(x}) — e EW) = E(611)
E(qp) — E(ay) = E(612)
E(qp) — E(ap) = E(613)
E(py) — E(py) = E(614)
E(py) — E(pp) = E(615)
E(xP) — E(x§) = E(616)
E(xy) — E(x) = E(617)
E(x) — E(x}) = E(615)
E(wp) — EWE) = E(610)
E(wy) — E(wy) = E(820)

EW) — EW}) = E(621).

Putting (8.149)-(8.170) into general matrix notation results in

(8.171)

where y is a 22 X 1 vector of endogenous variables, 4 is a 22 X 22 matrix of

Ay = b,

parameters, and b is a 22 X 1 vector of exogenous shocks. The y and b vectors
are given by
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'E(ql[,))' (E(6,) ]
E(q3) E(6,)
E(qy) E(65)
E(qg) E(6,)
E(pp) E(65)
EpS)|  |EG)
E(p?) E(6;)
E(p) E(65)
E(x?) 0
E(xlDb) 5((:9))

_[EGD)| o |[ECu
(8.172) 'y E(xle) b E@.)|
E(xlD) E(912)
E(x$) E(613)
E(x,f) E(614)
E(x} E(615)

E(wp) E(616)
E(wp) E(617)
E(WID) E(01s)
E(Ww¢) E(619)
E(Wif E(630)

—E(Wls)— LE(631).

To populate the A matrix, we assume that the own-price elasticity of demand
for beef, n”, is —0.60 and the own-price elasticity of demand for pork, n’, is —0.40.
In addition, we assume the own-price elasticity of supply of cattle, &, is 0.40; the
own-price elasticity of supply of hogs, &, is 0.60; and the own-price elasticity of
supply of labor, €, is 0.80.

We also assume that the factor share of cattle, K, used to produce beef is
0.90 and the factor share of hogs, K, used to produce pork is 0.80. Thus, the factor
share of labor used to produce beef, K} is 0.10, and the factor share of labor used
to produce pork, K7, is 0.20. The AES between cattle and labor, oo, used in the pro-
duction of beef is assumed to equal 0.40, so that o, = g;c = 0.40. While U.S. beef
and pork production quantities are relatively similar on an annual basis, almost
4 times more hogs are slaughtered relative to cattle. Thus, we assume that pork pro-
duction is relatively more labor intensive than beef production. The AES between
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hogs and labor, o, in the production of pork is assumed to equal 0.30, so that
o = o= 0.30, which is smaller than the AES between cattle and labor.
The remaining AES values are calculated for the beef production sector as

b Kbo,
Opp = —KIK—ZC’ = —0.044 and o = — ;blc = —3.60.

l

For the pork production sector, they are calculated as

P p

Ko Ky o

— 19h _ P _ el

Ohn = =~ = 0.075 and g, = kP 1.20.
h

We use average annual data for the period 2015-2019 to represent the sizes of
the industries being modeled. Over this time period, the total value of cattle pro-
duction averaged $52,200 million annually, while the total value of hog production
averaged about $18,600 million. Given the perfect competition assumption of zero
economic profits and factor share values, K indicates that the value of cattle rep-
resents 90% of the wholesale value of beef. Thus, the estimated size of the whole-
sale beef industry is given by

(8.173) pbqb = $52,200 million / 0.90 = $58,000 million.

Likewise, Kj indicates the size of the wholesale pork industry is given by

(8.174) pkqb = $18,600 million / 0.80 = $23,250 million.

Therefore, the size of the labor sector used to produce wholesale beef is given by
(8.175)  wixl = KP(p8qb) = 0.10 X $58,000 million = $5,800 million.

The size of the labor sector used to produce wholesale pork is given by

(8176) wix? = KP(pPql) = 0.20 X $23,250 million = $4,600 million.

Thus, total labor expenditures used to produce wholesale beef and pork equals
$10,450 million ($5,800 million + $4,650 million). The beef share of total labor
expenditures is given by

D
(8177) M = S5 = 056

and the pork share of total labor expenditures is given by
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D
(8.178) 2=V = 044,
l

$10,450

Using these values, the A matrix is populated as

(8.179)
1 0 0 0 060 O 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 040 O 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 -090 0 -0.10 O 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 -0.80-0.20 O 0 0
0o -1 0 0 0 0 0 0 1 0 0 0 0 0 0 0 004 0 -0.04 O 0 0
0 -1 0 0 0 0 0 0 0 1 0 0 0 0 0 0 -036/ 0 036 0 0 0
0 0 0 | -1 0 0 0 0 0 0 1 0 0 0 0 0 0 -0.06/ 0.06 O 0 0
0 0 0 | -1 0 0 0 0 0 0 0 1 0 0 0 0 0 1024-024 0 0 0
0 0 0 0 0 0 0 0 0 -056 0 |-044 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 -040 O 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 -0.60| 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 |-0.80
1 -1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 -1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 -1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 -1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0o -1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0o -1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 -1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0o -1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1

Homogeneity of the Production Processes

One way to check for the theoretical and empirical consistency of an EDM is to
ascertain whether the system meets the homogeneity of degree 0 (HDO) require-
ment. The process involves placing a price wedge of, say 10%, between each input
supply and demand price in the form of a tax. In addition, the same price wedge
is simultaneously placed between each of the output demand and output supply
prices in the form of a producer subsidy. The price wedges placed in the input mar-
kets are entered as positive values in the b vector to represent an increase in the
demand price of the inputs caused by the tax. However, the price wedges placed
in the output markets are entered as negative values in the b vector to represent an
increase in the price that producers receive for their output because of the subsidy.
If the model is HDO in input and output prices, then identical increases in output
and input prices will not have any impact on equilibrium output or input quanti-
ties. Thus, the test is conducted using the following b vector:
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(8.180) b =

O O O O O O O O O o o o o o

—0.10
—0.10
0
0
0
0.10
0.10
L 0.10 -

Solving (8.171) as

(8.181) y=A"1b

results in changes in endogenous variables presented in (8.182). A 10% increase in
the demand price of the three inputs (w2, w?, w?) coupled with a 10% increase in
the price of beef and pork products received by producers (p}, p;) does not cause
any other changes in the endogenous variables of the economic system. Therefore,
the homogeneity condition is met.
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(E(q5)]
E(q3)
E(qp)
E(qp
E(pp)
E(py)
E(pp)
E(pp)
E(x?)
E(xp)
E(xP)
E(xp)
E(xD)
E(x%)
E(x3)
E(x{)
E(WCD) 0.10
Ew?) 0.10
EwP)| o.10
E(we) 0
E(wj) 0
E(w)l L g |

o

o 1
O O O O O O O R O RO OO oo o
o o

(8182) y=

o

A 10% Tax on Labor

Suppose a payroll tax of 10% is placed on labor inputs (input 3). The exogenous
shock places a price wedge between the demand and supply prices of labor and
is implemented by setting E(6,;) equal to 0.10 in the b vector and all other entries
equal to 0. The effect on the endogenous variables is given by
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E(g2)] [—0.0033411
E(gd)| [-0.003341
E(¢?)| [-0.005012
E(gS)| |-0.005012
E(pp) 0.005569
E(p;) 0.005569
E(p?) 0.012530
E(p3) 0.012530
E(xP)| [~0-000557
E(xP) —0.028400
(8.183) y = E(xD) | [0-000835]
E(x2)| |~0.021718
E(xP) —0.025427
E(x3) —0.000557
E(xp) —0.000835
E(x}) —0.025427
EWw?) —0.001392
EWwpP) —0.001392
EWw?) 0.068216
EwS)| [-0.001392
Ew)| |[-0.001392
L[E(w)] 1-0.031784.

The 10% tax on labor causes its supply price to decline by 3.2% and its demand
price to increase by 6.8%. The sum of the absolute value of these two effects rep-
resents the 10% tax wedge that was placed between the demand and supply prices.
Note that the purchasers of labor bear a larger incidence of the tax than the suppli-
ers of labor.

Because the price of labor increases, the beef and pork processing sectors use
less labor. The total reduction of labor use, E(x?) = E(x7), is 2.5%. The amount of
labor used in beef production, E(x}), declines by 2.8% and the amount used in
pork production, E(x?), declines by 2.2%. Although the pork production sector is
more labor intensive per unit of output, the larger scale of the beef sector results in
its use of 56% of all labor inputs while the pork production sector uses 44%. Thus,
the share-weighted averages of the two percentage reductions in each sector are
equal to the overall percentage reduction in the use of labor.
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Because increased labor costs cause the pork industry to reduce its output, the
use of hogs, E(x?), decreases by 0.1% and the price of hogs, E(w?%), decreases by
0.1%. The tax on labor reduces the production of pork and cause the equilibrium
price of pork, E(p;) and E(p;), to increase by 1.3% while the quantity of pork con-
sumed, E(q)), declines by 0.5%. The production of beef, E(q;), decreases by 0.3%
while the equilibrium price of beef, E(p}), increases by 0.6%. The reduction in beef
production causes 0.1% fewer cattle, E(x”), to be used which reduces the price of
cattle, E(w?), by 0.1%.

General Issues Related to Surplus, Tax, and Deadweight
Loss Effects of a 10% Tax on Labor
The equilibria trajectories for each market and labor tax wedge are presented in
Figure 8.9. We have shown that the surplus effects of the tax can be estimated in
two ways. The first approach calculates aggregate surplus changes using only the
market in which the tax wedge was imposed, as presented in the lower right panel
in Figure 8.9. The second approach uses the output market and each of the non-
taxed input markets to calculate changes in surplus. This latter approach disaggre-
gates the total effects so that the incidence of the effects in each market can be cal-
culated. As previously demonstrated, the two approaches provide almost identical
aggregate results.

In previous examples using one output, surplus results were presented as pro-
portions of the initial size or total revenue of the industry. Although other scaling
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Figure 8.9. Two-Output Model with a Tax Placed on a Factor Input
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metrics can be used, the purpose of using industry size was to facilitate the deri-
vation of errors between the two approaches in terms of quadratic forms. Because
of the addition of a second output market, we use the size of the output and input
markets to calculate proportional changes in surplus.

Changes in Surplus Caused by a 10% Tax on Labor

We use the market in which the tax was placed to calculate changes in surplus
using the second expression in (8.70). The change in derived demand surplus
is given by

(8184) ADDS, = —area (i +j) = [-<E(WP)%{1 + E(x?)}wx}
= [~(0.068216){1 + %(—0.025427)}] x $10,450

= —0.067349 x $10,450 = —$703.80 million.

Using the second expression in (8.59), the change in producer surplus in the labor
market is given by

(8.185) APS, = —area (k + 1) = [E(w;){1 + %E (x;)lwix}
= [-0.031789{1 + ¥ (—0.025427)}] x $10,450

= (—0.031379) x $10,450 = —$327.92 million.

The sum of (8.184) and (8.185) represents the aggregate change in total surplus for
consumers and all producers, a reduction of $1,031.72 million, that results from
the imposition of a 10% tax in the labor market. Note that other than for the loss
of producer surplus in the labor market, no other single market surplus change is
identified when calculating changes using only the market that was taxed. To illus-
trate how the change in derived demand surplus is approximately equal to the sum
of the consumer and producer surplus changes in the nonlabor markets, consider

(8.186) ADDS, ~ —area (i + j) ~ —area (a + b) —area (c + d)
—area(e+ f) —area(g + h)

or

(8.187) ADDS; = ACSy, + ACS,, + APS. + APSy,.
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The change in beef consumer surplus is calculated using (8.56)
(8188) ACS, = [~(E@D) )1 + %E@D)} | phas
= [(—0.005569){1 + 2(—0.003341}] x $58,000
= (—0.005559) x $58,000 = —$322.44 million.

For the pork market, the change in consumer surplus is given by:
(8189) ACS, = |- (E(pp)) {1+ %E(ap)}| viab
= [(—0.012530){1 + %4(—0.005569}] x $23,250
= (—0.012498) x $23,250 = —$290.58 million.

The change in producer surplus in the cattle market, APS,, is calculated using the
second expression in (8.59) as

(8.190) APS, = [E(WS){1 + YBE(x3)}wx§

= [-0.001392{1 + %(—0.000557)}] x $52,200 million.

= (—0.001391) x $52,200 = —$72.65 million.
Likewise, the change in producer surplus in the hog market, APSy, is calculated as:
(8191) APS, = [E(w){1 + VoE (x)wlxl

= [-0.001392{1 + %(—0.000835)}] x $18,600 million.

= (—0.001391) x $18,600 = —$25.88 million.
Substituting the results of (8.188), (8.189), (8.190), and (8.191) into (8.187) yields

(8.192) ADDS;, ~ —$322.44 — $290.58 — $72.66 — $25.88

= —$711.56 million.



EIGHT: CONSUMER SURPLUS, PRODUCER SURPLUS, AND DEADWEIGHT LOSSES

Note that the difference in ADDS, as calculated in (8.184) and the value calcu-
lated in (8.192) is only $7.76 million, which is approximately 0.0096% of the total
size of beef and pork markets ($81,250 million). However, this second approach to
calculating the total change in surplus allows one to calculate the incidence of sur-
plus in each input market.

Tax Receipts Resulting from a 10% Tax on Labor
Using (8.85), total tax receipts, but not the incidence of taxes, can be calculated by
considering only the market in which the tax was imposed:
(8.193) TTAX = area (i + k) = DDTAX, + PTAX,.
Using the second expression in (8.82), the first term in (8.193) is calculated as:
(8194) DDTAX, = area (i) = [EwWP){1 + E(xP)}Hwixb

= [0.068216{1 + (—0.025427)}]

%X $10,450 million.
= (—0.066482) x $10,450

= $694.74 million.

The second term in (8.193) is obtained using the second expression in (8.66) as:

(8.195) PTAX, = area (k) = [-E(wW;){1 + E(x{)}wix}
= [~(=0.031784){1 + (—0.025427)}]
X $10,450 million.
= (0.030975) x $10,450

= $323.69 million.

Hence, total tax receipts generated by the 10% tax in the labor market can be
calculated as

(8.196) TTAX = DDTAX, + PTAX, = $694.74 + $323.69

= $1,018.43 million.
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The amount of the tax paid by beef consumers is calculated using (8.57) as:
(8.197) CTAX, =area (a) = |(E@)){1 + E(ab)}| pbad
= [(0.005569){1 + (—0.003341)}]
x $58,000
= (0.005550) x $58,000
= $321.91 million.

Likewise, the amount of the tax paid by pork consumers is given by
(8.198) CTAX, = area(c) = [(E(pg)) {1+ E(qg)}] pYqb
= [(0.012530){1 + (—0.005012)}]
%X $23,250 million.

= (0.012467) x $23,250

= $289.85 million.

The amount of taxes paid by the cattle sector is obtained using the second expres-
sion in (8.66):

(8199) PTAX, = area (e) = [~EwWS){1 + E(x5)}lwExE
= [-(—0.001392){1 — 0.000557)}]
x $52,200
= (0.00139) x $52,200

= $72.63 million.

while the hog sector’s tax payments are similarly calculated as
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(8.200) PTAX,, = area (g) = [-E(w;){1 + E(x;)}wlx

= [—(—0.001392){—0.000835)}]

% $18,600

= (0.001391) x $18,600

= $25.87 million.
Summing the results of (8.197), (8.198), (8.199), and (8.200) results in
(8201) DDTAX, = CTAX, + CTAX, + PTAX, + PTAX,

= $710.26 million.

Note that subtracting (8.201) from (8.194) results in a difference of $15.52 million,
which shows that the difference between the two approaches to calculating tax
receipts is relatively small and amounts to about 1.5% of total estimated taxes. If
a researcher is only interested in estimating total tax receipts, then using (8.193),
(8.194), and (8.195) is an appropriate approach. However, if the tax incidence on
each sector is desired, (8.199), (8.200), and (8.201) should be employed.

Deadweight Losses Resulting from a 10% Tax on Labor

The aggregate deadweight losses caused by the 10% tax on labor can be calculated
using only the market in which the tax was imposed. In this case, total deadweight
losses are calculated using (8.89):

(8202) DWL = area (j + 1) = DDDWL, + PDWL,.

Using the second expression in (8.86), the derived demand deadweight losses can
be calculated as:
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(8.203) DDDWL, = area (j) = [~EWP)E(x])Iwx}
— [~1%(0.068216)(—0.025427)]

%X $10,450 million.

= (0.000867) x $10,450

= $9.06 million.

The labor market deadweight losses are calculated using the second expres-
sion in (8.65)

(8204) PDWL, = area (1) = [2E(W)E (x7)Iwix}

= [%(—0.031784)(—0.025427)]

X $10,450 million.

= (0.000404) x $10,450

= $4.22 million.
Thus, total deadweight losses can be calculated in (8.202) as

(8.205) DWL = DDDWL; + PDWL,

= $9.06 + $4.22 = $13.29 million.

The incidence of deadweight losses among the input markets can be calculated
using the equations developed in the previous section.

Summary

A common objective of policy analyses is to estimate the effect of legislative
actions on consumer and producer surplus, the incidence of costs and benefits,
and societal deadweight losses or gains. Estimating these effects is complicated
because a policy may affect several horizontally or vertically linked market sec-
tors. EDMs are useful tools for assessing these effects on systems of linked mar-
kets. This chapter demonstrates that EDMs linearly approximate sector-specific
price-quantity equilibria along total-response trajectories. The equilibria changes
can be used to estimate the levels and incidence of changes in surplus, tax receipts,
and deadweight losses. When a market-specific policy is implemented, “wedges”
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are often driven between equilibrium prices or quantities in that market. In this
case, total changes in surplus, taxes, and deadweight losses can be estimated by
integrating equilibria trajectories solely within the market that contains the
policy-induced “wedge”

Alternatively, the incidence of changes in surplus, tax receipts, and dead-
weight losses can be estimated by separately integrating the linearly approximated
equilibrium trajectories in each market if a tax was imposed on an input. When
summed, these individual effects are shown to closely approximate the aggregate
metrics computed using only the market in which the price or quantity wedge
occurred. Note that if a tax is placed on an input, changes in producer surplus can-
not be calculated in the output market because the consumer demand price will
continue to equal the producer supply price at that level.

Although EDMs have proven useful for many applications, they have some
limitations for estimating surplus effects. Changes in price and quantity equilib-
ria occur along linearly tangent hyperplanes or total differentials in price-quantity
space. As such, EDMs as well as underlying total differential linear approxima-
tions are most useful for estimating changes caused by relatively small policy or
system shocks.

Similar to other partial equilibrium models, researchers considering the effects
of market interventions must decide which market sectors are to be treated as
exogenous versus endogenous in an EDM. When constructing a partial equi-
librium model, the model’s exogenous market information such as consumers’
or input suppliers’ price-quantity total-response trajectories are taken as given.
Therefore, an EDM can estimate surplus changes in these markets as well as for
those that are fully internal to the model.

EDM:s cannot, however, be used to estimate surplus changes for a shock ema-
nating from sectors that are external to the model. While an EDM can be used to
estimate the producer surplus effects of an exogenous demand shock, EDMs can-
not estimate changes in consumer surplus emanating from a demand shock unless
the model contains the sectors that are also indirectly affected. That is, a shock to
the demand of a product for which substitutes or complements exist affects pro-
ducer surplus throughout the model. But if the demands for substitutes or com-
plements are not included in an EDM, then changes in consumer surplus calcu-
lated within the model ignore positive or negative surplus effects from outside of
the model.
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Chapter Nine

SENSITIVITY ANALYSES OF EQUILIBRIUM
DISPLACEMENT MODELS

Equilibrium displacement models (EDMs) are used to calculate changes
in endogenous variables caused by exogenous economic or policy shocks
for a given set of demand, supply, and input substitution elasticities and
factor shares. EDM results can be used in some cases to calculate changes
in producer and consumer surplus and the incidence of tax receipts and
deadweight losses. These estimates are valuable for policy makers and
researchers. However, such calculations represent point estimates of each
of these measures and are conditional on the selected parameters used
to operationalize the models. In many cases, researchers obtain elasticity
estimates from other studies that are themselves contingent upon spe-
cific time periods, modeling strategies, and estimation procedures. Factor
shares are often obtained from data that may have been gathered with
some error or across differing time periods. It is rare for a study to simul-
taneously estimate a supply and demand system to obtain elasticities and
concurrent factor share data for the same time period (e.g., Brester, Marsh,
and Atwood, 2009).

All economic models have limitations. To the degree that uncertainty
exists in parameter estimates, it is useful to consider the effects of alter-
native parameter values on EDM results. This can be accomplished by
systematically altering each parameter individually to evaluate the sen-
sitivity of EDM estimates to a range of values (Brester and Wohlgenant,
1997). This may be all that is required if a researcher is trying to determine
if parameter variations substantially alter EDM results. However, if a
researcher wishes to estimate confidence intervals or perform hypothesis
tests, then they must consider joint realizations of an EDM’s underlying
parameters (Davis and Espinoza, 2000).
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Brester, Marsh, and Atwood (2009) note that a sensitivity analysis of EDM
results should not only consider the variability of parameter estimates, but also
their potential dependency using covariances or correlations. It is common to
assume a multivariate normal distribution for these parameters and jointly esti-
mate or assume the moments of the multivariate parameters’ distributions. It
may be that estimates of some joint EDM parameters can be simulated using
variances and covariances obtained from the econometric estimation of a sys-
tem of equations. For example, suppose that a researcher has estimated a system
of identified equations and computed a set of elasticity estimates: 0}, = n/(BIX)
with B~MVN(B, Zp), where n}) are own- and cross-elasticities of demand, 8 is a
vector of parameter estimates, X is a set of variables, and Zgis a matrix containing
estimated parameter variances and covariances. The nota‘gon B~MVN(B, Xp) indi-
cates that B is distributed multivariate normal with mean f and covariance matrix
X Simulating a joint set of 1) could then be accomplished by repeated simula-
tions and calculations of 1}, (f;,~MVN(B, Zg)) with the resulting 7}, values incor-
porated into EDM computations.

Although Brester, Marsh, and Atwood (2009) use this procedure for a subset
of their simulations, it is usually not possible to estimate a complete set of the
required joint EDM parameters from a single system of econometric equations.
However, flexible copula procedures can be used to: (1) independently estimate
and assume marginal EDM parameter distributions for a set of parameters, (2)
independently simulate potential parameter realizations using these distribu-
tions, and (3) bind the simulated independent marginals into a set of multivariate
parameters. The approach used by Brester, Marsh, and Atwood (2009) examined
the sensitivity of EDM estimates of producer and consumer surplus to potential
joint variability of EDM parameters. Other researchers have also used this method.

Generating Empirical Distributions of EDM Estimates

In this section, we present a simplified example of procedures that can be used
to construct confidence intervals for EDM results. The example uses an assumed
joint empirical probability distribution of EDM parameters while imposing min-
imal prior information with respect to demand and supply elasticities. That is, we
assume that own-price demand elasticities are never positive, and that own-price
supply elasticities are never negative. The method involves specifying marginal
distributions of individual parameter estimates and independently simulating a
set of N potential realizations for each parameter.* We introduce dependency by
binding the independently simulated marginal realizations together using Iman
and Conover’s (1982) normal-copula procedure to create N sets of correlated or

14 The marginal distributions need not be of the same distributional family, which facilitates the imposition of differing
inequality restrictions on simulated model parameters.



dependent parameter values. For each of the N sets of joint parameters,
we use an EDM to compute a set of endogenous variable outcomes and
estimated changes in consumer and producer surplus. This generates N
sets of simulated joint EDM results. These empirical outcomes are used to
develop means, confidence intervals, and p-values for price and quantity
changes and surplus measures.

An Application to a One-Output, Two-Input Model

Equations (5.1)-(5.8) presented a one-output, two-input EDM that was
used to obtain estimates of changes in endogenous variables resulting
from a 10% excise tax on output. Equation (5.11) presents the EDM
results as:

"E(q)1 [—0.032]
E(pP) 0.053
E(®S)| [-0.047
(9.1) y=|E(x,)|=|-0.066].
E(x,) —0.039
E(wy))| [-0.013
LE(wz)l 1-0.039.

The point estimates indicate that a 10% excise tax would cause the quan-
tity of output, E(q), to decrease by 3.2%; the demand price, E(p®), to
increase by 5.3%; and the supply price, E(p®), to decrease by 4.7%. The
use of input 1, E(x,), decreases by 6.6% while its price, E(w,), decreases
by 1.3%. The use of input 2, E(x,), decreases by 3.9% while its price, E(w,),
decreases by the same amount because of the assumed unitary elasticity of
supply for input 2. Using (8.25) and assuming a market size of $1,000, the
excise tax causes consumer surplus to decline by $51.80. Equation (8.26)
indicates that producer surplus declined by $46.62, and (8.27) and (8.28)
are used to calculate a $19.61 decline in producer surplus in input market
land a $27.09 decline in producer surplus in input market 2.

The changes in endogenous variables and surplus measures were calcu-
lated assuming an own-price elasticity of demand, 1”, of —0.60; own-price
elasticities of input supplies, &; and &, of 0.20 and 1.0; and an Allen elastic-
ity of substitution between inputs of 1.0. However, each of these four elas-
ticities are point estimates. We wish to: (1) examine the effects of varying
the elasticity point estimates upon changes in the EDM-estimated endog-
enous variables and surplus metrics, (2) estimate confidence intervals for
the EDM results, and (3) examine the degree to which potential correla-
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tion between the EDM’s elasticity parameters affects estimated EDM confidence
intervals. In the following section, we present a Monte Carlo simulation approach
for obtaining confidence intervals for changes in EDM-developed endogenous
variables and surplus calculations.

Simulating Joint Realizations of Changes in Endogenous
Variables and Consumer and Producer Surplus
The following discussion presents a simplified example for illustrative purposes.”
We specify parameter variances for demand and supply elasticities by assuming
a coefficient of variation and truncating potential parameter values at 4 standard
deviations from their mean values. If 4 standard deviations above or below the
mean results in positive or negative values for demand and supply elasticities,
respectively, the value is set to 0. Of course, if estimates of the variances of these
elasticities were available, one would want to use those in the following procedures.
To model and simulate marginal distributions, we use nonstandardized Beta
distributions because they can flexibly model various distributional shapes while
bounding elasticity parameter realizations. The following procedures can use mar-
ginals constructed with Bayesian or other methods that incorporate exogenous
information. In addition, the marginals need not be limited to members of the
same family.'s
Let b denote a vector of the EDM parameters used in the one-output, two-input
model. For the i element in b, the nonstandardized Beta distribution is written as

9.2) f(b) = 1 Iai+B) (bi—Li)“i_l (Ul;b:)ﬁi—1

Ui-Li T'(a)l'(B;) \U;—L; Ui-L

for Li< bi < Uiand a;, i > 0. For each of the parameter values b, its mean £; is set at
the assumed value from Chapter 5, its standard error is set to 6; = CV u;, and the
bounds L; and U; are set to L; = fi; — 46; and U; = fi; + 46;. Then, L; is bounded
at 0 if b; represents a supply elasticity and if f1; — 46; < 0. Similarly, U; is bounded
at 0 if b; represents a demand elasticity and if ; + 46; > 0. Given L; and U;, a; and
Bi are solved to obtain a mean of f; and a standard deviation of 6; for the distri-
bution given in (9.2). It can be shown that setting a = ( de )(¢1¢>2 -1 and

b1+¢2

B = ( ¢1¢f¢2) (¢:1¢, — 1), where ¢, = (%) and ¢, = (UT_’A‘), results in a mean of [ and a

standard deviation of §'.

15 Appendix 9A contains a more detailed discussion of the example contained in the textbook. The actual procedures
are presented in the Excel workbook entitled “EDM examples Chapter 9.xlsm”, which contains example data, the
macros used to construct the simulated set of possible EDM metrics, and computations of confidence intervals for
each metric.

16 We use the nonstandard Beta distribution because of its tractability. Researchers can use other estimated or litera-
ture-based marginal distributions such as triangular distributions or ranges of elasticity estimates.
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If L; and U; are both 4 standard deviations from the mean, the marginal distri-
bution is symmetric with a; = i = 7.5. Given L;, U;, a;, and f;, the BETAINV func-
tion in Excel was used to generate 1,000 b; realizations corresponding to the quan-
tiles (0.001, 0.002, ..., 1) for each of the model’s four elasticity point estimates. The
resulting marginal b; realizations were stacked into a 1,000 x 4 matrix, Y. Para-
metric correlations were introduced using the Iman-Conover process, which reor-
ders the elements in ¥ to obtain ¥¢. Each column in ¥¢ has the same rank order
as a corresponding column in a 1,000 x 4 multivariate normal sample, N¢, gen-
erated with covariance matrix £, or its corresponding correlation matrix Ry. The
Iman-Conover process used here is equivalent to introducing marginal depen-
dence using copula procedures with a 4-dimension normal or elliptical copula. By
construction, the reordered matrix, ¥, has the same Spearman rank correlation
matrix as N¢. The Pearson correlations of Y. obtained using reordered Beta distri-
butions are similar to the model’s specified correlation matrix, Rj.

For each of the j =1, ... 1,000 joint b; parameter realizations in Y, the resulting
EDM estimates proportional price and quantity changes, E(-);, and surplus values
CS}, PSj, PS1, PS2,. These joint realizations are generated and stored. The set of j =1,
.. 1,000 jointly simulated values — E(-)), CS}, PS;, PS1, PS2;— are then used to con-
struct empirical confidence intervals and to examine the joint structure between
the EDM results.

A Numerical Example with Uncorrelated Elasticities
Appendix 9A presents the procedures used in this book’s Excel workbook to gen-
erate confidence intervals for changes in EDM endogenous variables and surplus
measures. For the first example, the standard deviation for each of the four elasticity
estimates is calculated using an assumed coefficient of variation of 0.20. Of course,
if actual standard errors for the elasticity estimates are available, they should be
used. In addition, we initially assume zero correlations among the four elasticities.
The results are presented in Table 9.1. The initial estimates are identical to those cal-
culated in Chapter 5 for changes in the endogenous variables caused by a 10% excise
tax on output. Changes in consumer and producer surplus for the tax increase are
calculated in Chapter 8 and replicated in Table 9.1. The estimated EDM results for
each of 1,000 Monte Carlo repetitions were calculated and stored using procedures
discussed in Appendix 9A. The 1,000 simulated EDM results were used to generate
the means and standard errors for each variable in Table 9.1. Note that the mean
values from the simulations are very close to the initial estimates, which provides
a check on the simulation procedures. In addition, the last two columns of Table
9.1 present the lower and upper bounds for a 95% confidence interval.

For the percentage change in output, E(q), the EDM estimated that the excise
tax would reduce output by 3.2%. The Monte Carlo simulations provide a mean
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Table 9.1. 95% Confidence Intervals for the Endogenous Variables and Surplus
Measures with Zero Correlations among the Input Supply Elasticities

Mean/Standard Lower 0.025 Upper 0.975

Initial Estimate Error for Simulated Bound Bound
Variable / Metric (5.1) Estimates Estimate Estimate
E(q) —0.032 —0.031(0.004) -0.039 -0.023
E(") 0.053 0.053 (0.006) 0.040 0.065
E(p®) —-0.047 —0.047 (0.006) —-0.060 —-0.035
E(x1) -0.013 —0.013(0.003) -0.018 —-0.008
E(x;) —-0.039 —0.039(0.005) —0.048 —-0.028
E(wy) —-0.066 —0.066 (0.008) —0.082 —-0.049
E(wy) —0.039 —0.040(0.007) —0.053 —0.028
Consumer Surplus —$51.80 —$51.75 (6.378) —$64.56 —$39.66
Producer Surplus —$46.64 —$46.70 (6.315) -$58.87 -$34.17
Producer -$19.61 —$19.63 (2.518) —$24.44 -$14.64
Surplus Input 1
Producer -$27.09 —$27.14 (4.500) —$36.70 -$19.17

Surplus Input 2

estimate of —3.1% with a standard error of 0.004. Further, the lower bound of the
95% confidence interval is —3.9% and its upper bound is —2.3%. Hence, one would
conclude that the EDM estimate for this endogenous variable is statistically differ-
ent from 0 at the @ = 0.05 level. The other endogenous variables have similar inter-
pretations.

The original EDM results indicated that the excise tax on output caused con-
sumer surplus to decline by $51.80 using a market size measured by total reve-
nue of $1,000 at the initial price and quantity equilibrium. The simulation results
have a mean estimated decline in consumer surplus of $51.75 with an estimated
standard deviation of $6.378, and 95% of the time lies within the interval between
$64.56 and $39.66.

A Numerical Example with Correlated Elasticities

Many economic sectors contain correlated elasticity estimates. Brester, Marsh, and
Atwood (2009) develop an EDM with vertical relationships within the meat sector
in which supply elasticities at one level of the marketing chain, such as feeder cat-
tle, are correlated with those at another level, such as fed cattle. In addition, elas-
ticity estimates may be correlated among horizontally related markets. If an EDM
contains elasticities of demand for both retail beef and retail pork, then it is likely
that the two elasticities are correlated given that the two products are consumption
substitutes. Finally, it could be that seemingly unrelated input supply elasticities
could be correlated. For example, suppose an input (e.g., labor) is included in an
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Table 9.2. 95% Confidence Intervals for the Endogenous Variables
and Surplus Measures with Correlated Input Supply Elasticities

Mean/Standard Lower 0.025 Upper0.975

Initial Estimate Error for Simulated Bound Bound
Variable / Metric (5.11) Estimates Estimate Estimate
E(q) —-0.032 —0.031 (0.004) —-0.039 —-0.022
E(") 0.053 0.053(0.007) 0.040 0.065
E(p®) —0.047 —0.047 (0.007) —-0.060 —-0.035
E(x1) -0.013 —0.013(0.003) -0.018 —0.008
E(x2) —-0.039 —0.039(0.005) —-0.049 —-0.028
E(wy) —0.066 —0.066 (0.009) —0.082 -0.049
E(w,) -0.039 —0.040(0.007) —0.053 -0.028
Consumer Surplus —$51.80 —$51.73 (6.646) -$63.97 -$39.28
Producer Surplus —$46.64 —$46.73 (6.608) —$59.18 —$34.56
Producer -$19.61 —$19.65 (2.579) -$24.49 -$14.52
Surplus Input 1
Producer -$27.09 —$27.15 (4.494) -$36.24 -$19.15

Surplus Input 2

EDM along with a second input (e.g., capital). While it would not initially appear
that the elasticity of labor supply would be related to the elasticity of capital supply,
the elasticities could be correlated if an event (e.g., changes in information tech-
nologies) affected the supply responses of both inputs.

Therefore, we present procedures to estimate confidence intervals for the
EDM described above using variances of each elasticity estimate and assume that
the estimated own-price elasticities of supply of the two inputs have a correla-
tion coefficient of 0.75. It is possible to empirically estimate these values. Alter-
natively, a researcher could use various estimates of such correlations and investi-
gate whether they have a substantial effect on confidence intervals. Appendix 9A is
used to obtain the estimates presented in Table 9.2. For this example, the assumed
correlation has relatively minor impacts on the mean estimates and the ranges of
the confidence intervals relative to the uncorrelated results presented in Table 9.1.

Summary

An EDM generates point estimates of changes in endogenous variables and sur-
plus measures that are conditional upon a selected set of demand, supply, factor
shares, and input substitution elasticities. Davis and Espinoza (2000) note that
EDMs can be used to provide confidence intervals for those point estimates. One
approach for evaluating the sensitivity of EDM results is to systematically vary a
parameter value and record changes in the EDM results (Brester and Wohlgenant,
1997). However, if the desire is to estimate confidence intervals or perform hypoth-
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esis tests on EDM results, then potential joint realizations of an EDM’s under-
lying parameters need to be considered (Davis and Espinoza, 2000). In addition,
both the variability and potential dependency as measured by covariances or
correlations among EDM parameters should be evaluated (Brester, Marsh, and
Atwood, 2009).

With traditional multivariate methodologies, a researcher assumes a multi-
variate distribution — typically multivariate normal —and jointly estimates or
assumes the moments of the multivariate parameters’ distributions. It may be
possible to simulate EDM results using variances and covariances obtained by the
econometric estimation of systems of equations. In either case, copula procedures
can be used to develop confidence intervals and examine the sensitivity of EDM
results to potential joint variability in EDM model parameters.
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Chapter Nine, Appendix A

CONSTRUCTING AND ESTIMATING EDM CONFIDENCE
INTERVALS USING SIMULATION PROCEDURES

This appendix presents numerical procedures that allow readers to estimate con-
fidence intervals or perform hypothesis tests for EDM results, including price
and quantity estimates and changes in consumer or producer surplus. The appen-
dix presents a technical discussion of the procedures discussed in Chapter 9 and
assumes that readers have access to the textbooks Excel workbook. We demon-
strate how Excel can be used to complete all procedures while recognizing that
other software programs can also be used. The procedure involves three compo-
nents or stages:

Stagel:  Generating a set of correlated joint EDM parameters.

StageII: Computing and storing EDM results for joint parameter estimates.

Stage III: Computing confidence intervals using the simulated values

from Stage II.

Stage |: Generating a Set of Correlated Joint EDM Parameters
The process used in Stage I consists of several steps:

Construct Column-Sorted Matrix of Possible Parameter Values
Table 9A.1 presents the method for constructing parameter marginals. In Chapter 9,
we assumed that the set of EDM parameters 1, &, €,, and 0, was jointly distributed
with nonstandardized Beta(a, 8, L, U) marginals and expected values (-0.60, 0.20,
1.0, and 1.0). For the example, the standard deviation of each of the four parame-
ters (cells B5:E5) was set at 20% (cell B1) of the mean, L and U (cells B6:E7) were set
4 standard deviations from the mean and truncated if necessary, ¢, and ¢y (cells
B9:E10) were computed as ¢, = ”T_L and ¢y = %, and a and B (cells BI1:E12) were
computed as a = (¢L¢;L¢U) (b ¢y —1) and g = (¢L4:p,,) (p.py — 1), giving the set of non-
standardized Beta distribution parameters for each of the EDM variables (cells
B6:E7 and BI1:E12).¥

We next construct a column-sorted, 1,000 X 4 matrix of possi-

ble (n°, €, €, and o0y,) values by creating an index equal to l:sample size or

17 Because we assume that the coefficient of variation = 0.20 and that L and U are 4 standard deviations from the mean,
we did not need to truncate L or U in this example. Readers are encouraged to experiment with different L and U val-
ues while requiring negative demand and positive supply elasticities. The nonstandardized Beta distribution allows
for positive or negative skewness in the marginal distributions if so desired.
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Table 9A.1. Simulated Parameter Values
A B C D E
1 cv= 0.2
2
3 T]D &1 & 012
4 mean -0.60 0.20 1.0 1.00
5 sdev 0.12 0.04 0.2 0.2
6 L-Bound (L) -1.08 0.04 0.2 0.2
7 U-Bound (U) -0.12 0.36 1.8 1.8
8
9 oL 4 4 4 4
10 Ou 4 4 4 4
11 a 7.5 7.5 7.5 7.5
12 B 7.5 7.5 7.5 7.5
13
14 average -0.6 0.2 1 1
15 sdev 0.119554 0.039851 0.199257 0.199257
16 sorted simulated values
17 index n° & & O12
18 1 -0.93312 0.088959 0.444795 0.444795
19 2 -0.91642 0.094526 0.472629 0.472629
20 3 -0.9056 0.098135 0.490673 0.490673
21 4 -0.89738 0.100873 0.504367 0.504367
22 5 -0.89067 0.103109 1.515544 1.515544

1:1000 in cells A18:A1017." We use Excel's BETAINV function to construct pos-
sible parameter values. For example, in cell B18, the value —0.93312 = BETA-
INV($A18/1001,B$11,B$12,B$6,B$7) uses the index to compute a probability of
(index-value/1001) while pulling the other BETAINV parameter values (a, §, L, U)
from cells B11, B12, B6, and B7, respectively. By anchoring the appropriate rows
and columns, we copy and paste the formula in cell BI8 to cells B18:E1017 while
allowing the BETAINV function’s probability values to be dynamically adjusted
from 1/1001 to 1000/1001.

Upon constructing the 1,000 possible parameter observations for each of the
four parameters, we compute the mean and standard deviation of the simulated
values (cells B14:E15) and note that these values closely match the specified values
in cells B4:E5.

Construct a Cholesky Decomposition Matrix

In the following sections, we discuss the Chapter 9 example with an assumed cor-
relation of 0.75 between the input supply elasticities &; and €,. Table 9A.2 presents
the correlation matrix R (cells H4:K7) and the resulting Cholesky decomposition
matrix C (cells H10:K13) such that €'C = R. To compute the Cholesky decomposi-

18 An analyst can use any desired procedure to construct the sorted matrix (e.g., independently simulating vectors of
possible outcomes for each parameter and then placing the sorted vectors into the matrix). We accomplish this in
one step given that we assume nonstandardized Beta marginal distributions for all parameters.
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Table 9A.2. The Correlation Matrix and Cholesky Decomposition Matrix
G H I J K L M N 0 P Q

2

3 n° €1 & 012 TEST cc

4 n’ 1 0 0 0 1 0 0 0

5 &1 0 1 0.75 0 0 1 0.75 0

6 & 0 0.75 1 0 0 0.75 1 0

7 012 0 0 1 0 0 0 1

8

9 CHOL | MATRIX C TEST [

10 1 0 0 0 1 0 0 0

11 0 1 0.75 0 0 1 0 0

12 0 0 0.6614378 0 0 0.75 0.661438 0

13 0 0 0 1 0 0 0 1

14

tion matrix in Excel, we have added a Visual Basic Application (VBA) function,
CHOL, to the example spreadsheet.” The CHOL function works similarly to
Excel’s other matrix functions in that, given a correlation or covariance matrix, a
user must highlight a section of the spreadsheet of the same dimension as the cor-
relation or covariance matrix, type =CHOL(select the correlation matrix range),
and then simultaneously press Ctrl+Shift+Enter. In this example we highlighted
the area H10:K13, typed CHOL(H4:K7) and then simultaneously pressed Ctrl+-
Shift+Enter. The spreadsheet demonstrates that the resulting € matrix satisfies C'C
by transposing the € matrix to €’ (cells M10:P13) and multiplying C’'C (cells M4:P7).
Note that the values in M4:P7 equal those of the original correlation matrix
(cells H4:K7).

Construct Matrices of Independent and Correlated Normal(0,1) Variates
Using the Data/Data Analysis tab, we generate matrix ZI by creating four columns
0f 1,000 independent Normal(0,1) variates in cells H18:K1017. We generate a matrix
of correlated Normal(0,1) variates (ZC€ = ZI X C) by highlighting cells M18:P1017,
typing =MMULT(H18:K1017,H10:K12) and pressing Ctrl+Shift+Enter.

Construct a Matrix of the Column Ranks of ZC Matrix

We construct a matrix containing the column ranks of the corresponding ele-
ments in the ZC matrix. We slightly modify Excel’s rank command to accommo-
date potential equalities if two or more values in a column happen to have the
same value. Consider the rank of the value —1.2763 in cell M18 of the ZC matrix. In
cell R18 we type: = RANK(MI8,M$18:M$1017,1) + COUNTIF(M$18:M18,M18)-1.
Given the cell anchoring in this formula, we copy this formula into cells

19 We have found that the CHOL function values in cells H10:K13 do not always compute correctly when the spread-
sheet is opened. For these cases, users need to retype the CHOL function and press Ctrl+Shift+Enter as described
above to construct the correct Cholesky matrix, C.
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R18:U1017 and the values in cells R18:U1017 contain the column ranks of the
corresponding ZC elements. For example, the value —1.2763 in cell M18 has rank
105 (in cell R18) indicating that —1.2763 is the 105" lowest of the values in cells
M18:M1017. Similarly, the rank of 0.19917 in cell N18 (relative to the values in cells
N18:N1017) is 551.

In this example, we arbitrarily specified a correlation of 0.75 between ¢&; and
&,, implying that, on average, below-average values of &; should be associated
below-average values of €, and vice versa. This should be reflected in the rank
matrix. An examination of values in cells S18:51017 and T18:T1017 indicates that
the corresponding sets of ranks follow the desired pattern. A scatterplot of the
corresponding ranks presented in Figure 9A.1 demonstrates that the desired rank
results resemble a normal copula plot when constructed with correlation 0.75.

Construct a Matrix of Correlated EDM Parameter Values
To introduce correlation between the simulated EDM parameter values, we use the
ranks in R18:U1017 to place the potential parameter values in cells B18:E1017 in the
same column-rank order as the columns of the ZC matrix. This is accomplished
using Excel's LOOKUP function. The formula in cell X18 is =LOOKUP(R18,$A$1
8:$A$1017,B$18:B$1017), which looks up the R18 value of 105 in the index values of
index cells A18:A1017 and pulls the 105" lowest potential n” value of —0.75383 from
the 105" element in cells B18:B1017 and places the value —0.75383 in cell X18. The
anchored formula in cell X18 is copied into cells X18:AA1017, giving a matrix of
correlated potential joint EDM parameters (n°, &4, €5, 01,).

Cell Z12 computes the sample correlation between the 1,000 simulated &, and
g, values as 0.722, which differs from the specified value of 0.75 only because of
sampling errors that occur when constructing the ZI matrix. Figure 9A.2 plots the
1,000 &, and ¢, values and illustrates their positive correlation.

15
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We conclude this section by noting that the columns of values in cells
X18:AA1017 are distributed as nonstandardized Beta variates but have been
reordered and bound together with a normal copula via the Iman-Conover
rank-ordering process. The procedures allow a researcher to independently spec-
ify, assume, or estimate any functional or empirical distribution for each parameter
while introducing dependency using a normal copula. Similar rank ordering proce-
dures can be used to introduce dependency using other copulas and replacing the ZC
matrix with simulated joint copula realizations.

Stage Il: Computing and Storing EDM Results for Joint Parameter Estimates
We use Excel's VBA macros to implement an iterative process to compute and
store the EDM results from each of the 1,000 joint parameter realizations con-
structed in Stage I in the EDM tab. We modified the EDM model (cells F6, F7, F8,
and F9) to use a set of EDM input parameters from cells B95:E95 and place this
input vector’s associated EDM output results in cells J95:T95. Macros are used to
iteratively place each of the 1,000 sets of EDM input parameters created in Stage I
into cells B95:E95 and then copy and store the input vector and its associated EDM
outputs. Upon completion of the process, the spreadsheet has 1,000 sets of input
parameters and EDM results.

The spreadsheet uses three Excel macros to compute and store the EDM sim-
ulations results: reset, nextone, and go. The reset macro is initiated by typing
Ctrl+R. The macro: (1) erases all previously computed sets of EDM input-output
results from the EDM_Model tab, (2) copies the current set of potential joint input
parameters from the parameters tab into the EDM_Model tab, and (3) initializes
several sets of cells in the EDM_Model tab. Table 9A.3 demonstrates the structure
of the first nine rows in the input-output section of the EDM_Model tab after the
reset macro has been executed.

The macro nextone (Ctrl+N): (1) copies the index number and the vector of
input parameters from the bottom the input parameters matrix (row 1100) and
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Table 9A.3. First Nine Rows of the Input-Output Section of EDM_Model Tab

A B C D E FIGIH]I] J K L M N 0] P Q R

S

94 |index| n” £ & o E(q) E(p*) E(p) | ECx) E(x2) E(wi) E(w2) cs Ps

PS1

PSs2

95 0 -0.6 0.2 1 1 -0.03158|0.052631579 |-0.04737 |-0.01316 | -0.0394737 |-0.06579 |-0.0394737| -$51.80 -$46.62 -$19.61

-$27.09

96

97

98

99 |index| n” & & o1 E(q) E(p") Ep) | E(x) E(x2) E(wr) E(w2) cs )

PS1

PS2

100 0 -0.6 0.2 1 1

101 -0.753832| 0.20532471 | 0.975494219 |0.79616652

102 -0.63724410.178988263 | 0.854085235|1.03885412

103 -0.519407| 0.14719966 | 0.861857309 |0.82451534/

104 -0.6495640.194992999| 1.000262968 | 0.7684123

105 -0.59258 (0.213292339| 0.76275639 | 0.7133261

106 -0.6365880.248614762| 1.1068288 |0.70266985

@ [N |a s w N

107 -0.5394270.243450308 | 1.285394381|0.93737953

108 -0.573798/0.219030243 | 1.166924788 |1.11398055
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pastes the values into the EDM input cells A91:E9], (2) inserts a new row in row
100 to hold the most recent vector of input-output results, (3) copies the current
input-output values from row 95 into row 100, (4) erases the index and input val-
ues from the bottom of the input matrix (now row 1101), and (5) returns the cursor
to cell A90.° The net effect is that, when run repeatedly, the nextone macro pro-
cesses simulated potential input outcomes as set 1000, then 999, then 998, ....,
then 1, and then set 0 which is the original assumed parameters. The final results
are indexed order 0,1, 2, ..., 1000 in cells A100:T1100. Table 9A.4 demonstrates the
structure of the first nine rows in the input-output section of the EDM_Model tab.

The macro go (Ctrl+G): (1) invokes the reset macro, (2) executes a loop that
invokes the nextone macro 1,001 times, and (3) executes the summary macro
described in the next section.

Table 9A.4. First Nine Populated Rows of the Input-Output Section of EDM_Model Tab

Al B C D E [r[c[H[I] J K L m N 0 P Q R s [T
94 |index| n° & & o E(q) E(p") E(pY) | E(x) E(x;) E(w;) E(w,) cs PS PS1 PS2
95 0 -0.6 0.2 1 1 -0.03158/0.052631579|-0.04737 |-0.01316 | -0.0394737 | -0.06579 |-0.0394737 | -$51.80 -$46.62 -$19.61 | -$27.09
96
97
98
99 |index n’ & & Oz E(q) E(p") E(p%) E(x;) E(x2) E(wy) E(w;) cs PS PS1 pPs2
100 0 -0.6 0.2 1 1 -0.03158/0.052631579|-0.04737 |-0.01316 |-0.0394737 |-0.06579 |-0.0394737 |-51.8006 |-46.62049861| -19.607 |-27.0862
101 1 |-0.753832| 0.20532471 | 0.975494219 |0.79616652 -0.03471]-0.046047437|-0.05395 |-0.01592 | -0.0427644 | -0.07755 |-0.0438387 | -45.2482 |-53.01616077|-23.0803 |-30.0309
102 2 |-0.6372440.178988263 | 0.854085235 |1.03885412 -0.03048/-0.047827494/-0.05217 |-0.01245 | -0.038206 |-0.06953|-0.0447333|-47.0987 |-51.37745488|-20.7294|-30.7151
103 3 |-0.519407| 0.14719966 | 0.861857309 |0.82451534 -0.02688|-0.051747791|-0.04825 | -0.0101 |-0.0340695 | -0.0686 |-0.0395303|-51.0523 | -47.6037438 |-20.4771|-27.1998
104 4 |-0.649564/0.1949929991.000262968 | 0.7684123 -0.03238/ -0.04984973 | -0.05015 |-0.01435 | -0.0401065 |-0.07361 |-0.0400959 |-49.0426 | -49.3383225 |-21.9246|-27.5043
105 5 -0.59258 |0.213292339| 0.76275639 | 0.7133261 -0.02825/-0.047670811|-0.05233 |-0.01509 | -0.0338863 | -0.07077 |-0.0444261|-46.9975 |-51.59007083|-21.0707 |-30.5714
106 6 |-0.6365880.248614762| 1.1068288 |0.70266985 -0.03382/-0.043122863|-0.04688 |-0.01745 | -0.0408334 |-0.07018 |-0.0368923 |-52.2246 |-46.08450639 -20.8689 |-25.2973
107 7 |-0.539427|0.243450308| 1.285394381 |0.93737953 -0.03254| -0.0603239 |-0.03968 |-0.01438|-0.0403248 |-0.05905 |-0.0313716|-59.3424|-39.03056297|-17.5886 |-21.5173
108 8 [-0.573798/0.219030243 | 1.166924788 |1.11398055 -0.0328 |-0.057169447 -0.04283|-0.01323 | -0.0411925 | -0.0604 |-0.0353001|56.2318 |-42.12805257|-18.0006-24.2001

Stage lll: Computing Confidence Intervals Using

the Simulated Values from Stage Il.

After completing Stages I and II, we now have an array containing 1,000 simulated
EDM outcomes and the original EDM outcomes in cells J100:T1100. The simulated
outcomes in cells J101:T1100 can be used to perform hypothesis tests or develop
confidence intervals. We present the simulated means, standard deviations, and
confidence intervals in cells H89:T92 using the macro summary (Ctrl+S) which is
invoked at the end of the go macro described above.

20 We used the macro title nextone because the expression next is a reserved VBA term.
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The user can specify a desired two-tailed confidence interval in cell
G92 and the confidence interval formulas in cells J91:T92 automatically
compute the confidence intervals. Table 9A.5 presents the resulting sum-
mary table.
Table 9A.5. Completed Input-Output Section of EDM_Model Tab

H [ T 0 T kT o T m T v T ol T o r T s T

86 SUMMARY STATISTICS AND CONFIDENCE INTERVALS
87
88 E(q) E(p") E(p%) E(x,) E(x;) E(w,) E(w,) CS PS PS1 PS2
89 mean -0.031 0.053 -0.047 -0.013 -0.039 -0.066 -0.040 -51.728 | -46.726 | -19.649 | -27.149
90 sdev 0.004 0.007 0.007 0.003 0.005 0.009 0.007 6.646 6.608 2.579 4.494
91 CI_UP 0.975 -0.022 0.065 -0.035 -0.008 -0.028 -0.049 -0.028 -39.281 | -34.558 | -14.520 | -19.150
92| CILO 0.025 -0.039 0.040 -0.060 -0.018 -0.049 -0.082 -0.053 -63.969 | -59.182 | -24.486 | -36.247
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Chapter Ten

SUMMARY

To our knowledge, this is the first publication to comprehensively pres-
ent the theory and development of equilibrium displacement models
(EDMs). Components of this effort can be found scattered among mim-
eographs, working papers, reports, class notes, and often only briefly dis-
cussed in journal articles because of space limitations. Some previously
developed EDMs contain errors and mistakes, which is a common occur-
rence when most learn of these models from classroom assignments. A
careful look at the literature reveals a network of EDM activity centered
around North Carolina State University’s Department of Agricultural and
Resource Economics and agricultural economists who were either faculty
or doctoral students in that program. Many of these faculty and students
continued to use EDMs in their research careers at universities and gov-
ernment agencies throughout the United States and the world.

What have we learned from writing this textbook? The agricultural
economics literature is replete with EDMs used to examine various eco-
nomic policies. EDMs can be valuable tools when a researcher is consid-
ering the impacts of exogenous shocks or government policies. However,
because EDMs provide linear approximations of shifts or movements
along demand and supply curves, only relatively small shocks should
be considered as underlying demand and supply curves are not likely to
be linear. Of course, larger shocks can be considered if the underlying
demand and supply functions are assumed to be only modestly nonlinear.
We also note that maintaining theoretical economic restrictions is crucial
for generating unbiased price, quantity, and surplus results.

We also note that the data needs required for EDMs are not excessive
but can be problematic depending upon the application. Specifically, the
factor shares of each input used in a production process are needed, but
such data are not always available. Many farm management record sys-
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tems contain information on the total and variable costs of inputs such as crop
nutrients, crop protectants, energy, seed, labor, and others. Similar data can
sometimes be obtained for other firms using sources such as the U.S. Census of
Manufactures.

Several elasticity estimates are needed when building EDMs. Own-price
elasticities of demand are required. If substitutes or complements are included
in an EDM, then cross-price elasticities of demand are also needed. In addition,
own-price elasticities of supply for each input used in the production process are
required. In many cases, most of these elasticity estimates can be obtained from
the extant literature. However, if a researcher develops their own estimates, then
variances and covariances of elasticity estimates are more readily available. These
are useful for developing confidence intervals for EDM results and for hypothesis
testing. In addition, many useful elasticity estimates can be obtained from EDM
results (e.g., the own-price elasticity of output supply, own-price elasticities of
input demand, etc.).

Allen elasticities of substitution (AES) among inputs used in a production pro-
cess are needed to construct an EDM. In some cases, elasticities of substitution
may be obtained from the literature. Although Mullen, Wohlgenant, and Farris
(1988) describe a method for estimating these elasticities in the dual space, it is
rare for researchers to have the data needed to obtain AES estimates in the primal
space. Our experience is that the magnitude of AES estimates is less important
than ensuring that nonzero values are included in EDMs. It is likely rare that fixed
input proportion technologies are reasonable descriptions of production pro-
cesses. If no other information is available, it seems reasonable to at least assume
an AES of 1.0 as a starting point. It is relatively easy to evaluate the sensitivity of
EDM results to ranges of AES estimates (Hamilton et al., 2020).

Perhaps as important as any of the above data needs, researchers must have
a solid understanding of the industry being modeled. Decisions as whether to
include vertical or horizontal linkages and the necessary inputs must be made.
Further, one must carefully consider the impact of a shock or policy on market
outcomes to develop appropriate price and quantity wedges and other constraints.
We find that graphically representing the outcome of a shock or policy provides
valuable guidance when altering an EDM to reflect those changes. We are again
reminded of the oft-repeated phrase that “all we know about economics, we
learned in ECON 1017

We have shown that some methodologies and studies, including some by these
authors, suffer from a fundamental flaw regarding homogeneity of production
processes. That is, EDM production technologies must be homogeneous of degree
0 (HDO) in all input and output prices. The consequences of this oversight are
biased estimates of price, quantity, and surplus changes caused by exogenous eco-



TEN: SUMMARY 251

nomic or policy shocks. We also note that our development of a theoretically con-
sistent EDM involves converting the primal problem of profit maximization into
its dual structure. It is interesting to note that other researchers have developed
theoretically consistent EDMs using different approaches. Once again, we were
unable to find a published account of how these models were fully developed. We
conclude that some of our colleagues, both past and present, had or have an ability
to “see” what a theoretically consistent EDM specification should look like. Oh, to
have that ability.

Policy makers should consider both the intended and unintended conse-
quences that result from legislation. One aspect of these consequences can be
measured by changes in producer and consumer surplus. The pioneering efforts of
Just, Hueth, and Schmitz (2004) provide a careful roadmap for appropriately mea-
suring these changes.

Although seldom done, it is often useful to evaluate the sensitivity of EDM
results to underlying elasticity (and perhaps factor share) estimates. We have illus-
trated one method for estimating confidence intervals for these results that also
allows for hypothesis testing. We note that other simulation methods are available.

The Farm Bill and policies that impact farmers, ranchers, food processors, and
consumers continue to interest researchers because policy makers and stake-
holder groups in these industries desire information on the impacts of legislation.
Many of the intervention tools discussed in this textbook are no longer used in
the United States to support domestic producers since the 1996 Federal Agri-
culture Improvement and Reform Act and other trade and policy reforms of the
1990s. Nonetheless, it seems that legislators often discuss returning to such pol-
icies to support domestic producers in various economic sectors. Governmental
market interventions (e.g., price ceilings and floors, excise and sales taxes, tariffs,
quotas, subsidies) continue to be implemented for various reasons. Such interven-
tions affect agricultural supply and food value chains. As the agricultural econom-
ics profession evolves into applied research areas such as economic development,
environment, food aid, nutrition, and natural resources, EDMs can be formulated
to evaluate these policies. The USDA’s National Agricultural Statistics Service and
Economic Research Service have been important sources of data for developing
EDMs used to understand the impact of a wide variety of government policies.
Additional data are being created through precision agriculture, scanners, and
other activities that may allow for better estimates of elasticities and factor shares
in the future.

We hope this textbook will be valuable to researchers who undertake policy
analyses. In addition, we have found that EDMs are useful tools for teaching eco-
nomic relationships among markets. The accompanying Excel workbooks should
help those who want to use EDMs in their research and teaching activities.
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